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I. What is hypothesis testing
with data compression?
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© Distributed sensor system
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|. Formulation of hypothesis testing (x = 2)

absence > H : XY (null hypothesis)
presence ->| H : XY (alternative hypothesis)

® XY, XY :correlated random variables with values
in finite sets X', )

o Pxyv,Psx: probability distributions of XY, XY

® IR HY T e (X1Y1, bt ,XnYn); .I.d. variables ~ Pxy

* X'Y =(X1Y1--,X,Y,):iid. variables ~ Ps
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Il. Multiterminal hypothesis testing(x = 2)

n

cited: X" (X))

magesl 1/

cite B : it ookl

® encoders o :

encoder 1

» D1

encoder 2

P2

W >{H,H}

decoder

Xn—>./\/ll 5{1,2, ,Ml}

W . y”—>/\/125{1,2, ,MQ}

e rate constraints

1 1
—10gM1 SRl, —lOgMQ SRQ
T T

e decoder ¢ : M; x My — {H,H}
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e Acceptance region (c X" x Y"):collection of cells
An = {(x,y) € X" X Y : ¢p(p1(x), p2(y)) = H}

e type 1 error (prob. of false alarm)
a, = Pr{X"Y" € AS} (cdenotes the complement)

@error probability that absence
IS mistaken for presence

® type 2 error (prob. of missing)
ME=H {XnYn = An}

@error probability that presence

IS mistaken for absence
6
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& Problem formulation

e We consider the following constraint
on type 1 error probabillity:

a, <e (0 <Ve<1:constant)

e Under this constraint, define the optimal
type 2 error probability as

6;(R17 RQ, 8) ua min ﬂn

P1 79027¢7an Sg

e Define the power exponent as:

Tt 57100

1
H(Rl, R2,€) = lim inf <_E log 6,;:(}{1, R2,6)>

7
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J

Problem: Determine the function 0(Ri, Rz, ¢)
of R,, R, or its lower bounds

I It 1s obvious that this function Is
nondecreasing in each ofRi, R,
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Remark: about the acceptande region A,
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A collection of
"' rectangular cells

.
-
-
-
-
-
-
-
-
-
.
-

- Neyman-Pearson’s

optimal region
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lll.Lower bounds of 0(R:, R>)

Auxiliary random variables v, v
=for quantization

® SXY:{(PU|X,PV|Y)U—>X%Y%V}

® For each (PU|X7PV|Y) c Sxvy :

define the Markovchain 7 - X - Y -V
by the condition Py« = Pyx, Pyv = Prjy

IO
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Quantization  e(w.x) € T (UX): 4 is unique for x
® (v;,y) € T'(VY): jis unique for ¥

Te (X)
T™(Y) u u; uy, N ~exp[nl(U;X)]
® Ny ~ expnl(V;Y)
X
Vi €.
T ™\ iRy IH(llz'Vj) ZH(UV)
\\
[
V. y @ acceptance region:
] ~ \ the union of
N ’_‘,yAn —| rectangular cells
{ -l specified byu; v
N / such that
Jt%:gﬁl [ // u;v; € T(UV)
7
VN2
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I Coding--Data compression

e Classify N1 u; ‘s into exp[nRi| bins
-Classify No v, ‘s Into exp|ns] bins

o | etting u; correspond to x, define the encoder 1:
p1(x) = the bin number I(u;)of u;
* | etting v, correspond to y, define the encoder 2:

»2(y) =the bin number j(v,) of v;

12
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B Minimum entropy decoding

* On receiving the bin numbers 1, J,
let the decoder be defined by

Yn(I,J) = the rectangular cell specified by

av such thatH(av) = min H(u;v;)
1,7

with I = I(u;) and J = J(v;)

13
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& Error probabillities for minimum entropy coding

1) error probablity that an element of D,,
IS decoded as that of the acceptance

region A, : u, = Pr{D,, — A,}

2) error probability that an element of the
acceptance region A, is decoded

as that ofRRHA =Pl A s F

® |n both cases the error probabillities
are evaluated as u, =~ \, ~ exp[—nFE}]
where E, > 0 is specified later.

