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I. Why is the convergence rate important?

Classical Monte Carlo estimation of Eπg :=
∫

Rp g(x)π(x)dx

Theory: Let X1,X2,X3, . . . be iid π and form gn := 1
n

∑n
i=1 g(Xi)

SLLN: If Eπ|g| <∞, then gn → Eπg a.s. as n → ∞
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Application: Fix n, simulate X1, . . . ,Xn iid π

Asymptotic 95% CI for Eπg : gn ± 2σ̂n/
√
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Can we honestly replace the iid sequence with a MC?

Let X0,X1,X2, . . . be a well-behaved MC converging to π(x)

As in the iid case, let gn := 1
n

∑n−1
i=0 g(Xi)

Ergodic Theorem: If Eπ|g| <∞, then gn → Eπg a.s. as n → ∞

So the MCMC estimator also converges a.s. to Eπg, but...
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Ergodic Theorem: If Eπ|g| <∞, then gn → Eπg a.s. as n → ∞

So the MCMC estimator also converges a.s. to Eπg, but...

There is no free lunch!

In the MC context: Eπg2 <∞ 6⇒
√

n
(

gn − Eπg
) d→ N(0, γ2)

But, if the chain is geometrically ergodic (G.E.), there are CLTs



Target density: π : X → (0,∞) where X ⊆ R
d

Markov chain: {Xn}∞n=0 has Mtd k : X × X → (0,∞) satisfying
∫

X
k(x ′|x)π(x)dx = π(x ′)

Density of Xn given X0 = x : kn(x ′|x) :=
∫

X k(x ′|z) kn−1(z|x)dz

Definition: If there exist ρ ∈ [0,1) and M : X → [0,∞) st
∫

X

∣

∣kn(x ′|x)− π(x ′)
∣

∣ dx ′ ≤ M(x)ρn for all n ∈ N

then {Xn}∞n=0 is called G.E.

If the chain is G.E. and Eπ|g|2+ǫ <∞ for some ǫ > 0, then
√

n
(

gn − Eπg
) d→ N(0, γ2)



II. One slide on the geometric drift function

Mtd: k : X × X → (0,∞) satisfying
∫

X k(x ′|x)π(x)dx = π(x ′)

Assume k(x ′|·) is continuous (or just l.s.-c.) for each x ′ ∈ X

Definition: V : X → [0,∞) is unbounded off compact sets if
{

x ∈ X : V (x) ≤ c
}

is compact for all c ≥ 0

Example: If X = R, V (x) = x2 is u.o.c.s., but V (x) = 1
x2+1 isn’t

The chain {Xn}∞n=0 is G.E. if, for all x ∈ X,

E
[

V (Xn+1) |Xn = x
]

=

∫

X
V (x ′) k(x ′|x)dx ′ ≤ λV (x) + L

where V is u.o.c.s., λ ∈ [0,1) and L ∈ R



III. A Gibbs sampler for Bayesian quantile regression

Let Y1, . . . ,Ym be indep random variables st

Yi = xT
i β + σεi

• xi is a p × 1 vector of known covariates

• β is a p × 1 vector of unknown parameters

• σ is a univariate scale parameter

• {εi}n
i=1 are iid with common density

r(1 − r)
[

e(1−r)εI(ε ≤ 0) + e−rεI(ε > 0)
]

so that Pr(ε1 < 0) = r .
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Joint density of the data, (Y1, . . . ,Ym), is

f (y ;β, σ) = rm(1 − r)mσ−m exp
{

− 1
σ

m
∑

i=1

ψr (yi − xT
i β)

}

where ψr (u) = u
[

r − I(u < 0)
]



The model: f (y ;β, σ) = rm(1 − r)mσ−me− 1
σ

∑m
i=1 ψr (yi−xT

i β)

Let π(β, σ) be a prior. The intractable posterior density is

π(β, σ|y) = f (y ;β, σ)π(β, σ)
m(y)

Kozumi & Kobayashi (2011): Let {(Yi ,Zi)}m
i=1 be indep pairs st

Yi |Zi = z ∼ N
(

xT
i β + θz, σzτ2) & Zi ∼ Exp(σ)
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(

xT
i β + θz, σzτ2) & Zi ∼ Exp(σ)

∫

Rn
+

f (y , z;β, σ)dz = f (y ;β, σ) (∗)

Now define

π(β, σ, z|y) = f (y , z;β, σ)π(β, σ)
m(y)

It follows from (∗) that
∫

Rn
+
π(β, σ, z|y)dz = π(β, σ|y)



Yi |Zi = z ∼ N
(

xT
i β + θz, σzτ2) & Zi ∼ Exp(σ)

π(β, σ|y) =
∫

Rn
+

π(β, σ, z|y)dz =

∫

Rn
+

f (y , z;β, σ)π(β, σ)
m(y)

Normal × Inverse Gamma prior for (β, σ) yields π st:

• β|σ, z, y ∼ Np(·, ·)
• σ|β, z, y ∼ Inverse Gamma(·, ·)

•
(

1
z1
, . . . , 1

zm

)
∣

∣

∣
β, σ, y ∼ ∏m

i=1 Inverse Gaussian(·, ·)

Let Φ =
{

(βn, σn)
}∞

n=0 be a Markov chain on R
p × R+ with Mtd

k
(

β′, σ′ |β, σ
)

