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1 Overview of the Field
High-dimensional problems occur in many scientific disciplines. They arise for various reasons, including
the analysis of data in which each sample is defined by the measurement of hundreds of different quantities
or the use of models that are based on a large number of variables. This can occur, for example, because of
the nature of the system under study, or because the process of interest is observed over a period of time that
is discretised over a large number of steps. Questions that need to be answered about such problems often
amount to integrating a function or finding a representation for it that is amenable to further investigation.
For example, determining the expectation of a complicated function over the system under study can be
formulated as a multivariate integration problem, while determining a probability distribution for such a
function or solving a system of PDEs would fall under the umbrella of function approximation.

When dealing with high-dimensional problems, it is rarely possible to obtain exact solutions. One must
then resort to numerical methods. For high dimensional problems traditional numerical methods are often
not feasible. In fact, for many such problems we know that ALL methods suffer from the curse of dimen-
sionality. This can be proved by establishing lower bounds on the number of function evaluations, or more
generally on the number of information operations that are necessary to obtain a small error. These bounds
are often exponentially large as the dimension increases. This is the subject of information-based complexity
[TWW88]. Complexity of high-dimensional continuous problems is nowadays a very popular research sub-
ject, and many people have contributed to this area. This sub-area of information-based complexity is called
tractability of multivariate problems [NW08-12]. Typically, if we consider a high-dimensional problem de-
fined over a space of functions for which each variable and all groups of variables are equally important then
the curse of dimensionally occurs. Luckily, for most high-dimensional problems, not all variables and groups
of variables are equally important.

Another interesting area giving rise to high-dimensional problems is the study of PDEs with random
fields in their coefficients (typified by the flow of oil or water through a model material whose permeability
is a random field) that are parametrised in a space of moderate to high dimension (under names such as
polynomial chaos, stochastic Galerkin and stochastic collocation). Such applications present great challenges
to the existing high-dimensional theories and also include infinite-dimensional integration problems. The
study of integration and approximation problems where there is no a priori bound on the dimension has been
a field of active research over the last few years [HW01, Gne10, KSWW10, PW11].

The main goal of tractability study is to understand which high-dimensional problems do not suffer from
the curse of dimensionality, or more generally, what properties of high-dimensional problems make them
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tractable. For tractable problems we then want to find implementable methods whose cost is at most polyno-
mial in the dimension and in the error threshold. Monte Carlo (MC) and quasi-Monte Carlo (QMC) based
methods are often used for that purpose, and discussing the most recent advances on these methods for high-
dimensional problems was a main focus of this workshop.

2 Main Topics Covered in the Workshop
The workshop was organized into four main themes arranged by day in terms of the actual scheduling of the
workshop. Below, we discuss these themes and summarize the main results that were presented.

Adaptive and Bayesian-related methods
Multilevel Monte Carlo methods have become increasingly popular as a tool to improve the efficiency of MC
methods [1]. It was enlightening to start the workshop with Mike Giles’ talk discussing ideas (something that
has not been tested yet), tricks (something that worked once) and techniques (something that worked more
than once) to apply these methods successfully on a range of problems, and find ways of combining them
with other well-known approaches for variance reduction.

While QMC methods are known to provide approximations with error that converges to zero faster than
MC methods, there has not been so much work (until recently) on developing methods providing problem-
specific information on how many sample points should be used to achieve a certain level of error. The work
presented by Lluı́s Antoni Jiménez Rugama discussed recent methods and algorithms designed by himself
and his co-authors Fred Hickernell and Da Li to do exactly that. An important advantage of their approach is
that it doesn’t require the user to have a lot of information on the function to integrate, e.g., on the decay rate
of its Fourier coefficients or on the weights defining the underlying function spaces.

Using QMC methods to search for an optimal solution has not received a huge amount of attention in
the last few years compared to other type of problems, so it was very interesting to see that topic discussed
in Mathieu Gerber’s talk who presented both theoretical and numerical results on a new approach for this
problem. Interesting discussions followed his presentation, in particular on the choice of which coordinate of
the low-discrepancy point set should be used for the acceptance/rejection step required by the method.

The talk by Christoph Schwab discussed certain problems arising in uncertainty quantification. To per-
form estimation related to the parametric Bayesian posterior densities involved in such problems, it was first
demonstrated that such densities belong to a class of weighted Bochner spaces of functions of countably
many variables, with a particular structure of the QMC quadrature weights. Based on that, error bounds for
higher order QMC quadratures were obtained. Numerical results showing the performance of hybridized ver-
sions of the fast component-by-component construction for QMC point sets were shown on problems with a
dimension up to 104.

Markus Weimar presented some new results on the use of adaptive wavelet Galerkin schemes to solve
operator equations and discussed how they relate to their non-adaptive counterpart. This presentation led to
interesting discussions among participants on the nature of tractability and how it relates to actual algorithms
to address the problem under study.

