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ROLE OF SIMULATION

• Rehearsal & Planning Simulation

• Simulation-based per-operative guidance

Training
Simulation

Display

Physician input
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Training
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Display

Haptic device

ROLE OF SIMULATION

Haptic feedback
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Capsulorhexis

TRAINING SIMULATION 
FOR CATARACT SURGERY

• Model of the eye and instrument

• Mechanical Interactions (multi-contact, 
cutting)

• Haptic rendering
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MECHANICAL 
DEFORMABLE MODELS

• Mechanical deformable models for real-time computation

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

1.2. REAL-TIME INTEGRATION OF A DYNAMIC DEFORMABLE MODELS 17

step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces

1.2. REAL-TIME INTEGRATION OF A DYNAMIC DEFORMABLE MODELS 17

step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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• Mechanical deformable models for real-time computation

• Constraint-based modeling of biomechanical interactions
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

• Newton’s second law
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Inertia Matrix
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of generalized degrees of freedom (nodes of a deformable model)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Internal forces (non-linear model)

1.2. REAL-TIME INTEGRATION OF A DYNAMIC DEFORMABLE MODELS 17

step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

External forces

1.2. REAL-TIME INTEGRATION OF A DYNAMIC DEFORMABLE MODELS 17

step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Constraint force contribution
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.

Vector of velocities
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TIME INTEGRATION 
SCHEMES

• Explicit Methods:

• Conditionnally stable 

• High constraint on the time step used in the simulation

• h ≤ Le/c   (h: time step, Le: Caracterstic lengh of smallest element,  
c: velocity of the deformation wave)

• Implicit Methods:

• Unconditionnally stable

• Possible use of «large» time step h in the simulation

• Needs the resolution of a large non-linear problem
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.
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TIME-STEPPING IMPLICIT 
INTEGRATION

• Implicit Euler Integration

• Use of velocity / impulse formulation

stability with quite large time-step and «non-smooth» events

• One linearization of the internal forces per time-step

(Compromise between precision and computation time)

• A (changing) linear system to be solved at each time step

• Switch to quasi-static when computation is too slow 

(no notion of «time» in the simulation)
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Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:

M(vf − vi) =

� tf

ti

(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq+
δF
δv

dv (1.6)

Using dq = qf − qi = hvf and dv = vf − vi, we obtain:
�
M+ h

δF
δv

+ h2 δF
δq

�

� �� �
A

dv����
x

= −h2 δF
δq

vi − h (fi + pf )
� �� �

b

+ h H
Tλf (1.7)

where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.
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penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.
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where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.
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where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
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penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.
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work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
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penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.
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where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
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18 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:

M(vf − vi) =

� tf

ti

(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq+
δF
δv

dv (1.6)

Using dq = qf − qi = hvf and dv = vf − vi, we obtain:
�
M+ h

δF
δv

+ h2 δF
δq

�

� �� �
A

dv����
x

= −h2 δF
δq

vi − h (fi + pf )
� �� �

b

+ h H
Tλf (1.7)

where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.

18 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:

M(vf − vi) =

� tf

ti

(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq+
δF
δv

dv (1.6)

Using dq = qf − qi = hvf and dv = vf − vi, we obtain:
�
M+ h

δF
δv

+ h2 δF
δq

�

� �� �
A

dv����
x

= −h2 δF
δq

vi − h (fi + pf )
� �� �

b

+ h H
Tλf (1.7)

where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.

18 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:

M(vf − vi) =

� tf

ti

(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq+
δF
δv

dv (1.6)

Using dq = qf − qi = hvf and dv = vf − vi, we obtain:
�
M+ h

δF
δv

+ h2 δF
δq

�

� �� �
A

dv����
x

= −h2 δF
δq

vi − h (fi + pf )
� �� �

b

+ h H
Tλf (1.7)

where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.

• Mechanical deformable models for real-time computation

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

Conjugate 
Gradient

(without building A)

mercredi 19 février 2014



christian.duriez@inria.fr

TIME-STEPPING IMPLICIT 
INTEGRATION

• Implicit Euler Integration

• Use of velocity / impulse formulation

stability with quite large time-step and «non-smooth» events

• One linearization of the internal forces per time-step

(Compromise between precision and computation time)

• A (changing) linear system to be solved at each time step

• Switch to quasi-static when computation is too slow 

(no notion of «time» in the simulation)

18 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:

M(vf − vi) =

� tf

ti

(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq+
δF
δv

dv (1.6)

Using dq = qf − qi = hvf and dv = vf − vi, we obtain:
�
M+ h

δF
δv

+ h2 δF
δq

�

� �� �
A

dv����
x

= −h2 δF
δq

vi − h (fi + pf )
� �� �

b

+ h H
Tλf (1.7)

where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.

18 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:

M(vf − vi) =

� tf

ti

(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq+
δF
δv

dv (1.6)

Using dq = qf − qi = hvf and dv = vf − vi, we obtain:
�
M+ h

δF
δv

+ h2 δF
δq

�

� �� �
A

dv����
x

= −h2 δF
δq

vi − h (fi + pf )
� �� �

b

+ h H
Tλf (1.7)

where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.

18 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:

M(vf − vi) =

� tf

ti

(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq+
δF
δv

dv (1.6)

Using dq = qf − qi = hvf and dv = vf − vi, we obtain:
�
M+ h

δF
δv

+ h2 δF
δq

�

� �� �
A

dv����
x

= −h2 δF
δq

vi − h (fi + pf )
� �� �

b

+ h H
Tλf (1.7)

where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.

14

20 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.
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work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
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penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).

P− fi−1 +H
Tλ =

δF
δq

dq (1.9)

When the switch is performed from static to dynamic, the initial conditions (position
and velocity) must be given. It means that, even during the static simulation, a
velocity is evaluated. This evaluation is performed using the computation time tc
between two successive equilibrium state: v = dq/tc. However, the stiffness matrix δF

δq

is singular. The Lagrangian constraints H suppress the singularity if they remove the
rigid motion of the object. On the opposite, the mass matrix M(q) is always defined.