14
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& Error probabilities for hypothesis testing
under data compression

e type 1 error probability:
(BRI PRIXR VI e WA L Py ™ o D,

2 (1 —exp[-nEy]) Pr{X"Y" € A,}
— 1 (n—o00) if By >0

1 — a,

thus, a, — 0 (< ¢) where we have noticed that

Pr{X"Y" € A,} — 1, because A,, contains the set
of typical sequences T (XY)

15
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® type 2 error probabillity:

(1 SEDR DR R e g L TR AT v e o

B =
S P{X Y €A} +exp|-nE]Pr{X Y €D,}

V

Thus, it suffices to evaluate Pr{X Y € A,}
and Pr{X Y e€D,}

16
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e Calculation shows that

P4 X1 et Al
PRIVl i

e

exp|—noy

¢

exp|—nos!

where
gttt = manRTX YV [UXTY V) <

divergence

-
-
-
-
-
-
-
~ ~ ~ ~ ‘_—

g (1= min D{UXYV|[UXYV);*

{UYX?V ! Pf]j( == PU)(,P(/}} — va,Pf](/ — PUV}

St b BAE TN

{UXYV : Psz = Pyx,Pyy = Pyy, HUV) > H{UV)}

B ®
==

e Clearly, B, ¢ B, and hence o1 > o

17
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eFurthermore, let with [z]T = max(z,0) :

AT R (e i R LRy e DT X )
iz L +00 if Ro > I(V;Y),
BTN R BV O | (R << (V3 Y05

oL oo iRy 2 I(U;V),Ry 2 I(V;Y);
27 ) [Ri4+ Ry —I(UV; XY)]T  otherwise

then, we have

Eb — min(El, EQ, E12)

I8
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® Summarizing, set

ESHA(Rl,RQ) = max min(al,ag —I—Eb)
Pyix, Pvy : f g
Ry = I(U; X|V)
Ry > I(V;Y|U)
Ry Ry 2 I(UV: XY) power exponent

4
24

with coding error
power exponent

without coding error
e then,

Theorem 1 (lower bound):

O(R1, Ro,e) > Esga(R1, Ro)

19
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Corollary 1 (Stein’s lemma: without coding error)

Suppose that R, > H(X), R, > H(Y) holds,

then,

Q(Rl, RQ,EE) — ESHA(Rh Rg) - D(XYHW)

Remark 1: This coincides with that of
Han (1987, Corollary 5).

Proof: Put v = X, v =v in Theorem 1.

20
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Corollary 2 (Stein’s lemma: with coding error):

Suppose that
Ry D X,
Ryl o2 i e O )
ety s SRS AL e D )
=S RIS L i XY XY
XY ebBs
Bl b B A S R PO = B R (Y 2 (XY ) ).

then, we have
O(Ry, B, &) = Espa(Ru, Rz) = D(XY]|[XY).
Pt » reduces to Corollary 1

Remark: The case with p > I(Xf; Y),error coding not
help, but the case with D < 1(X:Y), error coding helps.

Proof: we canset U =X,V =Y Iin Theorem 1

21
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IV. Full side information system

encoder
cited: X" (X) » P rafg
W >{H,ﬁ}
citeB: yn (?n) g
rate
decoder

e encoder ¢: X" - M={1,2,--- , M}

1
e rate constraint  logM < k.

e decoder ¥: M xY" — {H, H}

22
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e |n this full side information case, we define
7-177-2761762 |nStead Of 01702781782 asS be|OW
( set V =Y in all the previous formulas):

a0 ! XY [T X))
UXY eCq
7o = min (DU X Y[ UXY);
UXY eCs
Cl T {ﬁX?:PﬁX:PUX,PU{/:PUy},

ot B R Ao | g

{UXY : Psz = Pyx,Py = Py, HUY) > H{UY)}

S
N
|

e Clearly, ¢; cC; and hence m > 7, moreover

it +00 R M X))
IR RS I L X YO il R << (U X )

23
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e Furthermore, define

Esga(R) = Espa(R,+00)
= max min(j’l, ™ + E.)

