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10. Entscheidung der Los-
barkeit einer diophantischen
Gleichung. Eine diophantische
Gleichung mit irgendwelchen
Unbekannten und mit ganzen
rationalen Zahlkoefficienten sei
vorgelegt: man soll ein Ver-
fahren angeben, nach welchen
sich mittels einer endlichen An-
zahl von Operationen entschei-
den lasst, ob die Gleichung in
ganzen rationalen Zahlen losbar
ist.

David Hilbert, Mathematical Problems [1900]

10. Determination of the
Solvability of a Diophantine
Equation. Given a diophan-
tine equation with any number
of unknown quantities and with
rational integral numerical co-
efficients: To devise a process
according to which it can be
determined by a finite number
of operations whether the equa-
tion is solvable in rational inte-
gers.
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Word Equations
Main alphabet: A, = {a1,...,an}

Alphabet of unknowns: U = {v1,...,un}, A,NU=10
Word equation: P = @ where P, Q € (A, U U)*
Solution: words Vi, ..., V,, € A% such that

PULyUm Qvl,...,vm
Vit Vim — Vi, Vim
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From Words to Numbers
(First Numbering: Matrices)

W.o.lgn=2 ie, Ay ={a1, a2}
Lemma. Every 2 x 2 matrix (2 5) with natural number elements

and the determinant equal to 1 can be represented in a unique way
as the product of matrices My = (19) and M> = (§1).

Qjy - Oy ~ M,'IX-”XM,'k

Viy.oohUm al,bl,cl,dl,...,am,bm,cm,dm

Pll(...,a,-,b,-,c,-,d,-,...,):Q11( @iy biy ciydi,
P:Q - P12(...,a,-,b,-,c,-,d,-,...,)—le( ..,a;,b,-,c,-,d,-,...
P21(...,a,-,b,-,c,-,d,-,...,)—Q21( oy @iy biy ciydi,
P22(...,a,-,b;,c,-,d,-,...,): Q22( ..,a,',b,',Ci,di,u-
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From Words to Numbers
(First Numbering: Matrices)

W.o.lgn=2 ie, Ay ={a1, a2}

Lemma. Every 2 x 2 matrix (2 5) with natural number elements

and the determinant equal to 1 can be represented in a unique way
as the product of matrices My = (19) and M> = (§1).

e ~ M,'IX-”XM,'k

.y Um o~ a1, bi,q,d, ..

P11(. .., dj, b,'7 G, d,', .
P12(. ..y aj, b,', Ci, d,', .
P21(. N 1 b,‘, G, d,', .
P22(. ..y aj, b,', Ci, d,', .

aldl — b1C1 =

° am; bm; Cm; dm

— N N



From Words to Numbers
(Second Numbering: Fibonacci weights)

Every word X =", Bi _,...[Bi" in the binary alphabet
B = {Bo, 1} = {0,1} can be viewed as the number

X = ImUm + im—1Um—1 + -+ i1y

written in positional system with weights of digits being the
Fibonacci numbers u3 =1, up =1, u3 =2, ug = 3, ... (rather than
traditional 1, 2, 4, 8, 16, ...).



From Words to Numbers
(Second Numbering: Fibonacci weights)

Every word X =", Bi _,...[Bi" in the binary alphabet
B = {Bo, 1} = {0,1} can be viewed as the number

X = ImUm + im—1Um—1 + -+ i1y

written in positional system with weights of digits being the
Fibonacci numbers u3 =1, up =1, u3 =2, ug = 3, ... (rather than
traditional 1, 2, 4, 8, 16, ...).

"0"~0 "00"~0 "000"~0 "0000"~0 "00000"~0
"1"~1 "01"~1 "001"~1 "0001"~1 "00001"~1
"10"~1 "010"~1 "0010"~1 "00010"~1
"11"~2 "011"~2 "0011"~2 "00011"~2
"100"~2 "0100"~2 "00100"~2

"101"~3 "0101"~3 "00101"~3

"110"~3 "0110"~3 "00110"~3

"111"~4 "0111"~4 "00111"~4



From Words to Numbers
(Second Numbering: Fibonacci weights)

Every word X =", Bi _,...[Bi" in the binary alphabet
B = {Bo, 1} = {0,1} can be viewed as the number

X = ImUm + im—1Um—1 + -+ i1y

written in positional system with weights of digits being the
Fibonacci numbers u3 =1, up =1, u3 =2, ug = 3, ... (rather than
traditional 1, 2, 4, 8, 16, ...).