Consequently, xe define two heuristic rules for a decision of a switch between static
and dynamic: The first heuristic is based on the system singularity: if the rigid-body
motion of the deformable object is not removed by constraints, we switch to dynamic
model. The second heuristic is the temporal consistency: if the computation of the
dynamic model can not fulfill real-time constraint, or if we detect that the dynamic
model is over-damped by the use of too large time step (compared to the eigenfrequency
of vibration of the deformable object), we switch to quasi-static model. This second
heuristic is associated with an hysteresis to avoid a permanent switch between static
and dynamic models.

Discussion: The quasi-dynamic method is highlighted in this manuscript because it
is representative of specific problems we encounter when dealing with physics-based
interactive simulation. For the liver simulation, it would be particularly suited for
the per-operative context, in which both real-time and accuracy are needed. New but
similar issues will be faced when providing haptic feedback on such simulations as
detailed in chapter 3.
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where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.
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First, we will separate two different notions that are often mixed:
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• A real-time simulation is a simulation for which there is a notion of time in the
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of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.
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penalty method) or the value of the constraints λ (when using constriant-based ap-
proaches).
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dq (1.9)
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Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:
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(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq+
δF
δv

dv (1.6)

Using dq = qf − qi = hvf and dv = vf − vi, we obtain:
�
M+ h

δF
δv

+ h2 δF
δq

�

� �� �
A

dv����
x

= −h2 δF
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� �� �

b
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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is the vector of velocity.
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• Liver is made of 3 constituents: parenchyma, vascular network, capsule
• Vascular network: deformation model based on the central line / vessel wall with surface model

• Capsule: deformation model based on the surface

• Parenchyma: deformation model based on the volume

• Coupling between models... leads to strong heterogeneities
• Bad condition number...
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• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion
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• Overhead to apply the Preconditioner at each iterations.

• Update the Preconditioner periodically
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• Warping method to improve the temporal coherency.
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COLLISION DETECTION

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

Volume contact model at Arbitrary Resolution 

reduces the number of contact constraints using volume 
contact

...

See the presentation of François Faure on 
Thursday !

Allard et al. SIGGRAPH 2010 21
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NON-SMOOTH 
(BIO)-MECHANICS IN 

REAL-TIME

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

• Why important ?
• Boundary conditions between anatomical structures 

• Device-tissues interactions 

• Why difficult ?
• Non-smooth events 

• Multi-Contact response 

• Contact: Signorini’s law (linear inequalities)

• Friction: Coulomb’s law (non-linear inequalities)

• Deformable model context...

• Large number of degrees of freedom (dof) > Number of 
constraints

• Short computation time needed

18 CHAPTER 1. MECHA. DEFORM. MODELS FOR REAL-TIME COMPUTATION

Let’s consider the time interval [ti, tf ] which length is h = tf − ti. We have:

M(vf − vi) =

� tf

ti

(P(t)− F(q,v)) dt + h H
Tλ (1.2)

qf = qi +

� tf

ti

vdt (1.3)

To evaluate integrals
� tf
ti

(P(t)− F(q,v, t)) dt and
� tf
ti

vdt we chose the following im-
plicit Euler integration scheme:

M(vf − vi) = h (P(tf )− F(qf ,vf )) + hHTλf (1.4)

qf = qi + hvf (1.5)

F is a non-linear function, we apply a Taylor series expansion to F and make the first
order approximation:

F (qi + dq,vi + dv) = fi +
δF
δq

dq+
δF
δv

dv (1.6)

Using dq = qf − qi = hvf and dv = vf − vi, we obtain:
�
M+ h

δF
δv

+ h2 δF
δq

�

� �� �
A

dv����
x

= −h2 δF
δq

vi − h (fi + pf )
� �� �

b

+ h H
Tλf (1.7)

where pf is the value of function P at time tf . The only unknown values are the La-
grange multipliers λ but their computation is detailed in section 2.2. In the remainder
of this section, we will refer to this system using matrix A and vector b.

1.2.2 Quasi-dynamic consistent simulation

This subsection is an abstract of the contribution presented in Theetten et al. (2007)
which is dedicated to precise and interactive simulation of mechanical splines. For this
work, we introduce a new method based on a simple idea: for a coherent simulation
of a spline, when it is not possible to do the computation in real-time, we switch from
a dynamic model to a static model. In the following, we generalize the concept to any
deformable model.

First, we will separate two different notions that are often mixed:

• An interactive simulation is a simulation that has a refresh rate that is sufficiently
fast to allow a continuous and transparent interation with the user (typically
30fps for a visual interaction).

• A real-time simulation is a simulation for which there is a notion of time in the
models and the simulated time is the same than the execution time.

22
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INTERACTION BETWEEN 
TWO DEFORMABLE 

MODELS

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

• 2 system of equations A x = b for each object

• «Direct approach»
• Penalty forces: additional stiffness in the system
• Lagrange Multipliers: very large system of (in)-equations

=

x b

x b

23
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INTERACTION BETWEEN 
TWO DEFORMABLE 

MODELS

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches
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• Indirect approach

• Free Motion

• Constraint setting

• Constraint solving

• Constraint correction: 
x = xfree +Dx

A

A

xfree

xfree

b

b=

=

A

A
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COMPLIANCE

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Applications, ongoing research projects

• Perspective and Conclusion

• What represents W ?

• Matrix of the (N)LCP

• Mechanical coupling between constraints

• Footstool example (from my phD)

• How to compute  W = H A-1HT for non-linear models ?