PU|X: i
R>I(U:X|Y) .~

power exponent

| | ower exponent
without coding error B P

with coding error
then, we have

Theorem 2 (full side lower bound):

«----- Simokawa-
O(R,e) > Espa(R) Han-Amari

1994
where 0(R,c) = 0(R, +0o0,¢) ( )

24
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e Remark 2:

1) Thevalueof n = min DUXY||UXY)
UXYeCq

remains invariant if we impose the
cardinality constraint ||U]|| < |X| + 1

o R e d B

|n Cl i {UXYZP&X:PUx,Pﬁ?:PUy}
2) The value of = = _min D{UXY|UXY)
UXYeCoy

remains invariant if we impose the
cardinality constraint ||U]| < [X]+ [Y] INn

A Fidar] | A~

@RGPl R s L P = P (DY) > H(UY))

25
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Test against independence: tight bound

* Consider the case with P = Px Py, then

o = min DO XY ||{UXY)
UXYeCq
>  min D(ﬁl}HW)
UXYeCq
=l D YY)
UXYeCq
— D(UY||TY) optimality is due to
— D(Pyy||PyPy) - Anlswede-Csiszar (1986)
RSy TR
Theorem 3: e
) coding
O(R,e) = Esya(R)=  max  I(U;Y). does not

26
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Test for independence: lower bounds

e Consider the case with Pxy = PxPy then

a2 A8 Kol o

7 = min DUXY||UXY) 2 = _min DUXY||[UXY)

UX?ECl UXY €Cs

> min DUY||UY) > _min D(UY||UY)
UX{/EC1 UXY €eCo

0 min L DO O = _min DUY||UY)
UX?ECl ',"' UXY e€Cs

— DUY|UY) B i D(UY||UY)

— H(U)+ H(Y

*Thus, we have

error
Theorem 4 : coding

<=
(R, ) > max D(Py Py || P>) does not
Py x:I(U;X)<R help

“7
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Conjecture:

If Pxy = PxP, then

= D(P=P=|| P~
H(Rag) PU|X:5I%%};{X)§R ( U YH UY)

28
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V. Test for Binary Symmetric Sources: lower bounds

null hypothesis alternative hypothesis
X B Y X v V4
& Y
E i

0 <~ <8< 1/2 (crossover probabilities)
iE e b e oy == ey - Ty

29
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Concatination of BSS'’s:
auxiliary random variables

Null hypothesis U, U, :specified later

U—-U.— X —Y : Markov chain:

U 0 il e

X B il

30
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Alternative hypothesis

[ s PR R (PYIUC = Pxv.)

U 5 Ue a X 5 Y
v @’ i)
o) « Yy
o Q il

31
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* Given a rate R, specify U and U, by

R = (DX == D) i al)s

R=IU:;X|Y)=h(ax*xpB) — h(a)

* Thus, § =&, < 1/2 is specified by
h(d*xa)=1-h(ax*xpf)+ h(a)

M
.
-

entropy
function

e =0 if B =1/2

* Equation R = I(U; X) (6 = do)

specifies coding without error — 71 |5-s,

 Equation R = I(U.; X|Y) (6§ = 0)
specifies coding with error — 75 |5—g

32
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* Then, the lower bounds are given as:

~ A~ A~

Tl st in D BT XYV T XY

~ @~ o~

UXYeCq
> min DUY||UY)

~ @ A~ o~

UXYeCq
= min DUY||UY)

~ @~ o~

UXYeCq
= D(UY||UY)ls=s,

_min  D(UXY||UXY)
U. XY ecCo

s i DY |0 .Y0)
UCXYECQ

_  DW.Y||U.Y)
R D(UY||UY)|5=0

To|5=0

.
>

HU,Y) > H(U.Y)> H{U.Y) hence,
min is attained at U,Y = U.Y (BSS)
33

20121 A21H 1 EH



* Evaluation of the lower bounds:

g(6) = DUY||UY)
—1 — h(d * ax )
—(1 —d*axP)log(l —0d*ax*v)
—d x a *x Blog(d * a * 7).

e then, 9 (d)ls=12 < 0 (0<6<1/2)
_ 0 (5=1/2)

There exists a 7 < 6o =1/2 — € (€ is small enough)
such that

¢ (8|50 <0 (0<5<8<1/2)

b4
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J

g(9)|s=p, 18 dereasing in § (0 <4 < o)

U, with 5 = o
DWUY|T.Y) = DUY|[TY)s—
il SN DOY || UY) 555,
error coding U " no error coding

Conclusion: Error coding helps!

35
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