"1"~1 "10"~1 "100"~2 "1000"~3 "10000"~5
"11"~2 "101"~3 "1001"~4 "10001"~6
"110"~3 "1010"~4 "10010"~6

"111"~4 "1011"~5 "10011"~7

"1100"~5 "11100"~8

"1101"~6 "11101"~9

"1110"~6 "11110"~9

"1111"~7  "11111"~10



From Words to Numbers

(Second Numbering: Fibonacci weights)

Every word X =", Bi _,...[Bi" in the binary alphabet
B = {Bo, 1} = {0,1} can be viewed as the number

X = ImUm + im—1Um—1 + -+ i1y

written in positional system with weights of digits being the
Fibonacci numbers u3 =1, up =1, u3 =2, ug = 3, ... (rather than

traditional 1, 2, 4, 8, 16, ...).

"10"~1 "100"~2 "1000"~3
"110"~3  "1010"~4

"1100" ~5

"1110"~6

"10000" ~5
"10010" ~6
"10100" ~7
"10110"~8
"11000" ~8
"11010"~9
"11100" ~10
"11110" ~11
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From Words to Numbers
(Second Numbering: Zeckendorf's words)

""~0 "1010"~4 "100000"~8 "101010" ~12
"10"~1 "10000"~5 "100010"~9  "1000000"~13
"100"~2 "10010"~6 "100100"~10 "1000010"~14
"1000"~3 "10100"~7 "101000"~11 "1000100"~15

Zeckendorf’s Theorem. Every positive integer x can be
represented in the form

X = ImUm + im—1Um—1 + -+ i1y

with additional restrictions i, =1, i1 =0, ix41ix = 0, and in
unique way.

Zeckendorf’s words: they do not begin with "0", do not end with
"1", and do not contain "11".
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From Words to Numbers
(Third Numbering: Infinite Alphabet)

Every word "« cvj,_, ... ;" in the infinite alphabet
Aso = {a1,a2,...} can be presented by the Zeckendorf word

"10%10%-1 ... 101",

We get, via Fibonacci numbers, a natural one-to-one
correspondence between words in the infinite alphabet A, and
natural numbers.

""~0 "1010"~4  "100000"~8 "101010" ~12
"10"~1 "10000"~5  "100010"~9  "1000000"~13
"100"~2 "10010"~6  "100100"~10 "1000010"~14
"1000"~3 "10100"~7  "101000"~11 "1000100"~15

HHNO ”alal”"\/4 ”a5”N8 ”alalal”’\/lz
nalan ”(){4”’\/5 " 053041”N9 ”a6”’\/13
Ha2nN2 ”a2a1”N6 " a2a2”N10 ”a4a1”"\/14

" 3" ~3 "aqan” ~7 "qpas’ ~11 " gy ~15



From Words to Numbers
( Concatenation)

X = "B, .- By Y = ",Bjn...ﬂjl"
% ImUm + -+ ipuy Y = JaUp+ -+ iU



From Words to Numbers
( Concatenation)

X = "B, .- By Y = ",Bjn...ﬂjl"
% ImUm + -+ ipuy Y = JaUp+ -+ iU

Z=XY="8i...BuB . B



From Words to Numbers
( Concatenation)

X = "B, .- By Y = ",Bjn...ﬂjl"
% ImUm + -+ ipuy Y = JaUp+ -+ iU

Z=XY="8i...BuB . B



From Words to Numbers
( Concatenation)

X = ,,Bim"'/Biln Y = ”/BJ."”
ImUm + -+ iLuy Yy = Jnln+--

X

Z=XY="8i...BuB . B

Z = mUmin+ -+ AUl4n +Jnln + -+ 101

‘len
41



From Words to Numbers [Uhcrn = Uetines + 10
n — n —1l=n

( Concatenation)

X = "B, .- By Y = ",Bjn...ﬂjl"
% ImUm + -+ ipuy Y = JaUp+ -+ iU

Z=XY="8i...BuB . B

Z = mUmin+ -+ AUl4n +Jnln + -+ 101



From Words to Numbers [Uhcrn = Uetines + 10
n — n —1l=n

( Concatenation)

X = "B, .- By Y = ",Bjn...ﬂjl"
% ImUm + -+ ipuy Yy = Jalp+---+

Z=XY="8i...BuB . B

Z = mUmin+ -+ AUl4n +Jnln + -+ 101
= im(UmUpt1 4+ Um—1un) + -+ A (UrUps1 + voun) +y



From Words to Numbers [Uhcrn = Uetines + 10
n — n —1l=n

( Concatenation)
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From Words to Numbers [Uhcrn = Uetines + 10
n — n —1l=n