• Linear deformable model:  A-1 can be precomputed 

• A is changing so computing A-1 in real-time is challenging !
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COMPLIANCE BASED ON 
ASYNCHRONOUS 
PRECONDITIONER

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

• The compliance matrix can be approximated by preconditionning technique:

• Use of the (asynchronous) preconditioner technique

1. Repeat this operation, until get S = (LDL)-1HT

2. Finally, obtain the compliance matrix with:

Courtecuisse et al. MICCAI 2011

W

8

W = H (LDL)-1HT = H S 

26
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COMPLIANCE BASED ON 
ASYNCHRONOUS 
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• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

• The most expensive task is the computation of S

• Each column can be solved in parallel

• Each resolution is performed by a single multiprocessor on GPU

• Second level of parallelism within each linear system resolution

Courtecuisse et al. MICCAI 2011

8

LDL SLDL S LDL S LDL S LDL S LDL S
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COMPLIANCE BASED ON 
ASYNCHRONOUS 
PRECONDITIONER

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

• Validation on solid with inhomogeneities

• The green shape is the reference / blue & red mesh uses asynchronous precon.

• Red tetrahedra are stiffer than blue ones.

• High speed-up of the computation time for W

Courtecuisse et al. MICCAI 2011

8
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• Red tetrahedra are stiffer than blue ones.

• High speed-up of the computation time for W

Courtecuisse et al. MICCAI 2011
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CONSTRAINT-BASED 
NEEDLE-INSERTION 

MODEL

• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

• Many surgical techniques involve needle insertion 
(biopsy, brachytherapy, ...)
• These needles are rigid or flexible 

• Different constraint laws for puncture, cutting, friction... etc...

• Results validated by comparing with experiments of the 
literature

• Suturing simulation
• The beam model can be used for the whole suture (including 

the needle)

• Constraint based approach to simulate the suturing

• Work in progress with DigitalTrainers

• Need of a generic solver for all type of mechanical interactions

Guébert et al Vriphys 2008
Duriez et al. MICCAI 2009
Guébert et al SCA 2009
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• Constraint-based modeling of biomechanical interactions

• Haptic rendering and multithreading approaches

• Soft-robotics

• Perspective and Conclusion

HAPTIC RENDERING AND 
MULTITHREADING 

APPROACHES
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MULTIRATE COMPLIANT 
MECHANISMS

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

• Mechanisms

• Support an extensive number of interaction types,

• Versatile definition of constraint laws (adequate force/motion 
transmission model).

• Multirate

• Build and simulate the mechanisms at low rates

• Share with the haptic loop

• Recompute at high rates for an intuitive and passive control.

• Compliant

• Use the mechanical coupling between interaction spots,

• Build compliance matrices based on physical models, 

• Handle both deformable and rigid objects.

Peterlik et al. IEEE Trans on Haptics 2011

Saupin et al. ISBMS 2008
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MULTIRATE COMPLIANT 
MECHANISMS

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion

Peterlik et al. IEEE Trans on Haptics 2011

Saupin et al. ISBMS 2008
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3.2. CONSTRAINT-BASED HAPTIC RENDERING FOR MEDICAL SIMULATION 105

>30 Hz >500 Hz

Simulation loop 

Motions, Deformations

Compliant Mechanisms

Constraint-based response

Correction (Motions, Deformations)

Compliant Mechanisms

Constraint-based update

 Shared 
Data

Haptic loop 

Device position

Control Spring update

Haptic Force Computation

mardi 7 juin 2011

Figure 3.12: Communication between haptic and simulation loops

in Dehghan et al. (2008), they measure the forces when inserting a needle in a phantom
cube made of silicone. We compared the force profile that is obtained in the haptic
loop with the data measured. The results show that the profile in the simulation is
very similar to the experimental results.

Figure 3.13: Four snaspshots of the simulation of needle insertion. Haptic rendering allows

to feel the puncturing, the cutting, the friction and the sliding forces due to the interaction

between the flexible needle and both abdominal wall and liver models.

Second, we realized the simulation of a liver biopsy in order to illustrate that the
method allows for stable and realistic haptic rendering on quite complex simula-
tion. the needle is first inserted into a deformable object representing the abdom-
inal wall. After puncturing the wall, the needle is further inserted into 3D de-
formable model of liver (see figure 3.13). This simplified simulation allows to illus-
trate the different interactions (penetration constraint, cutting force at the tip of
the needle, friction forces...) that are modeled and applied to the haptic render-
ing. Then we used the same method in a more realistic simulation of a liver biopsy.

 W, δfree, λ and constraints law
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SOFT-ROBOTICS

• Haptic rendering and multithreading approaches

• Soft robotics

• Perspective and Conclusion
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• Soft robotics

• Perspective and Conclusion
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t

Obstacles

Actuators

End effectors

Soft material
(silicone)Soft-robot

How to control it ?

interesting in many applications...
Especially in surgical context
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Articulated rigid bodies

q1

q2

q3 q4
q5

q6

X3

X2X1

X0

X4

Xi=f(q1,...., qn)

RIGID/SOFT ROBOT MODELS

Deformable robots

Xi

qj

Link between sensors, actuators and 
effectors depends on the deformation:
•Partial measurement of the postion qj

•Infinite number of DoFs Xi

•Redundant actuation, under-actuation
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DEFORMABLE MODEL
• Constitutive law (strain/stress)

• Use of Finite Element Method

• Advantages: 
• Numerical convergence to the solution
• Directly based on the constitutive law

• Issues: 
• Computation is time-consuming 
• Non-linearities due to large displacements 

(large rotation)

• Real-time implementation: 
• Corotational approach [Felippa00]  (static or 

dynamic)

• GPU implementation
38

assembling each element, the global stiffness model is no
more linear. The approach is particularly fast to compute,
numerically stable and an implementation in C++ is available
freely in the open-source framework SOFA.

During each step i of the control, based on the simulation,
the following linearization of the internal forces is computed:

f(xi) ≈ f(xi−1) +K(xi−1)dx (1)

where f provides the volumetric internal stiffness forces at a
given position x of the nodes, K(x) is the tangent stiffness
matrix that depends on the actual position of the nodes and dx
is the difference between positions dx = xi−xi−1. The lines
and columns that correspond to fix nodes are removed from
the system to improve the condition number of the matrix K.
A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].

B. Reduced compliance on the constraint space
Complementary to the FEM formulation, a constraint-based

approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
configuration. (II) The constraint-based solver computes the
value of λ given the laws of the constraint (between δ and λ)
and the value of W:

δ =
�
JK−1JT

�
� �� �

W

λ+ δfree (3)

2The direction is mapped to the FE nodes using barycentric coordinates if
the contact point does not coincide with any FE node.

