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The	  maximum	  number	  of	  
touching	  pairs	  among	  7	  
non-‐overlapping	  unit	  
circles	  is	  equal	  to	  12.	  

Harborth’s	  Theorem	  (1974).	  
The	  maximum	  number	  of	  touching	  pairs	  among	  
n	  non-‐overlapping	  unit	  disks	  of	  the	  plane	  is	  
equal	  to	  [3n-‐√(12n-‐3)].	  	  
	  

For	  n=23	  and	  the	  max.	  number	  
of	  touching	  pairs	  is	  	  52.	  	  
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Harder	  Case	  (still	  “doable	  by	  hand”):	  seven	  unit	  balls	  are	  packed	  with	  highest	  contact	  number	  15	  

Trivial/Easy	  cases:	  up	  to	  six	  unit	  balls	  are	  packed	  with	  highest	  contact	  numbers	  
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 The Contact Number Problem in Euclidean 3-space: 
Let n be a given positive integer. Take all possible packings of n  unit 
spheres in 3-dimensional Euclidean space. Then find the packing of n 
unit spheres which has the largest possible contact number C(n) that is 
the largest possible number of touching pairs of unit spheres.  

Remark. C(n)≥3n-6 for all n≥3.	  
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1 Introduction

Let Ed denote the d-dimensional Euclidean space. Then the contact graph
of an arbitrary finite packing of unit balls (i.e., of an arbitrary finite family
of non-overlapping unit balls) in Ed is the (simple) graph whose vertices
correspond to the packing elements and whose two vertices are connected by
an edge if and only if the corresponding two packing elements touch each
other. One of the most basic questions on contact graphs is to find the
maximum number of edges that a contact graph of a packing of n unit balls
can have in Ed. In 1974 Harborth [8] proved the following optimal result in
E2: the maximum number c(n) of touching pairs in a packing of n congruent
circular disks in E2 is precisely ⌃3n�

�
12n� 3⌥ implying that

lim
n⇥+⇤

3n� c(n)�
n

=
�
12 = 3.464 . . . .

Some years later the author [2] has proved the following estimates in higher
dimensions. The number of touching pairs in an arbitrary packing of n > 1
unit balls in Ed, d ⇤ 3 is less than

1

2
⇤d n� 1

2d
�
� d�1

d
d n

d�1
d ,

where ⇤d stands for the kissing number of a unit ball in Ed (i.e., it denotes the
maximum number of non-overlapping unit balls of Ed that can touch a given
unit ball in Ed) and �d denotes the largest possible density for (infinite) pack-
ings of unit balls in Ed. Now, recall that on the one hand, according to the
well-known theorem of Kabatiansky and Levenshtein [9] ⇤d ⇥ 20.401d(1+o(1))

and �d ⇥ 2�0.599d(1+o(1)) as d ⌅ +⇧ on the other hand, ⇤3 = 12 (for the
first complete proof see [14]) moreover, according to the recent breakthrough
result of Hales [6] �3 = �⌅

18
. Thus, by combining the above results together

we get that the number of touching pairs in an arbitrary packing of n > 1
unit balls in Ed is less than

1

2
20.401d(1+o(1)) n� 1

2
2�0.401(d�1)(1�o(1)) n

d�1
d

as d ⌅ +⇧ and in particular, it is less than

6n� 1

8

�
⇥�
18

⇥� 2
3

n
2
3 = 6n� 0.152 . . . n

2
3

2for d = 3. The main purpose of this note is to improve further the latter
result. In order, to state our theorem in a proper form we need to introduce
a bit of additional terminology. If P is a packing of n unit balls in E3, then
let C(P) stand for the number of touching pairs in P , that is, let C(P)
denote the number of edges of the contact graph of P and call it the contact
number of P . Moreover, let C(n) be the largest C(P) for packings P of n
unit balls in E3. Finally, let us imagine that we generate packings of n unit
balls in E3 in such a special way that each and every center of the n unit
balls chosen, is a lattice point of some fixed lattice � (resp., of the face-
centered cubic lattice �fcc) with shortest non-zero lattice vector of length 2.
(Here, a lattice means a (discrete) set of points having position vectors that
are integer linear combinations of three fixed linearly independent vectors
of E3.) Then let C�(n) (resp., Cfcc(n)) denote the largest possible contact
number of all packings of n unit balls obtained in this way. Before stating our
main theorem we make the following comments. First, recall that according
to [6] the lattice unit sphere packing generated by �fcc gives the largest
possible density for unit ball packings in E3, namely ��

