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only an exponentially small fraction of solutions. For "d ! " ! "c the solutions are split among about eN&" clusters of size eNs". If "c ! " ! "s the set of solutions
is dominated by a few large clusters (with strongly fluctuating weights), and above "s the problem does not admit solutions any more.

approaches has, however, an heuristic implementation that we shall
Many sparse random CSPs are in by
the 1-step replica symmetry
now describe. It can be proved that the two calculations yield equal
results as further
discussed
the last section.
breaking universality class of Parisi-Mezard
such
asin k-SAT,
The approach based on the extremality condition in Eq. 3 relies
on an easy-to-state assumption and typically provides a more
independent set, coloring.
precise estimate. We begin by observing that, because of the

heuristic implementation of the definition in terms of pure state
decomposition (see Eq. 4). Generalizing the results of ref. 16, it is
possible to show that the two calculations provide identical results.
However, the first one is technically simpler and under much better
control. As mentioned above we obtain, for all k ! 4 a value of "d(k)
larger than the one quoted in refs. 6 and 11.
Further we determined the distribution of cluster sizes wn, thus
unveiling a third ‘‘condensation’’ phase transition at "c(k) ! "d(k)
(strict inequality holds for k ! 4 in SAT and q ! 4 in coloring, see
below). For " ! "c(k) the weights wn concentrate on a logarithmic
scale [namely, "log wn is #(N) with #(N1/2) fluctuations]. Roughly
speaking, the measure is evenly split among an exponential number
of clusters.
For " $ "c(k) [and ! "s(k)] the measure is carried by a
subexponential number of clusters. More precisely, the ordered
sequence {wn} converges to a well known Poisson-Dirichlet process
{w*n}, first recognized in the spin glass context by Ruelle (26). This

Markov structure of #!, it is sufficient for Eq. 3 to hold that the
same condition is verified by the correlation between xi and the set
of variables at distance exactly ! from i, that we shall keep denoting
as x!. The idea is then to consider a large yet finite neighborhood
of i. Given !" ! !, the factor graph neighborhood of radius !" around
i converges in distribution to the radius-!" neighborhood of the root
in a well defined random tree factor graph T.
For coloring of random regular graphs, the correct limiting
tree model T is coloring on the infinite l-regular tree. For random
k-SAT, T is defined by the following construction. Start from the
root variable node and connect it to l new function nodes
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2 log n
An ∼ log[1/(1−p)]
[Grimmett–McDiarmid ’75]
Sparse case much harder — numerous partial results on Gn,d

Bollobás ’81, McKay ’87, Frieze–Luczak ’92, Frieze–Suen ’94, Wormald ’95

give An /n ≈ 2(log d)/d but not sharp
For many years, existence of α? with An = nα? + o(n) unknown,
even though well known that An has only O(n1/2 ) fluctuations
Existence on Gn,d , Gn,d/n proved by Bayati–Gamarnik–Tetali ’10
— super-additivity argument; no information about
value of α? or fluctuations of An

Previous work
Solved much earlier on dense Erdős–Rényi graphs Gn,p :
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Configurations resulting from this procedure can be described by a
graphical model.
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3. Variance decomposition to prove O(1) fluctuations of An

Thank you!