( Concatenation)

X = "B, .- By Y = ",Bjn...ﬂjl"
% ImUm + -+ ipuy Yy = Jalp+---+

Z=XY ="Bj...BuBj---Bi"

z = imum+n+"'+ilul+n +jnun+"'+jlul
= im(umu,,+1 + um_lu,,) +---+ i1(u1un+1 + uou,,) +y
= (imtm~+ -+ i) tni1 + (imUm—1 + - + iLto)u, +y

X



From Words to Numbers [Uhcrn = Uetines + 10
n — n —1l=n

( Concatenation)

X = "B, .- By Y = ",Bjn...ﬂjl"
% ImUm + -+ ipuy Yy = Jalp+---+

Z=XY ="Bj...BuBj---Bi"

z = imum+n+"'+ilul+n +jnun+"'+jlul
= im(umu,,+1 + um_lu,,) +---+ i1(U1Un+1 + uou,,) +y
= (imtm~+ -+ i) tni1 + (imUm—1 + - + iLto)u, +y

X X1



From Words to Numbers

. ‘ Uk4n = UklUnt1 + Uk—1Un
( Concatenation)

X = "B, .- By Y = ",Bjn...ﬂjl"
% ImUm + -+ ipuy Yy = Jalp+---+

Z=XY ="Bj...BuBj---Bi"

z = imum+n+"'+ilul+n +jnun+"'+jlul
= im(UmUn+1 + Um—1up) + -+ + i1(v1ups1 + voun) +y
= (imtm + -+ hu1)uns1 + (imUm—1+ -+ + f1to)up +y

X X1

= Xy3+xiy2+y

where
Y2 = Up, Y3 = Upt1



From Words to Numbers
( Concatenation cont.)

X = Hﬂim .. 5,‘1” Y = ”/BJ'n . 5]1”

X = pUm+--+ i Y = ntn+---+ju
X1 = ImUm—1-+ -+ i1Ug Y1 = JjnUp—1+---+j1lo
X2 = Um Y2 = Un

X3 = Um+1 y3 Un41



From Words to Numbers
( Concatenation cont.)

X
X
X1
X2
X3

= " Bip - Biy"

= mUm+ -+ iau

ImUm—1+ -+ i1Ug
Um

Um+1

Y1
Y2
y3

= "B+ By
JnUp + -+ j1un
= Jalp—1+ -+ j1to
Un

Upt1

Z=XY = "Bi, ... BiBj - By



From Words to Numbers
( Concatenation cont.)

X
X
X1
X2
X3

= BBy Y = BB

= mUm+ -+ iau y = atn+---+jawnn

= ImUm—1+---+ iU Y1 = JnUp—1+ -+ jilo

= Um y2 = Up

= Um+1 y3 = Un+1
Z=XY = "Bi....BiBj---Bi"

Z = X1y2+Xy3+y



From Words to Numbers
( Concatenation cont.)

X
X
X1
X2
X3

= " Bip - Biy"

= mUm+ -+ iau

ImUm—1+ -+ i1Ug
Um

Um+1

Y1
Y2
y3

= "B+ By
JnUp + -+ j1un
= Jalp—1+ -+ j1to
Un

Upt1

Z=XY = "Bi,...BiBj, - By"
zZ = X1y2+Xxy3+y
721 = xi(y3—y2)+xv2+y



From Words to Numbers
( Concatenation cont.)

X = ”Bim ce /81'1” Y = ”/BJ.n T /le”
X = mUm -+ +ihum y = ntnt-ootjin
X1 = ImUm—1+---+i1ug Yi = JnUn-1+ -+ jito
Xp = Um Y2 = Un
Z=XY = "B Bubj-- By
z = xy2+xy3ty
z1 = xi(ys—y2)+xp2+n

= (x3—x)y2+ xoy3



From Words to Numbers

( Concatenation cont.)

X = " Bin B
X = pUm+ -+
X1 = mUm—1-+ -+ i1lg
X2 = Um
X3 = Um+1
Z=XY =
Z pry
zZ1 =
Z =
Z3 =

Y o= BBy
Yy = Jnun+---+iawm
Y1 = JnUp—1+ -+ jilo
y2 = Un

y3 = Un+1

"B -+ BirBjn - - By
X1y2 +xys +y

x1(y3 — y2) +xy2 + 71
(x3 — x2)y2 + x2y3
X2Y2 + X3y3



Fibonacci Numbers and Diophantine Equations
Theorem (G. D. Cassini [1680]).

ur2n+1 — Umy1Um — ”2m = (_1)m



Fibonacci Numbers and Diophantine Equations
Theorem (G. D. Cassini [1680]).

ur2'n+1 — Umy1Um — uzm = (_1)m

Theorem (M. J. Wasteels [1902]). If

w? — wv — v2 = +1

then
W=Umyi1, V=1Un

for some m.



