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(M, g) is a closed Riemannian manifold with
negative curvature,

(M, g) the universal cover
OM the geometric boundary at infinity of M,
sometimes identified with SyM for any z €

M.

SM,SM the unit tangent bundles, {g:};er
the geodesic flow.



A = DivV the Laplacian on C? functions,
p(t,z,y) the heat kernel on M.

In the weak sense, p(t, z,y) = et?(x, y).

In particular,

Fact Let \g be the bottom of the spectrum
of —A in L2(M, Vol). Then, for z,y € M:

1
lim —Inp(t,z,y) = —X\p.
t—o0 t



Theorem [L. - Lim]

lim 13/200(t,2,y) = Cla,y),

where, for x fixed, C(x,vy) is a harmonic func-
tion for of A + \g.

Remark: For all z,y € M, C(z,y) = C(y, z).



Example The 3-dimensional hyperbolic space
H3. Then, A\g = 1 and

1 )3/2 d(x,y) L _d@y)?
e ‘e :

t) | _ L . 4t
p(t, z,y) (47rt sinh d(z, y)

T herefore:

1 )3/2 d(x,y)

lim t3/2eltp(t, 2, y) = (—
Jim % %e"p(t, @, y) A sinh d(z, v)

d
and y — — (,y) is the positive A + 1
sinhd(x,y)

harmonic function that depends only on the
distance to xz, with maximum 1.




Bougerol (1981) If M is a symmetric space
of non-compact type of rank n, then
lim tn_l_%e)‘otp(t,a:,y) = CP(z,v),
t—00
Where C is some constant and y — ®(x,vy)
is the positive A+ \g harmonic function that
depends only on the distance to x, with max-
imum 1.

T his has been generalized to trees and build-
ings for isotropic random walks.



Non-isotropic random walks (G, ) with G a
hyperbolic group. Expected result:
im n32R"p("M (z,y) = c(z,y),

n—oo

where R~ 1 is the spectral radius of the ran-
dom walk.

Lalley (1993) G finitely generated free groups,
w finitely supported.

Gouézel - Lalley (2013) G surface group,
w finitely supported.

Gouézel (2014a) (2014b) G finitely gen.
hyperbolic, u has all exponential moments.
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Our proof follows the Gouézel - Lalley strat-
egy (and arguments). Set, for A < Ag,x £* vy

Gr(z,y) = (A+N) (2, y) = /OOO eNp(t, z,y)dt.

Facts: G)(x,y) < oo for A < A\g,x # v,

0
EGA(az,y) < oo for A< A\g,xz #= v,
0

56;)\(377?/) Stooas At g,z F



Enough to show, for =z # v,

o
lim /Ao — A—G\(z,y) = C'(z, 1
M VAo = Aoy Az, y) (z,y) (1)
Then, by Tauberian Theorems, symmetry

and positivity of p(¢,z,y), we get

[2
lim t3/2e2tp(t, z,y) = /= C'(z,y).
7T

t—0o0



Goal Find a function P()\), A < A\g, such that:

P(A) <0, P(A) —0as X— )\,
<—P</\>>8%GA<:E y) — Ci(z,y) as A — Aq,

(~P))2 LG (2,y) — Calz,y) as A — Ao,

Then, if F'(\) ;= a/\G)\(a: y), we have
2F'(\) 205
F()\)3 C3

03
VAo — AF (M) —
20,

and therefore (cf [GL2013])

v
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Lalley’'s renewal formula:

0

—
o A(z,y)

/MG,\(:I;, )Gy (2, y)dVol ()

B /Ooo </S(:U,R) G, Z)G/\(y,z)dz> dR

_ [T G(y, 2) 5
B /0 </S(:U,R) G)\(a:,z)(GA(x’Z)) dz) dR,

where S(z, R),dz is the sphere of radius R
about x and dz the Lebesgue measure on it.
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Let p, x g De the measure on Sz M such that
if it is lifted to S;M and then pushed for-
ward to S(z, R) by v — exp, Rv, one gets the
measure (Gy(z, z))2dz.

Key fact: There exist a negative number
P(X) and a finite measure p, y on SyM such
that, as R — oo, the measures e (MR, | p
weak* converge towards py y.
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Example: M is the hyperbolic space H". Then,
if d(xz,y) = R, R large:

with s(A) = 4 (n —144/(n—1)2— 4/\> _whereas

dz ~ e 1Rgg.

So with P(A\) = —\/(n — 1)2 — 4x = —2/Ag — X,
we do have e"PMFy \ » converge towards
C.Lebesqgue on S;M.
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Let v € Sz M. As z — oo in M along exp, R v,

% converges towards a continuous func-
tié\)n’l@\(a:,y,v) (Ancona 1985).

