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Introduction

We analyze the existence of Lyapunov type
inequalities for the Laplace operator ∆µ on a
bounded open subset Ω ⊂ Rd with a positive
�nite Borel measure µ supported on Ω.
We show that an inequality involving some geo-
metric properties of the domain must hold in or-
der to have a nontrivial solution. For the eigen-
value problem

−∆µu = λu,

this inequality gives lower bounds for the eigen-
values and enables us to give an upper estimate
of the spectral counting function without the use
of the renewal equation.

History

Around 1880, Lyapunov found that the solution
of the linear ODE

u′′ + w(t)u = 0

cannot have two zeros a and b if

(b− a)

ˆ b

a

w(t)dt ≤ 4.

This inequality is a useful tool in stability, os-
cillation theory, and eigenvalue problems. It
was rediscovered many times (Hartmann called
it `Borg inequality') and it was extended to
higher order ODEs, functional di�erential equa-
tions, nonlinear operators on W 1,p

0 (a, b) and Or-
licz spaces (see [8]).
Recently, it was extended to p-Laplace opera-
tors in N -dimensional sets, replacing the length
of the interval by the inner radius of the domain
in [2]. The norm of the weight depends on the
relationship between p and N , the case p < N
being harder and related to capacitary proper-
ties of Ω.
It is natural to ask about the existence of these
inequalities in fractal domains. Here, we present
a Lyapunov's inequality for fractal Laplacians
like the ones considered in [1, 5, 6], and we use
it to derive an estimate for eigenvalues in the
case of self-similar fractals.
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The RN case

The following result was proved in [2]:

Theorem. Let Ω ⊂ RN and p > N . If there

exists a nontrivial solution u of

−div(|∇u|p−2∇u) = w(x)|u|p−2u in Ω
u = 0 on ∂Ω,

then we have the inequality:

c

rp−N
≤ ‖w‖L1(Ω), (1)

where c is a positive constant and r is the inner

radius of Ω,

r = max
x∈Ω

inf
y∈∂Ω

|x− y|.

Proof: we choose x as the point in Ω where
|u(x)| achieves its maximum, and the closest y ∈
∂Ω. From Morrey's inequality,

|u(x)| = |u(x)−u(y)| ≤M |x−y|1−N/p‖∇u‖Lp(Ω).

By using the weak formulation of the problem

‖∇u‖pLp(Ω) =

ˆ
Ω

|∇u|p =

ˆ
Ω

w(x)|u|p

we get

|u(x)| ≤Mr1−N/p
(ˆ

Ω

w(x)

)1/p

|u(x)|.

Observe that, for p = 2 and N = 1, we recover
the classical Lyapunov's inequality.

Self-similar estimates

The following example shows how to combine
inequality (1) with a self-similar structure.
Let Q be the unit cube in Rn and the problem

−div(|∇u|p−2∇u) = λ|u|p−2u in Q
u = 0 on ∂Q,

Theorem. If ND(λ) is the Dirichlet eigenvalue

counting function, there exists a positive con-

stant c such that

ND(λ) ≤ cλN/p.

Proof: Let us �x λ big enough, and we split
Q =

⋃
iQi, in cubes of side r, with r = (aλ)−1/p.

The Dirichlet-Neumann bracketing implies that

ND(λ) ≤
∑
i

NN (λ,Qi).

In each Qi only the �rst eigenvalue, which is
equal to zero, is lower than λ. Eigenfunc-
tions corresponding to higher eigenvalues change
signs, and replaced in a similar Lyapunov-type
inequality (r being now the diameter of the set
instead of the inner radius) fail to satisfy

c

rp−N
≤ λrN

for appropriate values of a. So,

∑
i

NN (λ,Qi) ≤ #{Qi} =

(
1

r

)N
.

Hence, ND(λ) ≤ cλN/p.
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Fractal case

Let K ⊂ RN , with Hausdor� dimension df , be the support of a Borel measure µ such that K has a
quasi-metric dist and the structure of a homogeneous space of dimension ν (which is closely related
to the e�ective resistence metric, see [3, 6, 7]).
Let E(u, v) be a Dirichlet form on L2(K,µ), and −∆µ the associated Laplace operator on K, i.e., if
−∆µu = f , then E(u, v) =

´
K
fvdµ for any test function v in H1

0 (K,µ).

For ν ≥ 2 we have a continuous embedding of the Sobolev space H1
0 (K,µ) in L2∗

(K,µ). For
0 < ν < 2, an embedding in the space of Hölder continuous functions holds, due to the following
Morrey-type inequality

|u(x)− u(y)| ≤ C dist(x, y)
df (2−ν)

ν (E(u, u))
1/2

.

Theorem. Let ν < 2 and r the inner radius of K with the quasi-metric dist. If there exists a

nontrivial solution u of

−∆µu = w(x)u in K

and u = 0 on ∂K, then we have
C

rdf (2−ν)/ν
≤ ‖w‖L1(K,µ).

Proof: It follows in much the same way as the proof in the RN case.

Theorem. Let K be de�ned by a set of M similarities on RN of equal contracting ratio 1/ρ, assume

that a Lyapunov-type inequality holds such that c
rα ≤ λµ(K) for some α. Then Nµ

D(λ) ≤ Cλ
df

α+df .

Proof: The previous self-similar estimate follows by bounding µ(K) ≤ Crdf , and splitting K in
self-similar smaller copies Ki, choosing the size of the copies small enough to have a single Neumann
eigenvalue in each Ki.
Remarks: 1.- Since α = df (2− ν)/ν, we get an upper bound involving the spectral dimension.
2.- The hypotheses on the similitudes can be relaxed.
3.- The case ν > 2 can be handled by using Sobolev's and Holder's inequalities,

‖u‖2∗ ≤ C (E(u, u))
1/2

= Cλ‖u‖2 ≤ Cλ‖u‖2∗(µ(K))1− 2
2∗ , 2∗ =

2ν

ν − 2
.