=

∫

Rn
+

π
(

β′|σ′, z, y
)

π
(

σ′|β, z, y
)

π
(

z|β, σ, y
)

dz

Invariance: π(β′, σ′|y) =
∫

Rp

∫

R+
k
(

β′, σ′ |β, σ
)

π(β, σ|y)dσ dβ



Quantile regression model: Yi = xT
i β + σεi

Prior for (β, σ): Normal × Inverse Gamma

Markov chain: Φ =
{

(βn, σn)
}∞

n=0 has Mtd

k
(

β′, σ′ |β, σ
)

=

∫

Rn
+

π
(

β′|σ′, z, y
)

π
(

σ′|β, z, y
)

π
(

z|β, σ, y
)

dz

and invariant density π(β, σ|y)

Proposition (Khare & H, 2011): Φ is G.E.

Proof uses the drift function V : Rp × R+ → (0,∞) given by

V (β, σ) = σ +
1
σ
+

n
∑

i=1

(

yi − xT
i β

)2
+ βTΣ−1β



IV. A Gibbs sampler for Bayesian linear mixed models

Let YN×1 follow the general linear mixed model

Y = Xβ +

r
∑

i=1

Ziui + e

• X ,Z1, . . . ,Zr are known matrices

• ui ∼ Nqi

(

0, Iσ2
ui

)

and e ∼ NN
(

0, Iσ2
e

)

• β and σ2 =
(

σ2
e σ2

u1
· · · σ2

ur

)

are unknown parameters

Improper prior density for (β, σ2):

π(β, σ2) =
(

σ2
e

)−(ae+1)
r
∏

i=1

(

σ2
ui

)−(ai+1)



Y = Xβ +
∑r

i=1 Ziui + e , ui ∼ Nqi

(

0, Iσ2
ui

)

& e ∼ NN
(

0, Iσ2
e

)

Prior density: π(β, σ2) =
(

σ2
e

)−(ae+1)∏r
i=1

(

σ2
ui

)−(ai+1)

Set θ = (β,u) = (β,u1,u2, . . . ,ur ). Define

π∗(θ, σ2|y) = f (y |u;β, σ2) f (u;σ2)π(β, σ2)

Necessary conditions for propriety:
∫

Rp+q
π∗(θ, σ2|y)dθ <∞ &

∫

Rr
+

π∗(θ, σ2|y)dσ2 <∞

When these hold, π∗(θ, σ2|y) has “conditionals” given by:

• θ|σ2, y ∼ Np+q(·, ·)

• σ2|θ, y ∼ ∏r+1
i=1 Inverse Gamma(·, ·)
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{

(θn, σ
2
n)
}∞

n=0 be a chain on R
p+q × R

r
+ with Mtd

k
(

θ̃, σ̃2 | θ, σ2) = π∗
(

σ̃2|θ̃, y
)

π∗
(
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)
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k
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π∗(θ, σ2|y)dσ2 dθ
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Proposition (Román & H, 2011): Φ is G.E. if
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• qi + 2ai > q − t + 2

• N + 2ae > p + t + 2

Notation: XN×p, ZN×q = (Z1 · · ·Zr ) and t = rank
(

Z T (I − PX )Z
)
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Markov chain: Φ =
{

(θn, σ
2
n)
}∞

n=0 has Mtd

k
(

θ̃, σ̃2|θ, σ2) = π∗
(

σ̃2|θ̃, y
)

π∗
(

θ̃|σ2, y
)

and invariant density π∗(θ, σ2|y).

Proposition (Román & H, 2011): Φ is G.E. if

• ai < 0
(

ai < 0
)

• qi + 2ai > q − t + 2
(

qi + 2ai > q − t
)

• N + 2ae > p + t + 2
(

N + 2ae > p − 2
∑r

i=1 ai
)

Φ, Φθ =
{

θn
}∞

n=0 and Φσ2 =
{

σ2
n

}∞
n=0 converge at the same rate

Proof uses Φσ2 and drift function V : Rr+1
+ → (0,∞) given by

V (σ2) = c1

[

σ2
e +

(

σ2
e

)−c2
]

+

r
∑

i=1

[

σ2
ui
+

(

σ2
ui

)−c2
]



V. Yet another warning about improper priors

Φθ =
{

θn
}∞

n=0 has state space R
p+q and Mtd

k
(

θ̃ | θ
)

=

∫

R
r+1
+

π∗
(

θ̃|σ2, y
)

π∗
(

σ2|θ, y
)

dσ2

Recall that θ = (β,u1,u2, . . . ,ur ), and that

• θ|σ2, y ∼ Np+q(·, ·)
• σ2|θ, y ∼ ∏r+1

i=1 Inverse Gamma(·, ·)

In particular, σ2
ui
|θ, y ∼ Inverse Gamma

(

qi
2 + ai ,

‖ui‖2

2

)

Technical Problem: It’s undefined on
{

θ ∈ R
p+q : ‖ui‖ = 0

}
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)

Technical Problem: It’s undefined on
{

θ ∈ R
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Can’t we just change state space from R
p+q to R

p+q \ N?

Example: If the drift function is V (x) = x2

{

x ∈ R : x2 ≤ c
}

is compact, but
{

x ∈ R \ {0} : x2 ≤ c
}

isn’t