18
with each ball

touched by 12 others. Second, it is easy to see that Cfcc(2) = C(2) =
1, Cfcc(3) = C(3) = 3, Cfcc(4) = C(4) = 6. Third, it is natural to conjecture
that Cfcc(9) = C(9) = 21 (implying in a straightforward way that Cfcc(5) =
C(5) = 9, Cfcc(6) = C(6) = 12, Cfcc(7) = C(7) = 15, Cfcc(8) = C(8) = 18).
Finally, it is not hard to see that C(10) ⇤ 25, C(11) ⇤ 29, C(12) ⇤ 33, and
C(13) ⇤ 36. Whether in any of the last four inequalities we have equality is
a challenging open question. In the rest of this note we give a proof of the
following theorem.

Theorem 1.1

(i) C(n) < 6n� 0.695n
2
3 for all n ⇤ 2.

(ii) Let � be any lattice of E3 with shortest non-zero lattice vector of length

2. Then C�(n) < 6n� 3 3�18�
� n

2
3 = 6n� 3.665 . . . n

2
3 for all n ⇤ 2.

(iii) 6n� 3
⇧
486n

2
3 < Cfcc(n) ⇥ C(n) for all n = k(2k2+1)

3 with k ⇤ 2.

As an immediate result we get

Corollary 1.2

0.695 <
6n� C(n)

n
2
3

< 3
⇧
486 = 7.862 . . .

3
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20 2 Proofs on Unit Sphere Packings

Fig. 2.3 Voronoi cells of a
packing with yellow ci C B’s
and blue ci C OrB’s

Next, let us take the union
Sn

iD1 .ci C OrB/ of the closed balls c1 C OrB; c2 C
OrB; : : : ; cn C OrB of radii Or centered at the points c1; c2; : : : ; cn in E3.

Theorem 2.1.4.

nvol3.B/

vol3
!Sn

iD1 .ci C OrB/
" < 0:7547;

where vol3.!/ refers to the 3-dimensional volume of the corresponding set.

Proof. First, partition
Sn

iD1 .ci C OrB/ into truncated Voronoi cells as follows. Let
Pi denote the Voronoi cell of the packing P assigned to ci C B, 1 " i " n, that is,
let Pi stand for the set of points of E3 that are not farther away from ci than from any
other cj with j ¤ i; 1 " j " n. Then, recall the well-known fact (see for example,
[99]) that the Voronoi cells Pi , 1 " i " n just introduced form a tiling of E3. Based
on this it is easy to see that the truncated Voronoi cells Pi \ .ci C OrB/, 1 " i " n
generate a tiling of the non-convex container

Sn
iD1 .ci C OrB/ for the packing P .

Second, as
p

2 < Or therefore the following very recent result of Hales [120] (see
Lemma 9.13 on p. 228) applied to the truncated Voronoi cells Pi \ .ci C OrB/, 1 "
i " n implies the inequality of Theorem 2.1.4 in a straightforward way (Fig. 2.3).

Theorem 2.1.5. Let F be an arbitrary (finite or infinite) family of non-overlapping
unit balls in E3 with the unit ball B centered at the origin o of E3 belonging to F . Let
P stand for the Voronoi cell of the packing F assigned to B. Let Q denote a regular
dodecahedron circumscribed B (having circumradius

p
3 tan !

5
D 1:2584 : : :).

Finally, let r WD
p

2 D 1:4142 : : : and let rB denote the ball of radius r centered at
the origin o of E3. Then

vol3.B/

vol3.P/
" vol3.B/

vol3.P \ rB/
" vol3.B/

vol3.Q/
< 0:7547:
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[19]. Next, we recall two theorems on unit sphere packings that naturally lead us to the first
problem of this paper.