From Words to Numbers
(Second Numbering cont.)

X = "B, ... By

X = imUp+---+ihu
X1 = mUm—1+ -+ i1Ug
X2 = Um

X3 = Um+1



From Words to Numbers
(Second Numbering cont.)

X = "B, ... By

X = IpUm+---+h1th
X1 = imUm-—1+---+i1uo
X = Um

X3 = Um+1

(2 —x3x —x2)2 =1



From Words to Numbers
(Second Numbering cont.)

X = "B, ... By

X = IpUm+---+h1th
X1 = imUm-—1+---+i1uo
X = Um

X3 = Um+1

(2 —x3x —x2)2 =1

X0 < x < X3



From Words to Numbers
(Second Numbering cont.)

X
X
X1
X2
X3

"Bim -+ Bi"
mUm + -+ + i1y
imUm—1+ -+ i1Up
Um
Um+1

(X32 — X3Xp — x22)2 =1
X0 < X < X3

U

Uk—1

Q

s
%




From Words to Numbers
(Second Numbering cont.)

X = "Bin By

X = mUm -+t
X1 = ImUm—1-+ -+ i1Ug
X2 = Um

X3 = Um+1

(X32 — X3Xp — x22)2 =1
X0 < X < X3

U

Uk—1

Q

s
%




From Words to Numbers
(Second Numbering cont.)

X = "Bin By

X = mUm -+t
X1 = ImUm—1-+ -+ i1Ug
X2 = Um

X3 = Um+1

(X32 — X3Xp — x22)2 =1
X0 < X < X3

X~ ¢ p—2<x1—x/p<op—1

U

Uk—1

Q

s
%




From Words to Numbers

(Length

X
X
X1
X2
X3

of words)

" Bim -+ Biy”
ImUm + -+ + I1u1
imUm—1+ -+ i1l
Um
Um+1

n
Y2
y3

o Bj, - --ﬂjl'_'
Jnlp + -+ 11
JnUn—1+ -+ j1up
Up
Upt1



From Words to Numbers
(Length of words)

X = "Bi By Y = "B, - B

X = mUm+---+ iy Y = Jpup+ -+
X1 = ImUm—1-+ -+ i1Ug Yi = JoUp—1+---+j1Uo
X2 = Um Y2 = Un

X3 = Um+1 3 = Un+1

length(X) =length(Y) & xx =y



From Words to Numbers
of words)

(Length

X
X
X1
X2
X3

" Bip -+ By
imUm + -+ iLuy
imUm—1+ -+ i1l
Um

Um+1

length(X) = length(Y)

GCD(um, un) = UGcD(m,n)

Y "B, - By

y Jnln + -+ 111
Y1 = JnUp—1+ -+ jilo
Yo = Up
Y3 = Upt1

< X2 =Y




From Words to Numbers

(Length

X
X
X1
X2
X3

of words)
"Bi, ... By Y
imUm + -+ 11 y
= imUm—1+---+i1Ug 1
= Um Y2
= Um+1 y3

GCD(um, un) = UGcD(m,n)

By "
Jnln + -+
= JplUp—1+---+ j1uo
Un

Uni1

length(X) =length(Y) & xx =y
length(X)‘length( Y) & x(2x3— X3)|y2(2y3 —y2)




From Words to Numbers

(Length

X
X
X1
X2
X3

of words)
"Bi, ... By Y
imUm + -+ 11 y
= imUm—1+---+i1Ug 1
= Um Y2
= Um+1 y3

length(X) = length(Y

) &
length(X)|length(Y) <«
1 &

GCD(length(X),length(Y)) =

GCD(um, un) = UGcD(m,n)

By "
Jnln + -+
= JplUp—1+---+ j1uo
Un

Uni1

X2 = Y2

x2(2x3 — x3)|y2(2y3 — y2)

71x0(2x3 — xp) —
2y2(2y3 —y2) =1




From Words to Numbers GCD (i, tn) = GG0D(mm)

(Length of words)

X = " Bim - Bi” Y = "B B

X = imUm+---+i1n Yy = Jaup+---+aum
X1 = ImUm-1+ -+ i1Uo Yi = JnUp-1+ -+ j1to
X2 = Um y2 = Up

X3 = Um+1 3 = Un41

length(X) =length(Y) & xx =y
length(X ‘lengt (Y) & x(2x3 — X3)|y2(2y3 —y2)
GCD(length(X),length(Y)) =1 < z1x(2x3 —x2) —

2y(2y3 —y2) =1

Open Problem. Is there an algorithm for deciding whether a
system of word equations with additional restrictions on the
lengths of the above types has a solution?