(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:

xt = xfree +K−1JTλ.

It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.

IV. CONTROL ALGORITHM BASED ON REDUCED FEM
COMPLIANCE

In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and

Use of Non-linear FEM Model in 
Quasi-Static
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Cable actuators
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Motion Actuation
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CONSTRAINT-BASED APPROACH

• Use of Lagrange multipliers
• Simulation of the actuators and contacts

• Additional constraints for end-effector

• Linearized system but too many unknown !!

• Free Motion 

• Integration of known force (p)

• Error on end effector position (δfree)

• Constraint process 
• Compliance in constraint space (W)

• Solving process (optimization)(λ)

• Constraint correction 40

assembling each element, the global stiffness model is no
more linear. The approach is particularly fast to compute,
numerically stable and an implementation in C++ is available
freely in the open-source framework SOFA.

During each step i of the control, based on the simulation,
the following linearization of the internal forces is computed:

f(xi) ≈ f(xi−1) +K(xi−1)dx (1)

where f provides the volumetric internal stiffness forces at a
given position x of the nodes, K(x) is the tangent stiffness
matrix that depends on the actual position of the nodes and dx
is the difference between positions dx = xi−xi−1. The lines
and columns that correspond to fix nodes are removed from
the system to improve the condition number of the matrix K.
A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].

B. Reduced compliance on the constraint space
Complementary to the FEM formulation, a constraint-based

approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
configuration. (II) The constraint-based solver computes the
value of λ given the laws of the constraint (between δ and λ)
and the value of W:

δ =
�
JK−1JT

�
� �� �

W

λ+ δfree (3)

2The direction is mapped to the FE nodes using barycentric coordinates if
the contact point does not coincide with any FE node.

(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:

xt = xfree +K−1JTλ.

It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.

IV. CONTROL ALGORITHM BASED ON REDUCED FEM
COMPLIANCE

In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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numerically stable and an implementation in C++ is available
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assembling each element, the global stiffness model is no
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During each step i of the control, based on the simulation,
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where f provides the volumetric internal stiffness forces at a
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matrix that depends on the actual position of the nodes and dx
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A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].

B. Reduced compliance on the constraint space
Complementary to the FEM formulation, a constraint-based

approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
configuration. (II) The constraint-based solver computes the
value of λ given the laws of the constraint (between δ and λ)
and the value of W:
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2The direction is mapped to the FE nodes using barycentric coordinates if
the contact point does not coincide with any FE node.

(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:

xt = xfree +K−1JTλ.

It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.

IV. CONTROL ALGORITHM BASED ON REDUCED FEM
COMPLIANCE

In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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assembling each element, the global stiffness model is no
more linear. The approach is particularly fast to compute,
numerically stable and an implementation in C++ is available
freely in the open-source framework SOFA.

During each step i of the control, based on the simulation,
the following linearization of the internal forces is computed:

f(xi) ≈ f(xi−1) +K(xi−1)dx (1)

where f provides the volumetric internal stiffness forces at a
given position x of the nodes, K(x) is the tangent stiffness
matrix that depends on the actual position of the nodes and dx
is the difference between positions dx = xi−xi−1. The lines
and columns that correspond to fix nodes are removed from
the system to improve the condition number of the matrix K.
A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].

B. Reduced compliance on the constraint space
Complementary to the FEM formulation, a constraint-based

approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
configuration. (II) The constraint-based solver computes the
value of λ given the laws of the constraint (between δ and λ)
and the value of W:
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2The direction is mapped to the FE nodes using barycentric coordinates if
the contact point does not coincide with any FE node.

(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:

xt = xfree +K−1JTλ.

It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.
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COMPLIANCE

In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.

IV. CONTROL ALGORITHM BASED ON REDUCED FEM
COMPLIANCE

In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and

assembling each element, the global stiffness model is no
more linear. The approach is particularly fast to compute,
numerically stable and an implementation in C++ is available
freely in the open-source framework SOFA.

During each step i of the control, based on the simulation,
the following linearization of the internal forces is computed:

f(xi) ≈ f(xi−1) +K(xi−1)dx (1)
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matrix that depends on the actual position of the nodes and dx
is the difference between positions dx = xi−xi−1. The lines
and columns that correspond to fix nodes are removed from
the system to improve the condition number of the matrix K.
A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].

B. Reduced compliance on the constraint space
Complementary to the FEM formulation, a constraint-based

approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
configuration. (II) The constraint-based solver computes the
value of λ given the laws of the constraint (between δ and λ)
and the value of W:
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assembling each element, the global stiffness model is no
more linear. The approach is particularly fast to compute,
numerically stable and an implementation in C++ is available
freely in the open-source framework SOFA.

During each step i of the control, based on the simulation,
the following linearization of the internal forces is computed:

f(xi) ≈ f(xi−1) +K(xi−1)dx (1)

where f provides the volumetric internal stiffness forces at a
given position x of the nodes, K(x) is the tangent stiffness
matrix that depends on the actual position of the nodes and dx
is the difference between positions dx = xi−xi−1. The lines
and columns that correspond to fix nodes are removed from
the system to improve the condition number of the matrix K.
A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].

B. Reduced compliance on the constraint space
Complementary to the FEM formulation, a constraint-based

approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
configuration. (II) The constraint-based solver computes the
value of λ given the laws of the constraint (between δ and λ)
and the value of W:
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2The direction is mapped to the FE nodes using barycentric coordinates if
the contact point does not coincide with any FE node.

(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:

xt = xfree +K−1JTλ.

It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.

IV. CONTROL ALGORITHM BASED ON REDUCED FEM
COMPLIANCE

In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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Then, by building an iterative resolution algorithm upon this
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where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
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It should be noticed that the matrix K is highly sparse.
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rate of 60Hz is obtained with the implementation available
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be warped as it is explained in [14].