The Voronoi cell of a unit ball in a packing of unit balls in Ed is the set of points that are
not farther away from the center of the given ball than from any other ball’s center. As is
well known, the Voronoi cells of a unit ball packing in Ed form a tiling of Ed. One of the most
attractive results on the sphere packing problem was proved by C. A. Rogers [24] in 1958.
It was rediscovered by Baranovskii [1] and extended to spherical and hyperbolic spaces by
K. Böröczky [9]. It can be phrased as follows. Take a regular d-dimensional simplex of edge
length 2 in Ed and then draw a d-dimensional unit ball around each vertex of the simplex.
Let ⇤d denote the ratio of the volume of the portion of the simplex covered by balls to the
volume of the simplex. Now, take a Voronoi cell of a unit ball in a packing of unit balls
in the d-dimensional Euclidean space Ed, d ⇤ 2 and then take the intersection of the given

Voronoi cell with the d-dimensional ball of radius
⌃

2d
d+1 concentric to the unit ball of the

Voronoi cell. (We note that
⌃

2d
d+1 is the circumradius of the regular d-dimensional simplex

of edge length 2 in Ed.) Then the volume of the truncated Voronoi cell is at least ⇤d
⇥d
. In

other words, the density of each unit ball in its truncated Voronoi cell is at most ⇤d. In
2002, the first named author [3] has improved Rogers’s upper bound on the density of each
unit ball in an arbitrary unit ball packing of Ed relative to its truncated Voronoi cell, by
replacing ⇤d with ⇧⇤d < ⇤d for all d ⇤ 8.

The above truncation of Voronoi cells with balls concentric to unit balls makes it natural
to introduce the following functionals for unit ball packings.

Definition 1. Let Bd = {x ⌅ Ed |  x ⇥ 1} denote the closed unit ball centered at the origin
o of Ed, d ⇤ 2 and let Pn := {ci +Bd | 1 ⇥ i ⇥ n with  cj � ck ⇤ 2 for all 1 ⇥ j < k ⇥ n}
be an arbitrary packing of n > 1 unit balls in Ed. The part of space covered by the unit balls
of Pn is labelled by Pn :=

⌅n
i=1(ci +Bd). Moreover, let Cn := {ci | 1 ⇥ i ⇥ n} stand for the

set of centers of the unit balls in Pn. Furthermore, for any ⇥ > 0 let Pn
� :=

⌅
{x+⇥Bd | x ⌅

Pn} =
⌅n

i=1(ci + (1 + ⇥)Bd) denote the outer parallel domain of Pn having outer radius ⇥.
Finally, let

�d(n,⇥) := max
Pn

n⌅d

vold(Pn
�)

=
n⌅d

minPn vold (
⌅n

i=1(ci + (1 + ⇥)Bd))
and �d(⇥) := lim sup

n⇥+⇤
�d(n,⇥).

Now, let P := {ci+Bd | i = 1, 2, . . . with  cj�ck ⇤ 2 for all 1 ⇥ j < k} be an arbitrary
infinite packing of unit balls in Ed. Recall that

�d = sup
P

�
lim sup
R⇥+⇤

⇤
ci+Bd�RBd vold(ci +Bd)

vold(RBd)

⇥
.

Hence, it is rather easy to see that �d ⇥ �d(⇥) holds for all ⇥ > 0, d ⇤ 2. On the other hand, it
was proved in [4] that �d = �d(⇥) for all ⇥ ⇤ 1 leading to the classical sphere packing problem.
Furthermore, the theorem of [24] ([1], [9]) quoted above states that �d(n,⇥) ⇥ ⇤d holds for

all n > 1, d ⇤ 2, and ⇥ ⇤
⌃

2d
d+1 �1. It implies the inequality �d ⇥ �d(⇥) ⇥ supn �d(n,⇥) ⇥ ⇤d

2

is the regular hexagon circumscribed about the disk. Since this observation holds for any
planar packing of soft disks, using a slight modification of the proof of Theorem 5 in [21],
we have the following.