Tractability and complexity of integration and approximation
As mentioned above, the research areas of tractability and complexity are tackling the important problem
of determining which type of (high-dimensional) problems can be tackled with d-dimensional integration
algorithms (quadrature rules) without suffering from the curse of dimensionality. In his talk, Erich Novak
discussed a so-called universal algorithm for integration making use of a well-chosen d × d matrix satisfy-
ing the so-called Frolov property, a well-chosen transformation on the d-dimensional space, and then also
explained how to randomize this construction. Error bounds for this algorithm were also provided.

The presentation by Greg Wasilkowski also discussed algorithms for integration in high-dimensional
spaces but using a very different approach based on the idea of setting the “unimportant” variables to 0
instead of evaluating them at a value prescribed by the cubature rule. In this way, we can work with only the
k most important variables, which reduce the computational cost. Of course, one needs to know when it is
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reasonable to proceed in this way, which is what the talk was about, making use of γ-weighted anchored space
to do so and providing error bounds to motivate the approach. The form of the error bound also enables the
determination of appropriate values for k leading to a desired error-threshold, assuming the weights defining
the function space are known. Further results were given about the equivalence between this type of space
and ANOVA-type spaces, with also an indication of whether or not the proposed approach can also apply to
the latter spaces.

Moving away from integration, the talk by Michael Griebel was instead on the topic of tensor-product ap-
proximations of analytic functions, which appear in diverse problems arising from uncertainty quantification,
econometrics and physics. More precisely, the approximations studied in this talk were obtained by truncat-
ing infinite series representation based on tensor product of univariate basis terms. Working with weighted
analytic functions, error bounds can be obtained for these approximations, which in turn can be represented
using certain exponential sums. The infinite-dimensional case was also discussed, in addition to the use of
Leja points to handle interpolation and quadrature in such spaces.

The problem of multivariate Lp approximation of Hölder classes in the presence of Gaussian noise was
discussed in Leszek Plaskota’s talk. Here, the idea is to construct approximations for a d-dimensional function
f based on information given by a vector of the form y = (y1, y2, . . . , yn), where yj = f(xj) + ej for
1 ≤ j ≤ n, and where the ej’s are independent Gaussian random variables with mean 0 and variance σ2

j > 0.
The error of approximation ϕ is defined as the supremum of the Lp norm of the expected error f −ϕ(y) over
all functions in an Hölder class Hd

r,%. Two main results were discussed for this problem: first, if arbitrarily
many observations N with arbitrary variances σ2

j satisfying
∑
j σ
−2
j ≤ N are allowed, then the minimal

error is of order N−(r+%)/(2(r+%)+d). Second, if only n observations with fixed variances σ2 > 0 are allowed
then the minimal error is of order max {(σ2/n)(r+ρ)/(2(r+ρ)+d), n−(r+ρ)/d }. These results thus give insight
on the observation-gathering model used and its effect on the convergence of the error of the corresponding
approximation.

In Josef Dick’s talk, the topic of integration for functionals of the form
∫
f(yA)dy was discussed, where

y is a d-dimensional vector and A is a d× d matrix. The problem of interest here is to find good quadrature
points for which the product Y A can be computed efficiently and also yields a small integration error, where
Y is an n × d matrix containing on each row a d-dimensional quadrature point. He then established that
lattice point sets (polynomial or not) of a certain form can provide quadrature points with those properties.
Examples drawn from calculations related to the multivariate normal were given, in addition to problems
arising from PDE with random coefficients. An interesting open question mentioned at the end of the talk
was to ask whether or not it is possible to obtain the same efficiency gain with randomized constructions.

The final talk in this session was discussing the curse of dimensionality for smooth functions. After going
over the precise mathematical definition of this concept (curse of dimensionality), Aicke Hinrichs reviewed
known results providing necessary and sufficient conditions for this problem to happen when integrating
smooth functions, which were expressed in terms of the bounds involved in the Lipschitz properties of the
class of functions considered. A generalization of this result was then presented by making use of recent
deviation inequalities obtained by O. Guedon and E. Milman, thus closing some gaps in previous work.

High-dimensional problems and methods for SDEs and PDEs
Stefan Heinrich discussed the problem of finding a strong solution to scalar stochastic differential equations
depending on a parameter, where the goal is to find numerical approximations for all parameter values si-
multaneously. To do so, suitable convergence results for the Banach space valued Euler-Maruyama scheme
in spaces of martingale type 2 were first given. Then a multilevel scheme involving two embedded Banach
spaces was presented to construct an approximation. Finally, he explained that the parametric problem can
be cast into this embedded Banach space setup, from which a multilevel method for the strong solution of
parametric stochastic differential equations results. The talk included the presentation of convergence rates
for classes of input functions with different levels of smoothness. Furthermore, the rates were shown to be
optimal by proving matching lower bounds.

The topic of parameterized PDE models was discussed in Clayton Webster’s presentation. After reviewing
some possible numerical strategies to find solutions for such problems, results for best s-term and quasi-
optimal approximations were given, where the idea is to build polynomial approximations for these solutions
by appropriately choosing an index set determining the polynomials that will enter the approximation. The
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talk then went over two main topics: the first one being to present a general methodology for analyzing
the convergence of best s-term and quasi-optimal Taylor and Legendre approximations, and the second one
being to develop alternative approximation strategies to recover these results, in particular using compressed
sensing and weighted `1-minimization.