B. Reduced compliance on the constraint space
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approach accounts for the actuation and the contact with the
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gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.
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of the robot is found by solving the structure with λ = 0. For
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It should be emphasized that one of the main difficulty is
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possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .
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z) on a given point, mapped on the mesh. As there is no
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simple: λ = 0.
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d of the constraint is equal to the direction in which the
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using matrix J. It would be also possible to emulate a pneu-
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cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
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Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
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Signorini’s law with FEM). Directions of contact are given
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more linear. The approach is particularly fast to compute,
numerically stable and an implementation in C++ is available
freely in the open-source framework SOFA.
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matrix that depends on the actual position of the nodes and dx
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and columns that correspond to fix nodes are removed from
the system to improve the condition number of the matrix K.
A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT
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be warped as it is explained in [14].
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at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.
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of the robot is found by solving the structure with λ = 0. For
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(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:
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It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .
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The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.
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0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
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IV. CONTROL ALGORITHM BASED ON REDUCED FEM
COMPLIANCE
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it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
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(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:

xt = xfree +K−1JTλ.

It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.

IV. CONTROL ALGORITHM BASED ON REDUCED FEM
COMPLIANCE

In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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It should be noticed that the matrix K is highly sparse.
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rate of 60Hz is obtained with the implementation available
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more linear. The approach is particularly fast to compute,
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freely in the open-source framework SOFA.

During each step i of the control, based on the simulation,
the following linearization of the internal forces is computed:
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given position x of the nodes, K(x) is the tangent stiffness
matrix that depends on the actual position of the nodes and dx
is the difference between positions dx = xi−xi−1. The lines
and columns that correspond to fix nodes are removed from
the system to improve the condition number of the matrix K.
A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].
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Complementary to the FEM formulation, a constraint-based

approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
configuration. (II) The constraint-based solver computes the
value of λ given the laws of the constraint (between δ and λ)
and the value of W:
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(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:
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It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .
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effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.
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In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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consists on setting three constraint directions (along x, y and
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matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
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Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
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control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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It should be noticed that the matrix K is highly sparse.
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rate of 60Hz is obtained with the implementation available
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be warped as it is explained in [14].
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more linear. The approach is particularly fast to compute,
numerically stable and an implementation in C++ is available
freely in the open-source framework SOFA.

During each step i of the control, based on the simulation,
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given position x of the nodes, K(x) is the tangent stiffness
matrix that depends on the actual position of the nodes and dx
is the difference between positions dx = xi−xi−1. The lines
and columns that correspond to fix nodes are removed from
the system to improve the condition number of the matrix K.
A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].

B. Reduced compliance on the constraint space
Complementary to the FEM formulation, a constraint-based

approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
configuration. (II) The constraint-based solver computes the
value of λ given the laws of the constraint (between δ and λ)
and the value of W:
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(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:

xt = xfree +K−1JTλ.

It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.
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In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].

B. Reduced compliance on the constraint space
Complementary to the FEM formulation, a constraint-based

approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
configuration. (II) The constraint-based solver computes the
value of λ given the laws of the constraint (between δ and λ)
and the value of W:

δ =
�
JK−1JT

�
� �� �

W

λ+ δfree (3)

2The direction is mapped to the FE nodes using barycentric coordinates if
the contact point does not coincide with any FE node.

(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:

xt = xfree +K−1JTλ.

It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.

IV. CONTROL ALGORITHM BASED ON REDUCED FEM
COMPLIANCE

In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and

assembling each element, the global stiffness model is no
more linear. The approach is particularly fast to compute,
numerically stable and an implementation in C++ is available
freely in the open-source framework SOFA.

During each step i of the control, based on the simulation,
the following linearization of the internal forces is computed:

f(xi) ≈ f(xi−1) +K(xi−1)dx (1)

where f provides the volumetric internal stiffness forces at a
given position x of the nodes, K(x) is the tangent stiffness
matrix that depends on the actual position of the nodes and dx
is the difference between positions dx = xi−xi−1. The lines
and columns that correspond to fix nodes are removed from
the system to improve the condition number of the matrix K.
A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].

B. Reduced compliance on the constraint space
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approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
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value of λ given the laws of the constraint (between δ and λ)
and the value of W:
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2The direction is mapped to the FE nodes using barycentric coordinates if
the contact point does not coincide with any FE node.

(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:

xt = xfree +K−1JTλ.

It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.

IV. CONTROL ALGORITHM BASED ON REDUCED FEM
COMPLIANCE

In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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OPTIMIZATION PROCESS

• Compliance in constraint space
• Compliance value at the actuation points

• Mechanical coupling between end effector and actuators

• Mechanical coupling between actuators

• Coupling with potential contacts

• Challenge in computing W in real-time ! 

• Optimization algorithm
• Gauss-seidel like algorithm (Mixed LCP) or Direct solver (QP)

• Minimization of the error of the end effector position

• Additional unilateral constraints for contact
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assembling each element, the global stiffness model is no
more linear. The approach is particularly fast to compute,
numerically stable and an implementation in C++ is available
freely in the open-source framework SOFA.

During each step i of the control, based on the simulation,
the following linearization of the internal forces is computed:

f(xi) ≈ f(xi−1) +K(xi−1)dx (1)

where f provides the volumetric internal stiffness forces at a
given position x of the nodes, K(x) is the tangent stiffness
matrix that depends on the actual position of the nodes and dx
is the difference between positions dx = xi−xi−1. The lines
and columns that correspond to fix nodes are removed from
the system to improve the condition number of the matrix K.
A dynamic model could also be used in our approach, using
implicit integration but it would add the problem of real-time
temporal integration (the time step used in the simulation must
be strictly equal to the computation time). In a first approach,
a quasi-static approach is chosen as the control of the robot is
performed at low velocities.

One seeks to establish static equilibrium (sum of external
and internal force equal to zero) at each step:

−K(xi−1)dx = p+ f(xi−1) + JTλ. (2)

where p represents the external forces (e.g. gravity) and JTλ
gathers the contributions of the actuators and the contact forces
(if applicable).