Remark 4. Let P be a packing of unit disks in the Euclidean plane. Then the following are
equivalent.

1. P is the densest hexagonal lattice packing.

2. P is uniformly recurrent and universally optimal.

3. P is uniformly recurrent, and �̄2(P�) = �̄2(⇥) for some 0 ⇥ ⇥ < 2�
3
� 1.
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[19]. Next, we recall two theorems on unit sphere packings that naturally lead us to the first
problem of this paper.

The Voronoi cell of a unit ball in a packing of unit balls in Ed is the set of points that are
not farther away from the center of the given ball than from any other ball’s center. As is
well known, the Voronoi cells of a unit ball packing in Ed form a tiling of Ed. One of the most
attractive results on the sphere packing problem was proved by C. A. Rogers [24] in 1958.
It was rediscovered by Baranovskii [1] and extended to spherical and hyperbolic spaces by
K. Böröczky [9]. It can be phrased as follows. Take a regular d-dimensional simplex of edge
length 2 in Ed and then draw a d-dimensional unit ball around each vertex of the simplex.
Let ⇤d denote the ratio of the volume of the portion of the simplex covered by balls to the
volume of the simplex. Now, take a Voronoi cell of a unit ball in a packing of unit balls
in the d-dimensional Euclidean space Ed, d ⇤ 2 and then take the intersection of the given

Voronoi cell with the d-dimensional ball of radius
⌃

2d
d+1 concentric to the unit ball of the

Voronoi cell. (We note that
⌃

2d
d+1 is the circumradius of the regular d-dimensional simplex

of edge length 2 in Ed.) Then the volume of the truncated Voronoi cell is at least ⇤d
⇥d
. In

other words, the density of each unit ball in its truncated Voronoi cell is at most ⇤d. In
2002, the first named author [3] has improved Rogers’s upper bound on the density of each
unit ball in an arbitrary unit ball packing of Ed relative to its truncated Voronoi cell, by
replacing ⇤d with ⇧⇤d < ⇤d for all d ⇤ 8.

The above truncation of Voronoi cells with balls concentric to unit balls makes it natural
to introduce the following functionals for unit ball packings.

Definition 1. Let Bd = {x ⌅ Ed |  x ⇥ 1} denote the closed unit ball centered at the origin
o of Ed, d ⇤ 2 and let Pn := {ci +Bd | 1 ⇥ i ⇥ n with  cj � ck ⇤ 2 for all 1 ⇥ j < k ⇥ n}
be an arbitrary packing of n > 1 unit balls in Ed. The part of space covered by the unit balls
of Pn is labelled by Pn :=

⌅n
i=1(ci +Bd). Moreover, let Cn := {ci | 1 ⇥ i ⇥ n} stand for the

set of centers of the unit balls in Pn. Furthermore, for any ⇥ > 0 let Pn
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Hence, it is rather easy to see that �d ⇥ �d(⇥) holds for all ⇥ > 0, d ⇤ 2. On the other hand, it
was proved in [4] that �d = �d(⇥) for all ⇥ ⇤ 1 leading to the classical sphere packing problem.
Furthermore, the theorem of [24] ([1], [9]) quoted above states that �d(n,⇥) ⇥ ⇤d holds for

all n > 1, d ⇤ 2, and ⇥ ⇤
⌃
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d+1 �1. It implies the inequality �d ⇥ �d(⇥) ⇥ supn �d(n,⇥) ⇥ ⇤d
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is the regular hexagon circumscribed about the disk. Since this observation holds for any
planar packing of soft disks, using a slight modification of the proof of Theorem 5 in [21],
we have the following.

Remark 4. Let P be a packing of unit disks in the Euclidean plane. Then the following are
equivalent.

