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Abstract
We describe the onset of condensation in Kingman’s model for the balance
between selection and mutation in terms of a scaling limit theorem. Loosely
speaking, this shows that there are three different possible shapes of the wave
moving towards genes of maximal fitness: the shape can be that of an expo-
nential, gamma or a normal distribution. The gamma distribution is the most
common, and we conjecture that this wave shape is a universal phenomenon
that can also be found in a variety of more complex models, well beyond the
genetics context.

Introduction
Kingman (1978) introduced a simple model for the balance of selection
and mutation. It consists of a sequence of probability measures (pn) on
the unit interval [0, 1] describing the distribution of fitness values in the
nth generation of a population.

To describe the model let q be the mutant fitness distribution, which is
a probability measure whose support is [0, 1], and let 0 < β < 1 the
mutation probability. We put p0 = q and if pn is the fitness distribution
in the nth generation we denote by

wn =

∫
x pn(dx)

the mean fitness and define

pn+1(dx) = (1− β)
x pn(dx)

wn
+ β q(dx).

Loosely speaking, a proportion 1−β of the genes in the new generation
are resampled from the existing population using their fitness as selec-
tion criterion, and the rest have undergone mutation and are therefore
sampled from the fitness distribution q.

Kingman showed that in this model

pn→ p

where the limiting probability distribution p can take two forms.

(1) If β
∫ 1

1−x q(dx) ≥ 1, then p is given as

p(dx) =
βλ∗

λ∗ − (1− β)x
q(dx),

where λ∗ ∈ [1− β, 1] is the unique solution of the equation

β

∫
x

λ∗ − (1− β)x
q(dx) = 1.

(2) If β
∫ 1

1−x q(dx) < 1, then p is given as

p(dx) =
β

1− x
q(dx) + γ(β)δ1(dx),

where γ(β) := 1− β
∫ q(dx)

1−x > 0.

In case (2) a proportion of the mass condensates at the maximal fitness
level. We are interested in the underlying general phenomenon of con-
densation which also occurs in a lot of other contexts, not least in the
physical phenomenon of Bose-Einstein condensation.

The condensation wave
In our main result we describe the emergence of condensation in terms
of the shape of the condensation wave.

Theorem Dereich and M (2013)

Suppose that the fitness distribution q(dx) = q(1 − x) dx is such that
condensation occurs. Then there are three possibilities for the shape of
the condensation wave.

(a) If q is slowly varying at zero, then for x > 0,

lim
n↑∞

pn(1− x
n, 1) = γ(β)

∫ x

0
e−y dy,

i.e. the condensation wave has the shape of an exponential distribu-
tion with parameter one.
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(b) If q is regularly varying at zero with index α > 0, then for x > 0,

lim
n↑∞

pn(1− x
n, 1) =

γ(β)

Γ(α + 1)

∫ x

0
yαe−y dy,

i.e. the condensation wave has the shape of a gamma distribution
with shape parameter 1 + α.
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(c) If log q satisfies a mild technical condition and
−1

(log q)′′(x)x2
↓ 0 as x ↓ 0,

then, for sufficiently large n, define yn ↓ 0 and σn ↓ 0 by
(log q)′(yn) = n and σ2

n = −1
(log q)′′(yn)

. Then, for a < b,

lim
n↑∞

pn(1− yn + aσn, 1− yn + bσn) =
γ(β)√

2π

∫ b

a
e−

y2

2 dy,

i.e. the condensation wave has the shape of a normal distribution.
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Remarks:

•While the shape of the bulk is a modification of q, the shape of the
wave is universal, i.e. not depending on the finer details of q.

• The range of fitness distributions where the wave has the shape of a
gamma distribution is the ‘largest’ class.

• The normal distribution is also the standard shape for unbounded
fitness distributions, as conjectured by Park and Krug (2007).

Idea of proof

Define W0 := 1
β and, for n ≥ 1, Wn := w1 · · ·wn. Given the family

(Wn)n≥0 the solution can be obtained as

pn(dx) =

n∑
r=0

Wn−r
Wn

(1− β)rβ xr q(dx).

Hence un := Wn (1− β)1−n satisfies the renewal equation

un = β
1−β

n∑
r=1

un−rµr, for n ≥ 1,

where

µn =

∫
xnq(dx).

In the condensation case we obtain that un → 0 and hence contribu-
tions to pn(dx) can come from small values of r (bulk) and also from
small values of n−r (wave). The asymptotic behaviour of pn(dx) near
x ≈ 1 can be obtained from that of xnq(dx).

In case (a) and (b) the main contribution coming from those x where
1− x ≈ 1

n. We have, with y := n(1− x), that

xnq(dx) = (1− y
n)nq(yn) dy ∼ q(1

n)e−y yα dy.

In case (c) we have, with y := 1− x,

xnq(dx) = (1− y)nq(y) dy ≈ exp
(
− ny + log q(y)

)
dy.

Hence the main contribution arises when y ≈ yn solving

(log q)′(yn) = n.

By Taylor approximation, with z = y − yn,

exp
(
− ny + log q(y)

)
dy

≈ exp
(
− nyn + log q(yn)

)
exp
(1

2(log q)′′(yn)z2) dz,
which shows that the contribution comes from an interval of width

σn =

√
−1

(log q)′′(yn)

and the shape of the wave is normal.

Further research and open problems
What do and what don’t we know about the shape of condensa-
tion waves?

(1) Dereich (2014, in progress) has shown that in a model of a random
network with preferential attachment with a regularly varying fitness
distribution the degree-weighted fitness distribution has a gamma-
shaped condensation wave. The classical Barabasi-Albert model is
not covered by this work.

(2) Dereich and M (2013), based on earlier work of Ercolani and
Ueltschi, have shown that in a model of random permutations with
diverging cycle weights the empirical distribution of relative cycle
lengths has an asymptotically gamma-shaped form.

(3) It would be very interesting to know the shape of the condensation
wave in dynamic toy models of physical Bose-Einstein condensa-
tion such as the model of Boltzmann-Nordheim (1928) or Buffet, de
Smedt, Pulé (1984).

(4) I would be very keen to understand the implications of our obser-
vations in a wide range of other models showing a condensation ef-
fect, for example branching processes with selection and mutation,
the zero-range process, Tonks gas, random permutations, or the in-
clusion process. It would also be interesting to understand spatial
models, for example when migration effects replace mutation.
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