It should be noticed that the matrix K is highly sparse.
A conjugate gradient solver is used and preconditioned by a
sparse LDLT decomposition. For a mesh composed of about
1000 nodes and about 3000 tetrahedral element, a refresh
rate of 60Hz is obtained with the implementation available
in SOFA. For larger meshes or faster updates, the LDLT

decomposition is unsynchronized and the resulting matrices
be warped as it is explained in [14].

B. Reduced compliance on the constraint space
Complementary to the FEM formulation, a constraint-based

approach accounts for the actuation and the contact with the
environment. Each constraint adds a new direction that is
gathered in the matrix JT in a sparse manner2. λ is not known
at the beginning of the process. This is a specificity of the
constraint-based solver that solves the constraints in a separate
process, while using specific laws for each of them.

Thus three steps are followed: (I), a free configuration xfree

of the robot is found by solving the structure with λ = 0. For
each constraint, a violation is estimated δfree given the free
configuration. (II) The constraint-based solver computes the
value of λ given the laws of the constraint (between δ and λ)
and the value of W:

δ =
�
JK−1JT

�
� �� �

W

λ+ δfree (3)

2The direction is mapped to the FE nodes using barycentric coordinates if
the contact point does not coincide with any FE node.

(III) The final configuration of the soft robot, at the end of
the time step, is corrected by using the value of the constraint
response:

xt = xfree +K−1JTλ.

It should be emphasized that one of the main difficulty is
to compute W in a fast manner. No pre-computation is
possible as the value of W changes at each iteration. The
implementation of these 3 steps in SOFA is explained in [1] .

C. Terminal effector, actuator and contact models
As presented above, the method relies on the computation of

the compliance along the constraint directions. If both actuator,
effector and contact models rely on setting constraints, we will
get a measure of the mechanical compliance between them
based on the FEM model. However, a direction in matrix J
and a law between δ and λ must be defined for each constraint.

The constraint for the terminal effector is very simple: it
consists on setting three constraint directions (along x, y and
z) on a given point, mapped on the mesh. As there is no
actuation on the terminal effector, the constraint law is very
simple: λ = 0.

Actuator model takes into account its physical character-
istics. For instance, if the actuator is a cable, the direction
d of the constraint is equal to the direction in which the
cable pulls. In such case, the actuation is unilateral (λ ≥ 0)
and the actuator stroke can also be included by imposing
(δ ∈ [δmin δmax]). If the actuation is between two points, the
direction and its opposite are respectively mapped on the mesh
using matrix J. It would be also possible to emulate a pneu-
matic actuation by selecting the triangles of the deformable
cavity that should inflate with pressure. If the pressure is
supposed to be uniform in the cavity, each triangle contributes
to a single line of J by weighting its direction by its area and
by adding the results on the column of the concerned nodes.

Finally, the contact response follows the Signorini’s law
0 ≤ δ ⊥ λ ≥ 0, where δ is the vector that gathers the distances
at each pair of contacting points (see [10] for integrating
Signorini’s law with FEM). Directions of contact are given
by a proximity query algorithm between meshes.

IV. CONTROL ALGORITHM BASED ON REDUCED FEM
COMPLIANCE

In this section, we develop the successive steps of the
control algorithm based on the models described below. First,
it should be noted that a kind of direct geometric model can
be obtained by solving the FEM model while imposing the
actuator positions pa in the constraint law δ = pa. However,
the control algorithm aims at computing the inverse. (i.e.
moving the end-effector at the right place by assigning a
command on the actuators). The beginning of this section
shows that this goal is somehow reached with the compliance
matrix condensed in the constraint space W presented above.
Then, by building an iterative resolution algorithm upon this
matrix, a solution of the inverse kinematic relation between
the terminal effector position to the actuators can be found.
This leads to the position control algorithm of the robot and
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• Control of the deformable robot using simulation
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• Validation
• error of 1.4 mm (standart deviation 0.6mm) on workspace 

150mmx150mmx200mm

• Max error of 2.9mm

• Performance
• mesh composed of 4147 tetrahedra / 1628 nodes (4884 DoFs)

• laptop (without GPU): 7fps 

• Using GPU preconditionning optimization [Courtecuisse11]: 50 fps
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• Control with contact constraintsD. Discussion

There is no assumption about the way the actuators are

placed on the deformable structure. Consequently, the method

presented above is valid for both serial and parallel actuations.

Numerical experiments seem to show that if a solution

exists, the GS algorithm is converging to this solution. A

formal proof of convergence is not yet established in this work

as it can be observed that when redundant actuation is used,

the solution is not unique. In such case, the presented method

tends to find a solution which involves more importantly the

actuators that are numbered first in the GS algorithm. Some-

times, the algorithm oscillates between two valid solutions.

To remove this problem, we use a successive over-relaxation

technique: from one iteration to an other, the value ∆λj is

weighted by ω (0 < ω < 1) in order to impose a limited

variation of δj and to facilitate the convergence.

The contact constraints are set using a collision detection

based on proximity queries. Contact response can be obtained

with both rigid and deformable nearby objects. If deformable,

the object must be modeled and simulated with FEM and a

new compliance is combined with the compliance of the robot

in equation (3).

V. RESULTS

The algorithms were implemented in C++ in the SOFA

framework. We have re-used the implementation of the FEM

model and the Lagrange multipliers system. Our control algo-

rithm was implemented as a new way of solving the constraints

(ConstraintSolver in SOFA) on a deformable model.

In the following, two examples are presented to illustrate the

capability of the control method and especially the compatibil-

ity with both parallel and serial structures. The first example is

a numerical experiment on a deformable beam with redundant

serial actuation and contact constraints. The second example is

the interactive control of a 3D soft robot made of silicone with

an analysis of the precision. We also provide the computation

performance of the method which is the key of our approach.

A. 3D ”staircase” Beam in a constrained environment

For this first example, the design of the structure is a

bit naive but is chosen to, numerically, evaluate the method

with serial redundant actuation and with contact constraints.