1. P is the densest hexagonal lattice packing.

2. P is uniformly recurrent and universally optimal.

3. P is uniformly recurrent, and �̄2(P�) = �̄2(⇥) for some 0 ⇥ ⇥ < 2�
3
� 1.
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[9] K. Böröczky, Packing of spheres in spaces of constant curvature, Acta Math. Acad.
Sci. Hungar. 32 (1978), 243–261.
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2d
d+1 � 1. This was improved further by the above quoted theorem of [3]

stating that �d(n,⇥) ⇥ �⇤d < ⇤d holds for all n > 1 and ⇥ ⇤
⇥

2d
d+1 �1 provided that d ⇤ 8. It

implies the inequality �d ⇥ �d(⇥) ⇥ supn �d(n,⇥) ⇥ �⇤d < ⇤d for all d ⇤ 8,⇥ ⇤
⇥

2d
d+1 � 1. Of

course, any improvement on the upper bounds for �d ⇥ �d(⇥) with ⇥ ⇤
⇥

2d
d+1 �1 would be of

interest. However, in this paper we focus on the closely related question on upper bounding

�d(⇥) over the complementary interval 0 < ⇥ <
⇥

2d
d+1 � 1 for d ⇤ 2. Thus, we raise an

asymptotic problem on unit ball packings, which is a volumetric question on truncations of
Voronoi cells of unit ball packings with balls concentric to unit balls having radii 1 + ⇥ > 1
reasonable close to 1 in Ed. More exactly, we put forward the following question.

Problem 1. Determine (resp., estimate) �d(⇥) for d ⇤ 2, 0 < ⇥ <
⇥

2d
d+1 � 1.

Before stating our results on Problem 1, we comment on its connection to contact graphs
of unit ball packings, a connection that would be interesting to explore further. First, we note

that 2⇥
3
�1 ⇥

⇥
2d
d+1�1 holds for all d ⇤ 2. Second, observe that as 2⇥

3
is the circumradius of

a regular triangle of side length 2, therefore if 0 < ⇥ < 2⇥
3
�1, then for any unit ball packing

Pn no three of the closed balls in the family {ci + (1 + ⇥)Bd | 1 ⇥ i ⇥ n} have a point in
common. In other words, for any ⇥ with 0 < ⇥ < 2⇥

3
�1 and for any unit ball packing Pn, in

the arrangement {ci +(1+⇥)Bd | 1 ⇥ i ⇥ n} of closed balls of radii 1+⇥ only pairs of balls
may overlap. Thus, computing �d(n,⇥), i.e., minimizing vold(Pn

�) means maximizing the
total volume of pairwise overlaps in the ball arrangement {ci + (1 + ⇥)Bd | 1 ⇥ i ⇥ n} with
the underlying packing Pn. Intuition would suggest to achieve this by simply maximizing
the number of touching pairs in the unit ball packing Pn. Hence, Problem 1 becomes very
close to the contact number problem of finite unit ball packings for 0 < ⇥ < 2⇥

3
� 1. Recall

that the latter problem asks for the largest number of touching pairs, i.e., contacts in a
packing of n unit balls in Ed for given n > 1 and d > 1. We refer the interested reader to
[5], [7] for an overview on contact numbers. Here, we state the following observation.

Theorem 1. Let n > 1 and d > 1 be given. Then there exists ⇥d,n > 0 and a packing �Pn

of n unit balls in Ed possessing the largest contact number for the given n such that for all
⇥ satisfying 0 < ⇥ < ⇥d,n, �d(n,⇥) is generated by �Pn, i.e., vold(Pn

�) ⇤ vold(�Pn
�) holds for

every packing Pn of n unit balls in Ed.

Blichfeldt’s method [8] (see also [14]) applied to Problem 1 leads to the following upper
bound on �d(⇥).

Theorem 2. Let d and ⇥ be chosen satisfying d
�
d� 1 ⇥ ⇥ ⇥

�
2� 1. Then

�d(⇥) ⇥ sup
n

�d(n,⇥) ⇥
2d+ 4

(2� (1 + ⇥)2) d+ 4
(1 + ⇥)�d ⇥ d+ 2

2
(1 + ⇥)�d ⇥ 1. (1)

3
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Blichfeldt’s method [8] (see also [14]) applied to Problem 1 leads to the following upper
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Theorem 2. Let d and ⇥ be chosen satisfying d
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�
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3

We note that Blichfeldt’s upper bound d+2
2 2�

d
2 for the packing density of unit balls in Ed

can be obtained from the upper bound formula of Theorem 2 by making the substitution
⇥ =

�
2� 1.