From Words to Numbers
(Length of words cont.)

"
O Q4 ene



From Words to Numbers
(Length of words cont.)

Qj Qg Oy

"10%10%-1 ., 10™"



From Words to Numbers
(Length of words cont.)

"
o O

"10%10%-1 ., 10™"

length("10%10%-1...101") =



From Words to Numbers
(Length of words cont.)

"
o O

"10%10%-1 ., 10™"

length("10%10%-1...101") = k



From Words to Numbers
(Length of words cont.)

"
o O

"10%10%-1 ., 10™"

length("10%10%-1 ... 10"") = k 4 i\ + ix_1 + - - -



From Words to Numbers
(Fourth Numbering)

X = "BiBin1--Bi”



From Words to Numbers "1" —"10", "0" " 00"

(Fourth Numbering)
X = "BinBin_y---Bi"



From Words to Numbers "1" —"10", "0" " 00"

(Fourth Numbering)

X = "BinBims---Bi"
Blmoﬁlm 1 5/1 ”



From Words to Numbers "1" —"10", "0" " 00"

(Fourth Numbering)

X = "BiBin1--Bi”
"Bi.08i _,0...5;0"
X = mlom + im—1Up(m_1) + -+ U2



From Words to Numbers "1" —"10", "0" " 00"

(Fourth Numbering)
X = "BinBip---Bi”
"Bi.08i _,0...5;0"
X = mlom + im—1Up(m_1) + -+ U2

X1 = ImUWm-1+ Im-1U(m-1)-1+ -+ A1



From Words to Numbers "1" —"10", "0" " 00"

(Fourth Numbering)

X

X1
X2

X3

" BinBim—1 - Biy”

"Bi.08i _,0...5;0"

ImUom + im_1u2(m_1) 4+ -+ i
ImU2m—1 + im—1U(m—1)—1 + - + i1t
um

2m+1



From Words to Numbers "1" —"10", "0" " 00"

(Fourth Numbering)

X = "BiBin.---Bi"
"Bi.08i _,0...5;0"

X = Imlom+ im—1u2(m—1) + 4

X1 = ImU2m-1+ im-1Uy(m-1)-1+ -+ ht1
X2 = U2m

X3 = lomt1

x§—X3x2—x22:1



From Words to Numbers "1" —"10", "0" " 00"

(Fourth Numbering)

X = "BiBin.---Bi"
"Bi.08i _,0...5;0"

X = Imlom+ im—1u2(m—1) + 4

X1 = ImU2m-1+ im-1Uy(m-1)-1+ -+ ht1
X2 = U2m

X3 = lomt1

x§—X3x2—x22:1

X < X3



From Words to Numbers "1" —"10", "0" " 00"
(Fourth Numbering)
X = "BinBiny---Bi"
"Bi.08i _,0...5;0"

X = imlom+ im—1U2(m_1) 4w

X1 = ImU2m-1+ I.m71U2(m_1)_1 i
X2 = Um

X3 = Wmt1

X3 —xx—x3 =1

X < X3

p—2<x3—x/p<¢p—1 ’”10” —"1", 700" —"0", "01" —"1"



From Words to Numbers "1" —"10", "0" " 00"
(Fourth Numbering)
X = "BinBiny---Bi"
"Bi.08i _,0...5;0"

X = imlom+ im—1U2(m_1) 4w

X1 = ImU2m-1+ I.m71U2(m_1)_1 i
X2 = Um

X3 = Wmt1

X3 —xx—x3 =1

X < X3

p—2<x3—x/p<¢p—1 ’”10” —"1", 700" —"0", "01" —"1"



From Words to Numbers "1" —"10", "0" " 00"
(Fourth Numbering)

X = "BiBin.---Bi"
"Bi.08i _,0...5;0"

X = mlom + im—1Up(m_1) + -+ U2

X1 = ImUWm-1+ Im-1U(m-1)-1+ -+ A1
X2 = Um

X3 = Um+1

x§—X3x2—x22:1

X < X3

p—2<x3—x/p<¢p—1 ’”10” —"1", 700" —"0", "01" —"1"

Open Problem. Is there an algorithm for deciding whether a
system of word equations with additional restrictions on the
lengths of words has a solution?