A beam of square cross-section is deformed by 8 actuators

distributed alternately on each side of the deformable robot

(see figure 3(a)). A solution is found at each step so that the

end effector follows the trajectory (orange sphere in figure

3(b)). Then a deformable rod is placed on the trajectory of the

robot and the contact response is included in the resolution

process. The computation of the actuation is adapted to the

new situation, while still finding a solution that follows the

provided trajectory.(see figure 3(c)). Other experiments were

performed with a collision on a stiffer obstacle. It was verified

that if the contact prevents the robot to reach the target, the

algorithm remains stable.

Fig. 3. (a) A beam is deformed by 8 bilateral actuators (like pistons) placed

on recessed parts of the structure (pink lines). The end effector is placed on

the top of the mesh and follows the trajectory (orange sphere). (b) In the free

environment, the algorithm finds a first solution. (c) The robot is contacting

a deformable rod. The control is adapted to find an other solution that is

coherent with contact response and the stiffness of the obstacle.

B. Validation on a 3D silicone made robot, actuated with

cables

A second example has been chosen to validate the approach

presented in the paper. A real 3D deformable robot, made of

soft silicone, which design is inspired by parallel robots (see

figure 4), is controlled by simulation approach presented in

the paper. The robot naturally deforms and sinks under the

action of gravity, but 4 unilateral actuators (servo-motors that

are connected to the structure of the robot with cables) are

placed on each leg to prevent and pilot the deformation.

In the simulation, the effector position is placed on the upper

part of the robot and its trajectory is imposed at each step

using a new desired position. The trajectory can be recorded

and replay but the user can also interactively impose it as the

high refresh rate of the simulation makes possible the real-time

control of the servo-motors.

As illustrated in figure 4 we measure the position of the end

effector, in the real world, using a motion capture system
3
.

We measure the discrepancy between the desired positions

and the obtained positions on static positions distributed in

a workspace of 40mm × 40mm × 20mm around the rest-

position of the robot. On a sample of 36 positions, we obtain

a mean error of 1.4 mm with a standard deviation is 0.6

mm and the maximum error is 2.9 mm. We emphasize that

these results are obtained using an open-loop: the control of

the robot only relies on the model based on FEM that is

computed in the interactive simulation. This experiment shows

that the FEM approach presented in this paper can be quite

accurate. Even better results would certainly be obtained using

the information of the motion capture for correcting the robot

3
We use the OptiTrack

R�
system, commercialized by NatrualPoint com-

pany. The system has a precision of 0.1mm for measuring the 3D displace-

ments of a target point.
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framework. We have re-used the implementation of the FEM
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rithm was implemented as a new way of solving the constraints
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In the following, two examples are presented to illustrate the

capability of the control method and especially the compatibil-

ity with both parallel and serial structures. The first example is

a numerical experiment on a deformable beam with redundant

serial actuation and contact constraints. The second example is

the interactive control of a 3D soft robot made of silicone with

an analysis of the precision. We also provide the computation

performance of the method which is the key of our approach.

A. 3D ”staircase” Beam in a constrained environment

For this first example, the design of the structure is a

bit naive but is chosen to, numerically, evaluate the method

with serial redundant actuation and with contact constraints.

A beam of square cross-section is deformed by 8 actuators

distributed alternately on each side of the deformable robot

(see figure 3(a)). A solution is found at each step so that the

end effector follows the trajectory (orange sphere in figure

3(b)). Then a deformable rod is placed on the trajectory of the

robot and the contact response is included in the resolution

process. The computation of the actuation is adapted to the

new situation, while still finding a solution that follows the

provided trajectory.(see figure 3(c)). Other experiments were

performed with a collision on a stiffer obstacle. It was verified

that if the contact prevents the robot to reach the target, the

algorithm remains stable.

Fig. 3. (a) A beam is deformed by 8 bilateral actuators (like pistons) placed

on recessed parts of the structure (pink lines). The end effector is placed on

the top of the mesh and follows the trajectory (orange sphere). (b) In the free

environment, the algorithm finds a first solution. (c) The robot is contacting

a deformable rod. The control is adapted to find an other solution that is

coherent with contact response and the stiffness of the obstacle.

B. Validation on a 3D silicone made robot, actuated with

cables

A second example has been chosen to validate the approach

presented in the paper. A real 3D deformable robot, made of

soft silicone, which design is inspired by parallel robots (see

figure 4), is controlled by simulation approach presented in

the paper. The robot naturally deforms and sinks under the

action of gravity, but 4 unilateral actuators (servo-motors that

are connected to the structure of the robot with cables) are

placed on each leg to prevent and pilot the deformation.

In the simulation, the effector position is placed on the upper

part of the robot and its trajectory is imposed at each step

using a new desired position. The trajectory can be recorded

and replay but the user can also interactively impose it as the

high refresh rate of the simulation makes possible the real-time

control of the servo-motors.

As illustrated in figure 4 we measure the position of the end

effector, in the real world, using a motion capture system
3
.

We measure the discrepancy between the desired positions

and the obtained positions on static positions distributed in

a workspace of 40mm × 40mm × 20mm around the rest-

position of the robot. On a sample of 36 positions, we obtain

a mean error of 1.4 mm with a standard deviation is 0.6

mm and the maximum error is 2.9 mm. We emphasize that

these results are obtained using an open-loop: the control of

the robot only relies on the model based on FEM that is

computed in the interactive simulation. This experiment shows

that the FEM approach presented in this paper can be quite

accurate. Even better results would certainly be obtained using

the information of the motion capture for correcting the robot
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placed on the deformable structure. Consequently, the method

presented above is valid for both serial and parallel actuations.
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the solution is not unique. In such case, the presented method

tends to find a solution which involves more importantly the

actuators that are numbered first in the GS algorithm. Some-

times, the algorithm oscillates between two valid solutions.

To remove this problem, we use a successive over-relaxation

technique: from one iteration to an other, the value ∆λj is

weighted by ω (0 < ω < 1) in order to impose a limited

variation of δj and to facilitate the convergence.

The contact constraints are set using a collision detection

based on proximity queries. Contact response can be obtained

with both rigid and deformable nearby objects. If deformable,

the object must be modeled and simulated with FEM and a

new compliance is combined with the compliance of the robot

in equation (3).

