
Fractional processes on Wiener Chaos and non-central limit theorems
Shuyang (Ray) Bai (joint work with Murad S. Taqqu)

Department of Mathematics and Statistics, Boston University

Self-similar processes with stationary increments (fractional processes)

Definition A stochastic process {Y (t), t ∈ R} is said to be self-similar with stationary increments, if there
exists H > 0, such that ∀λ > 0,

{Y (λt), t ∈ R} has the same law as {λHY (t), t ∈ R},
and ∀h > 0, {Y (t + h)− Y (t), t ∈ R} is a stationary process. H is called the Hurst index.

Fact: If we further assume EY (1)2 <∞ and H ∈ (1/2, 1), then we have
1. EY (t) = 0;
2. Var[Y (t)] = t2HVar[Y (1)]
3. the increments of Y (t) has long memory, namely, X(n) := Y (n)− Y (n− 1), then

Cov[X(n), X(0)] ∼ cn2H−2, where 2H − 2 ∈ (−1, 0).
See Embrechts and Maejima [2002].

Fractional Brownian motion

Definition A standard fractional Brownian motion BH(t) is a Gaussian process which is self-similar with
stationary increments and Var[BH(1)] = 1.
A fractional Brownian motion BH(t) is completely specified by the covariance structure

Cov[BH(s), BH(t)] = 1
2
(
|s|2H + |t|2H − |t− s|2H

)
.

Moving-average representation (H > 1/2):

BH(t) d= c
∫
R

∫ t
0
(s− x)H−3/2

+ ds W (dx), W (·) : white noise random measure.

Hermite processes

Dobrushin and Major [1979] and Taqqu [1979] introduced the following fractional process:
Definition The Hermite process is defined as

Z(t) = c
∫ ′
Rk

∫ t
0

k∏
j=1

(s− xj)−1/2−(1−H)/k
+ ds W (dx1) . . .W (dxk). (1)

Z(t) has a Hurst index H . The prime ′ indicates that the multiple stochastic integral Ik(·) :=∫ ′
Rk · W (dx1) . . .W (dxk) does not integrate on the diagonals xi = xj, i 6= j.
Ik(f ) is well-defined for all f ∈ L2(Rk). The space spanned by {Ik(f ), f ∈ L2(R)} is called the k-th Wiener
chaos. Ik(f ) has a non-Gaussian law when k ≥ 2.

Generalized Hermite processes

In Bai and Taqqu [2014], we considered the following process:
Definition The generalized Hermite process is defined as

Z(t) =
∫ ′
Rk

∫ t
0
g(s− x1, . . . , s− xk)1{s>x1,...,s>xk}ds W (dx1) . . .W (dxk), (2)

where g is a measurable function called generalized Hermite kernel which is defined on Rk
+ and satisfies

the following:
1. g(λx1, . . . , λxk) = λαg(x1, . . . , xk), ∀λ > 0, where α ∈ (−k+1

2 ,−
k
2);

2. ∫
Rk

+
|g(x1, . . . , xk)g(1 + x1, . . . , 1 + xk)|dx1 . . . dxk <∞.

Z(t) has a Hurst exponent H = α + k/2 + 1. They include Hermite processes as special case.

Limit law of normalized partial sum of stationary sequence

Let {X(n), n ∈ Z} be an ergodic stationary sequence with mean 0 and finite variance.
It often of interest to investigate the probabilistic asymptotic behavior the partial sum ∑N

n=1X(n).
Under some weak dependence condition for X(n) (e.g. strong mixing, martingale approximation), one has
the central limit theorem:

1
N 1/2

[Nt]∑
n=1

X(n)⇒ σB(t),

where B(t) is a standard Brownian motion, σ2 = ∑∞
n=−∞Cov[X(n), X(0)].

When the dependence along X(n) is strong (σ2 above may be ∞), the central limit theorem may fail. In
this case, after strengthening the normalization N−1/2, other limits can arise. Such type of results are called
non-central limit theorems.
Theorem (Davydov [1970]) Suppose that

X(n) =
∞∑
i=1
iαL(i)εn−i,

where εi ∼ IID(0, 1), α ∈ (−1,−1/2), limi→∞L(i) = 1. Then
1
NH

[Nt]∑
n=1

X(n)⇒ cBH(t), where H = α + 3/2.

If X(n) is given by a non-linear instead of linear moving average of εi’s, the limit can even be non-Gaussian:
Theorem (Bai and Taqqu [2014]) Suppose that

X(n) =
′∑

0<i1,...,ik<∞
g(i1, . . . , ik)L(i1, . . . , ik)εn−i1 . . . εn−ik, (3)

where the prime ′ indicates that we do not sum on the diagonals ip = iq, p 6= q, εi ∼ IID(0, 1), lim‖i‖→∞L(i) =
1, and g is a generalized Hermite kernel with homogeneity exponent α. Then under some additional regularity
conditions on g, we have

1
NH

[Nt]∑
n=1

X(n)⇒ Z(t), where H = α + k/2 + 1,

where Z(t) is the generalized Hermite process (2) defined by the same g as in (3).

Remark: The Hermite processes (1) were first obtained as limits of normalized partial sum of non-linear
functional of long-memory Gaussian processes (Dobrushin and Major [1979] and Taqqu [1979]) and normalized
partial sum of non-linear functional of long-memory linear moving-average processes (Surgailis [1982]).
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