Theorem 3. Let ⇥ be chosen satisfying 0 < ⇥ < 2⇥
3
� 1 = 0.1547 . . . and let H be a regular

hexagon circumscribed the unit disk B2 centered at the origin o in E2. Then

�2(⇥) =
⇤

area (H ⇧ (1 + ⇥)B2)
.

Definition 2. Let Td := conv{t1, t2, . . . , td+1} be a regular d-simplex of edge length 2 in

Ed, d ⇤ 2 and let 0 < ⇥ <
⇧

2d
d+1 � 1. Set

⌅d(⇥) :=
(d+ 1) vold

�
Td ⇧ (t1 +Bd)

⇥

vold
�
Td ⇧

�
⌅d+1

i=1 ti + (1 + ⇥)Bd
⇥⇥ < 1.

An elementary computation yields that if 0 < ⇥ < 2⇥
3
� 1, then

⌅3(⇥) =
⇤ � 6⇧0

⇤⇥3 + (3⇤ � 9⇧0)⇥2 + (3⇤ � 18⇧0+)⇥+ ⇤ � 6⇧0
,

where ⇧0 := arctan 1⇥
2
= 0.615479 . . ..

Theorem 4. Let 0 < ⇥ < 2⇥
3
� 1 = 0.1547 . . . . Set ⌃0 := � arctan

⇤⇧
2
3 tan (5⇧0)

⌅
=

0.052438 . . .. Then

�3(⇥) ⇥ sup
n

�3(n,⇥) ⇥
⇤ � 6⌃0

⇤ � 6⌃0 + (3⇤ � 18⌃0)⇥� 18⌃0⇥2 � (⇤ + 6⌃0)⇥3
< ⌅3(⇥). (2)

Finally, we note that the concept of �d(n,⇥) is di�erent from the notion of parametric
density introduced by Wills etc. ([28]). Namely, the outer parallel domain of a packing of
n unit balls in Ed considered in this paper is non-convex and it is di�erent from the outer
parallel domain of the convex hull of the center points of a packing of n unit balls in Ed,
which is the convex container needed for the definition of parametric density.

1.2 Upper bounds for the density of soft ball packings

So far, we have discussed upper bounds for the densities �d ⇥ �d(⇥) ⇥ supn �d(n,⇥) of unit
ball packings relative to their outer parallel domains having outer radius ⇥ in Ed. So, it is
natural to go even further and investigate unit ball packings and their outer parallel domains
by upper bounding the largest fraction of Ed covered by outer parallel domains of unit ball
packings having outer radius ⇥ in Ed. This leads us to the packing problem of soft balls
introduced as follows.

4

is the regular hexagon circumscribed about the disk. Since this observation holds for any
planar packing of soft disks, using a slight modification of the proof of Theorem 5 in [21],
we have the following.

Remark 4. Let P be a packing of unit disks in the Euclidean plane. Then the following are
equivalent.

1. P is the densest hexagonal lattice packing.

2. P is uniformly recurrent and universally optimal.

3. P is uniformly recurrent, and �̄2(P�) = �̄2(⇥) for some 0 ⇥ ⇥ < 2�
3
� 1.
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= 0.615479 . . ..

Theorem 4. Let 0 < ⇥ < 2⇥
3
� 1 = 0.1547 . . . . Set ⌃0 := � arctan

⇤⇧
2
3 tan (5⇧0)

⌅
=

0.052438 . . .. Then

�3(⇥) ⇥ sup
n

�3(n,⇥) ⇥
⇤ � 6⌃0

⇤ � 6⌃0 + (3⇤ � 18⌃0)⇥� 18⌃0⇥2 � (⇤ + 6⌃0)⇥3
< ⌅3(⇥). (2)

Finally, we note that the concept of �d(n,⇥) is di�erent from the notion of parametric
density introduced by Wills etc. ([28]). Namely, the outer parallel domain of a packing of
n unit balls in Ed considered in this paper is non-convex and it is di�erent from the outer
parallel domain of the convex hull of the center points of a packing of n unit balls in Ed,
which is the convex container needed for the definition of parametric density.