V. RESULTS

The algorithms were implemented in C++ in the SOFA

framework. We have re-used the implementation of the FEM

model and the Lagrange multipliers system. Our control algo-

rithm was implemented as a new way of solving the constraints

(ConstraintSolver in SOFA) on a deformable model.

In the following, two examples are presented to illustrate the

capability of the control method and especially the compatibil-

ity with both parallel and serial structures. The first example is

a numerical experiment on a deformable beam with redundant

serial actuation and contact constraints. The second example is

the interactive control of a 3D soft robot made of silicone with

an analysis of the precision. We also provide the computation

performance of the method which is the key of our approach.

A. 3D ”staircase” Beam in a constrained environment

For this first example, the design of the structure is a

bit naive but is chosen to, numerically, evaluate the method

with serial redundant actuation and with contact constraints.

A beam of square cross-section is deformed by 8 actuators

distributed alternately on each side of the deformable robot

(see figure 3(a)). A solution is found at each step so that the

end effector follows the trajectory (orange sphere in figure

3(b)). Then a deformable rod is placed on the trajectory of the

robot and the contact response is included in the resolution

process. The computation of the actuation is adapted to the

new situation, while still finding a solution that follows the

provided trajectory.(see figure 3(c)). Other experiments were

performed with a collision on a stiffer obstacle. It was verified

that if the contact prevents the robot to reach the target, the

algorithm remains stable.

Fig. 3. (a) A beam is deformed by 8 bilateral actuators (like pistons) placed

on recessed parts of the structure (pink lines). The end effector is placed on

the top of the mesh and follows the trajectory (orange sphere). (b) In the free

environment, the algorithm finds a first solution. (c) The robot is contacting

a deformable rod. The control is adapted to find an other solution that is

coherent with contact response and the stiffness of the obstacle.

B. Validation on a 3D silicone made robot, actuated with

cables

A second example has been chosen to validate the approach

presented in the paper. A real 3D deformable robot, made of

soft silicone, which design is inspired by parallel robots (see

figure 4), is controlled by simulation approach presented in

the paper. The robot naturally deforms and sinks under the

action of gravity, but 4 unilateral actuators (servo-motors that

are connected to the structure of the robot with cables) are

placed on each leg to prevent and pilot the deformation.

In the simulation, the effector position is placed on the upper

part of the robot and its trajectory is imposed at each step

using a new desired position. The trajectory can be recorded

and replay but the user can also interactively impose it as the

high refresh rate of the simulation makes possible the real-time

control of the servo-motors.

As illustrated in figure 4 we measure the position of the end

effector, in the real world, using a motion capture system
3
.

We measure the discrepancy between the desired positions

and the obtained positions on static positions distributed in

a workspace of 40mm × 40mm × 20mm around the rest-

position of the robot. On a sample of 36 positions, we obtain

a mean error of 1.4 mm with a standard deviation is 0.6

mm and the maximum error is 2.9 mm. We emphasize that

these results are obtained using an open-loop: the control of

the robot only relies on the model based on FEM that is

computed in the interactive simulation. This experiment shows

that the FEM approach presented in this paper can be quite

accurate. Even better results would certainly be obtained using

the information of the motion capture for correcting the robot

3
We use the OptiTrack

R�
system, commercialized by NatrualPoint com-

pany. The system has a precision of 0.1mm for measuring the 3D displace-

ments of a target point.
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• Applications of interactive (real-time) simulation
• Medical / Surgical applications...

• Soft-robotics

• SOFA-Framework: open source framework

• Future work
• Real-time FEM algorithms improvements

• Fully implicit simulation... including H(q) in

• Patient specific parameters (and particularly friction coefficient...)

• How to close the loop ? (change the course of simulation / stability criterions / 
controlability...)
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step exceeds h (for instance tc = 2h), the (real) time elapsed between two successive

measured positions is equal
1
to tc, whereas the simulated time between these two

positions is only h. It means that the simulated velocity of the probe is twice faster in

the simulation than it is in reality ! This creates an artificial excessive kinetic energy

that may completely distort the results !

So, we can state that the real-time constraint for an interactive simulation is primarily

a problem of accuracy !

We often present our choices as a tradeoff between accuracy and real-time performance

but, as explained above, we can finally justify them by a single problem of accuracy...

Even if we need to simplify the model to make it real-time, the error introduced by

these simplifications should be put in perspective with the errors that would be caused

by the failure of real-time. In our choice of time integration, we prefer schemes that

support constant and large time steps while maintaining the computations as simple

as possible. These reasons led us to use low order schemes, like implicit Euler, coupled

with a principle of a unique linearization per time step.

1.2.1 Time-stepping implicit integration:

Let’s consider a generic dynamic deformable model. Equations used to model the

dynamic behavior of bodies have led to a synthetic formulation, given by the Newton’s

second law:

M(q)v̇ = P(t)− F (q,v) +H
Tλ (1.1)

where q ∈ Rn
is the vector of generalized degrees of freedom (for instance, displacement

of a mesh), M(q) : Rn �→ Mn×n
is the inertia matrix, v ∈ Rn

is the vector of velocity.

F represents internal forces applied to the simulated object depending on the current

state and P gathers external forces. H
Tλ ∈ Rn

is the vector of constraint forces

contribution.

M(q) and F (q,v) are derived from the physics-based deformable model. H is the

matrix containing the constraint directions and λ the vector of lagrange multipliers

containing the constraint force intensities.

Implicit schemes provide several advantages, in particular improved stability with

relatively large time steps. This is particularly relevant for interactive simulations

involving contacts with virtual devices controlled by an operator.

Using time-stepping methods, the time step is fixed and there is no limitation on

the number of discontinuity that could happen during a time step (Anitescu et al.

(1999)), but low-order integration schemes should be used. This could lead to excessive

dissipation if the time step is too large. However it provides stable simulations.

1quasi equal would be more appropriate if we integrate the variable delays caused by the measure of the
position itself.
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