The last talk of the day by Paweł Przybyłowicz was on the problem of finding global approximations
for stochastic differential equations of the form dX(t) = a(t,X(t))dt + c(t)dN(t), t ∈ [0, T ] where N =
{N(t)}t∈[0,T ] is a non-homogeneous Poisson process with an intensity function λ = λ(t) > 0. The idea is
to consider arbitrary algorithms based on a finite number of observations of the Poisson process, and some
of the results presented in this talk were describing the exact convergence rate of the minimal errors that
can be achieved by this type of method. Two different classes of methods were studied, using equidistant
and nonequidistant sampling for the process N . It was shown that methods based on nonequidistant meshes
are more efficient than those based on the equidistant sampling. Methods based on a regular sequences of
discretizations and algorithms that use adaptive step-size control were also discussed.

Construction of high-dimensional point sets and sequences
The last day started with Art Owen’s talk on the construction of low-discrepancy point sets and sequences over
spaces other than the usual unit hypercube. He described a generalization of the van der Corput sequence
from the unit interval to general volumes, using the triangle as an example. From there, he showed how
higher-dimensional constructions can be obtained by taking Cartesian products, and provided discrepancy
bounds for the corresponding sequences. The talk also discussed the generalization of scrambled nets to such
spaces and provided results for the variance of the correponding estimators, assuming a certain smoothness
for the integrand.

A construction that shares properties with scrambled nets but is not formally within the realm of low-
discrepancy point sets is Latin Hypercube Sampling. In Natalie Packham’s presentation we heard about a
modification to this sampling mechanism whereby vectors of random variables that have a certain dependence
structure can be sampled. The properties of the corresponding estimator were derived, among other things
allowing for the construction of confidence intervals for the quantities of interest. Numerical comparisons
between this approach and QMC-based ones were provided on an example from finance.

The van der Corput sequence and its multidimensional extension to Halton sequences were the main topic
discussed in Roswitha Hofer’s presentation. Different ways of extending the definition of these sequences
were reviewed. The first reviewed extensions were those based on the use of a different mapping to be applied
within the reverse-digital expansion; the second ones were those based on varying the numeration system, for
example via the use of Cantor expansions, as has been done by other authors. A new idea in that direction
was presented, making use of formal u/v-adic expansions, and for this extension a discrepancy bound was
provided. Another new class of extensions was discussed, using the idea of replacing the ring of integers by
a ring of polynomials over a finite field. In this new representation, an interesting question is that of choosing
appropriate polynomials uj(X), vj(X) for each dimension j = 1, . . . , d that are required to define this type
of sequence. Discrepancy bounds were given in that context as well.

We had another talk on Halton sequences, although going in a quite different direction where the goal
is to study a randomized version of these sequences based on a p−adic shift, and then studying the worst
mean-square error over a weighted anchored Sobolev space of functions. Different bounds on this error were
then established, using different assumptions on the behaviour of the weights in the function space. These
results imply, among other things, that there exist shifts for which the corresponding shifted Halton sequence
has an optimal convergence rate for its error. Based on this, a constructive method to find these shifts based
on a component-by-component approach was presented.

The presentation by Daniel Rudolf was not directly connected to the construction of low-discrepancy
sequences, but rather to the concept of discrepancy itself (and the related concept of dispersion) and more
specifically to the problem of finding the largest empty box amidst a point set. An important issue is to
determine how this quantity depends on the dimension of the space and the number of points in the point
set. After reviewing known results on this question, a new result improving the known lower bound was
presented, with an insightful presentation of the main steps of the proof for this result.

The talk by Friedrich Pillichshammer was focusing on point sets and sequences whose Lp-discrepancy
achieve the optimal rate of convergence. After reviewing known results on lower bounds for this type of
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discrepancy, the case of symmetrized van der Corput sequences in one dimension was examined. Results
showing the existence (and the fact that a construction can be found) for sequences in d dimensions achieving
the optimal rate of (logN)d/2 were presented as well. He then discussed the Lp discrepancy of order 2 digital
(t, d)-sequences over F2, showing they could achieve the optimal rate as well (up to a constant depending
on t). Finally, results extending the ones presented for Lp-norms to other norms such as the L∞ norm were
presented .

3 Outcome of the Meeting
The meeting was very much seen as a success by everyone who attended, with many participants expressing
the desire that another BIRS workshop be organized in the future to enable the type of information-sharing
and enlightening discussions that took place at this workshop, also commenting on the beautiful and inspiring
venue. The PhD students and postdoctoral researchers who have attended felt quite privileged to have had the
chance to attend the meeting, present their work (in some cases) and have a chance to discuss informally their
work with experts in their research area. Several small groups of researchers who regularly work together
took the opportunity enabled by the not-so-packed schedule to advance their common projects, while new
collaborations were formed among participants. The latter were enabled by the fact that as organizers, we
made sure to invite a large enough number of people who are outside the more common circles attending
other workshops and conferences in our research area. In conclusion, we certainly feel that the workshop
produced the results that we wanted and are very happy with the outcome.
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