1.2 Upper bounds for the density of soft ball packings

So far, we have discussed upper bounds for the densities �d ⇥ �d(⇥) ⇥ supn �d(n,⇥) of unit
ball packings relative to their outer parallel domains having outer radius ⇥ in Ed. So, it is
natural to go even further and investigate unit ball packings and their outer parallel domains
by upper bounding the largest fraction of Ed covered by outer parallel domains of unit ball
packings having outer radius ⇥ in Ed. This leads us to the packing problem of soft balls
introduced as follows.
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Definition 8. Let D ⌃ E3 be a regular dodecahedron circumscribed the unit ball B3. Then,
for ⇥ with 0 < ⇥ <

�
3 tan ⇤

5 = 1.258408 . . . , we set

⌅3(⇥) :=
vold(B3)

vold(D  (1 + ⇥)B3)
,

and

⌅̄3(⇥) :=
vold(D  (1 + ⇥)B3)

vold(D)
,

where
�
3 tan ⇤

5 is the circumradius of D.

Based on the proof of the dodecahedral conjecture of Hales and McLaughlin ([20]), it
seems reasonable to ask the following.

Problem 4. Is it true that for every 0 < ⇥ <
�
3 tan ⇤

5 = 1.258408 . . . , we have �3(⇥) ⇤ ⌅3(⇥)
and �̄3(⇥) ⇤ ⌅̄3(⇥)?

We say that a packing P of unit balls in Ed is universally optimal if �̄d(P�) = �̄d(⇥) holds
for all ⇥ ⌅ 0. (We note that this notion is a Euclidean analogue of the notion of perfectly
distributed points on a sphere introduced by L. Fejes Tóth in [15], which is di�erent from
the notion of universally optimal distribution of points on spheres introduced by Cohn and
Kumar in [12].) Recall that µd > 0 is called the simultaneous packing and covering constant
of the closed unit ball Bd = {x ⌥ Ed | �x� ⇤ 1} in Ed if the following holds (for more
details see for example, [27]): µd > 0 is the smallest positive real number µ such that there
is a unit ball packing P := {ci + Bd | i = 1, 2, . . . with �cj � ck� ⌅ 2 for all 1 ⇤ j < k}
in Ed satisfying Ed =

�+⇥
i=1 (ci + µBd). Now, if P is a universally optimal packing of unit

balls, then clearly �̄d(Pµd�1) = �̄d(µd � 1) = 1 and �̄d(P0) = �̄d(0) = �d. Next, recall that
according to the celebrated result of Hales ([19]) �3 =

⇤⇤
18

= 0.740480 . . . and it is attained

by the proper face-centered cubic lattice packing of unit balls in E3. Furthermore, according

to a theorem of Böröczky [10] µ3 =
⇥

5
3 = 1.290994 . . . and it is attained by the proper

body-centered cubic lattice packing of unit balls in E3. As a result it is not hard to see that
there is no universally optimal packing of unit balls in E3. One may wonder whether there
are universally optimal packings of unit balls in Ed for d ⌅ 4?

To state our observation about the planar case, we introduce the notion of uniformly
recurrent packings, defined in [21]. First, we generalize the notion of Hausdor� distance d(·, ·)
of two convex bodies. For two packings P1, P2 of convex bodies, we say that d(P1,P2) ⇤ ⇧,
if for any K1 ⌥ P1 contained in the unit ball of radius 1

⌅ with the origin as its center, there
is a unique K2 ⌥ P2 such that d(K1,K2) ⇤ ⇧, and vice versa. We say that P1 is a limit of
P2, denoted as P1 ⇧ P2, if a sequence of translates of P2 converges to P1, in the topology
defined by Hausdor� distance. A packing is uniformly recurrent, if it is maximal in the weak
partial order ⇧ of the family of packings. Kuperberg [21] proved that the only uniformly
recurrent densest packing of Euclidean unit disks is the densest hexagonal lattice packing;
his proof was based on the observation that the only minimal area Voronoi cell of a unit disk
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