T he expression for (—P(A))%G/\(:p, y) becomes

—PO) [TPOR([ k(g 0)e TORdu, ) dR

IF we can exchange the limits in R and ),
and IF P()\g) = 0, then (—P()\))(%GA(JZ,y)
converges, as A " \g, towards

/SxM kxo(2, Y, E)dhg 2 (€) = C1(z, y)

if ky,(x,y) and p, 5, Make sense.
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Ingredients for the proof of the Key Fact, for
a fixed A:

1) Ancona’s inequality and Martin boundary
(Ancona 85)

There is C' such that, if x,y,z are, in that
order, on the same geodesic, then:

Gr(z,2) < CG\(z,9)G)\(y,2)
There is k\(z,y,&),z,y € M, £ € M, such
that, z — £ iff

GA(y, 2)
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2) Holder regularity (Hamenstadt,
Kaimanovich, L. )

For v € SM, ¥ a lift to SM, set

63() = 5y (03(0), 03(8), o3 (+00) =g

Proposition There is a = a(C, geometry)
positif such that the function ¢, is a-HOoOlder
continuous on SM.
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3) Thermodyn. form. for ¢y := —2¢,.
e P()\) := Pressure (p)),

e the Gibbs measure m, is mixing for the
geodesic flow {g;}+cr and

e there areNPatterson-Su//ivan measures
pg  ON OM such that:

d
—EUA(e) = kR (a,y, e PN,
o, )\
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4) Margulis 69’'s argument for the volume of
the spheres used only mixing of the geodesic
flow for the measure of maximal entropy.

Its extension to (mixing) Gibbs measures yields
that the measures e " PNy 1 weak* con-
verge towards some measure p,. y that is pro-
portional to the Patterson-Sullivan measures
of 3).
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Proof of convergence of (—P(A))%G,\(:p,y)
as A 7 Ag: all the previous steps can be
made uniform in A up to Ag.

Step 1: Proposition T he constant C in An-
cona inequality can be chosen independently
of A € [0, Ap].

The proof imitates the proof of the corre-
sponding statement in [Gouézel 14a]

Steps 2 and 3: There is 8 < o such that the
mapping \ — @y is continuous from [0, Ag]
into the space of p-Hdolder continuous func-
tions.
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Step 4: Margulis's argument yields uniform
convergence in A as soon as the rate of mix-
ing is uniform in A. We have:

Proposition Let (M,g) be a manifold with
negative curvature, py, A < A\g as above, g >
O small enough. There exist € > 0,C',c such
that if f1, f> are p-HOIder continuous func-
tions, then for A € [A\g — &, Ag],t > 0,

| [ f1(v) fa(giv)dmy(v) — [ fidmy [ fadmy| <

1 f1llgllf21l
< C 11 -
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Proof If we have topological rapid mixing,
Dolgopyat 98 proved the above for a fixed
B-Holder continuous potential . The con-
stants C' and c obtained in the proof are uni-
form in a small neighbourhood of .

A continuous flow (X,d; {gt};cr) is topolog-
ically rapid mixing if there exist tp, ag such
that for any two balls By, B> of radius r > O,
gtB1 N B> # () for t larger than tg and r— o0,

By Liverani 04, a geodesic flow on a com-
pact manifold of negative curvature is topo-
logically rapid mixing.
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T his finishes the proof that

(~PO)) 2 Ga(2,9) = Ci(ay) as A — o,

with C1(z,y) = [557 kg (T, 4, E)dpy 2o (8).
Remains to show that

(— P()\))?’—G)\(x y) — Co(z,y) as A — Ao.
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Further der2ivation yields Lalley’'s renewal for-
mula for %G)\(:U,y) ;

2 MXMG)\(:I:, 2)Gy\(z,w)G(w,y)dVol(z)d Vol(w).

Geometric reductions show that we have to
compute the limit of the following expression
as R — oo and to verify that the limit is
uniform in \:

1 R _
2 g Mk)\(xay7'v)§ </O ’U,A(gs’l})d8> € P(A)Rd'uwa)\aR’

where wu, is a positive g-HoOlder continuous
function with ||u)\ — ’LL)\OHB — 0 as A 7 Ao
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We have uniform 2-mixing by an extension
of Dolgopyat’'s argument:

Proposition Let (M,g) be a manifold with
negative curvature, py, A < A\g as above, g >
O small enough. There exist € > 0,C',c such

that if f1, fo, f3 are B-Holder continuous func-
tions, then for A € [Ag — e, \g],t,s > 0O,

‘ /flfQ(gt')f3(gt—|—s')dm)\

—/f1dm/\/f2dmA/f3dm,\‘
Hf1||5||f2|\5\|f3||ﬁ
- (1 + t¢)(1 + s¢)
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By suitably extending the argument a la Mar-
gulis one gets that, as A 7 \g,

A o

(=P(N) G)\(UU y) — Q/UAodon C1(z,y).

This Proves our Theorem with

Cla,y) = [ g5 )it 30 (©):
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Remarks Since C(xz,y) is an integral of A +
Ao harmonic functions,

Ayc(xay) — —AOC(H?,’{I/)
(in particular, C(x,y) is a smooth function).

d/JJy,)\O
d:ua:,)\o
the halfdensity notation and write the func-

tion fa]/\\j k)\o(aja Y, g)dluaj)\o (g) as

/BM \/d:uy,)\o \/d:“az)\oa

in analogy with the Harish-Chandra function
$ of Bougerol's Local Limit Theorem.
26

(&), we may use

Since ky,(z,y,§) =




