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Theory:

-linear problem, Riemann-Hilbert probleior multiply connected
domains, generalized method of Schwarz, Poincaréssé&chwarz -
Christoffel Formula

Applictions:

Effective conductivity tensor for regular and rand2D structures,
stir casting process, memory of stirring, Maxweéjgroach for
composites.
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R-linear problem

Consider a domaib in the complex plane andD , the comple-

ment ofD D to { }

D
D L
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Given Holder continuous functiomast , bt andct on the Lyapunov
curvelL D .Tofind (2 and z analyticinD andD , respec-
tively, continuous in the closures of the considetemains with the

- linear condition

t at t bt t ct,t L. ()

Riemann-Hilbert problem:

t t t t ct Re t t Rect ( )
Perfect contact between materials: u , 4 inonL

()

at ——, bt ——,Ct constant.
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L.G. Mikhajlov (1963)
Let S, denote the norrof the singular integral operator L. Always,

S, 1.
1 & bt
I 2p|at|

vergence) applied to an integral equation assatiatdh -linear prob
lem can be applied (Schwarz's alternating method).

1, the method of sucessive approximations (abschite

B. Bojarski & V. Mityushev (2013)

The method of sucessive approximations can beepli
bt | |at | (absolute convergence).

V. Mityushev (1996, 1998)
bt | |at | (uniformconvergence).
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Poisson formula for a disk

Consider the unit diskl: {|z| 1} inthe complex plane. Let
z re . The function

1 1 |7°
uz 3 | Z|21‘

solves the Dirichlet problerior the unit disk

uz fz, |z| 1.
The Dirichlet problenfor | z | 1 has the solutiorg( %
1 1Z2° 1
Uz 2 |z 1/ f

Schwarz's operator for the unit disk
( u v

1 z
zZ 5 f
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Riemann-Hilbert problem for multiply connected domains

Consider mutually disjoint disd3x« z |z a| r,k 1,2, ..n,
in the complex plane, \ ¢ ; Dk D

O

Given Holder continuous functionst 0 andht. To find a func-
tion (2) analytic in continuous in with the following bounéd
ary condition

Ret t ht on |t ag ro,k 1,2, ...n.
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Schottky groups:

2 u . . .
Z k. % ax - Inversion with respect to the circle a| r.

Introducez i i, ,.ky ©  Z ky1kma2oks K+ WhICh can be written in the
form

_ ajz bj _ ajz bj

J CjZ dj’ 2 ! JZ CjZ dj’ 2 1’
ajdj-bjcj 1, mis the level of j-

OZ 21 1Z 211 22 22,---;nz Zn, nlz 2211

n2<2 Z 31,...
jzofevenlevel, : 2z ofodd level
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LetH z be a meromorphic function. The Poincagg series
2qZ 1 , H jz ¢z dj *d

The series , z is always uniformly convergent. More precisely
(Mityushev V. 1998):

Theorem. Let arational function H z has poles only at regular
points of K. Then the Poincaré , series converges
uniformly in every compact subset of D{limit points of }.

Remark. All the previous results contain a geometricalmeson to
get the absolute convergence. This theodemonstrate that it is a
redundant condition for the uniforaonvergence.
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Schwarz - Christoffel Formula for Multiply Connected Domains
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Ret a t lon|t a| rv k 1,2,..,n.
PreSchwarziart z ‘;; satisfies the  problemand
fz ‘exp -z ‘S  m m L

n Mn  Zm Z 1m2 n Am Zy im 2
n Am Zy im 2
k 1 k]_ k z|m Wklk
( n a W n A Wy }
k1a z k1 kkz 7

V. Mityushev (2011, 2012)
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Applications: effective properties of random composites

Traditional Scheme of the RVE from WikipediA

Square array Unit cell
Cross-sectional view of continuous
fiber reinforced composites
Hexagonal array Unit cell

This scheme contraducts to the principle of theeewmél properties for regular
locations of inclusions (Berlyand & Mityushev 20@D05, 2015).
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RVE (representative volume element)

Proper interpretation of the- particle problem in the plane:
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Dilute case based on Maxwell's approach for cladWityushev & Adler (2002):
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Problems ( )and ( ) in a class of periodic functions. Random media

to write exact or approximate solution to the cspending
( ) problemin analytic form; the parametedig andry are
Included in the corresponding formula in symbobonh;
to write the desired physical parameter, for instatie
effective conductivity, in analytic fordke =

ai, a, ..., a,, I, where for simplicityry r;
to treat the centers of inclusiomns, a,, ..., a, as random
variables in the periodicity cel), i.e., the probabilistic
distributions ofa, are properly defined; for instance,
ai, a, ..., a, can be uniformly distributed with the
additional condition ax a,, 2r fork m(uniformnon-
overlapping distribution)
to calculate the mathematical expectatiom,, ay, ..., an; r
over the given distribution.
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Remark 1. The effective conductivity of random composites
(a1, @, ..., @y, I gives the effective conductivity of the class ofrposites
represented by the given probabilistic distributodnay, a,, ..., a, .

Remark 2. Symbolic - numerical computations of by the Monte Carlo
method can give an acceptable result only for cieffitly largen and the num-
ber of experimentdyl (the number of statistical realizations of

ai, &, ..., a8y ). For uniform non-overlapping distribution, 64 and

M 1500 yields the precision 3% in the coefficiemts of expanded in the
concentrationn 100 andM 1500 yields the precision 2%.

Remark 3. The modern pure numerical methods do not satigti sequires.
More precisely, the known results are devoted &xisp or to general configura
tions but for not large concentrationsr for small contrast parameter

Remark 4. The superposition principle (self consistent mef)apives suffi-
ciently precise results for smallor .
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Fractal character of the level lines

S.D. Ryan, V.Mityushev, V.Vinokur, L.Berlyand, Raydh approximation to ground state of
the Bose and Coulomb glasses, Scientific Repodfyid, 2015 (to appear)
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N. Rylko, Fractal local fields in random composjt€emputers and Mathematics with Applica
tions, 2015 (to appear)
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Conjugation conditions: u u
boundary of inclusions (1)
Quasi-periodicity conditions:uz 1 Uz 1,

uz > Uz Re . Externalfieldis applied in the

X direction.
- linear problem in a class of periodic function:

: - - on the

t Kk 1 Kkt |t a| Ik
k 1,2, ..,n

1 1 is the contrast parameter
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The - linear problems reduced to the functional equa-
tions for | z "« Z

m Z

n
k1 mm Zam m Kzam m XK 1

|z am| ! rmm 1,2, ...,n

Theoreml. The systenof functional equations has a
unigque solution in a Banach space. This solutionlza
found by the method of successive approximations.
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Eisenstein-Rayleigh lattice sums and Eisenstein fun ctions (1848)

1
Ekz r'nl’m2 7 ml mzk, k 1, 2, 3, nas

Constructive formulas:
E,z Z Sz BEpz "z s,

Eklz %E'k Z,k 2,3, ceey

where (z) and" (2) are the Welerstrass functions (1854).

The systematic investigation of the double periqutab-
lems by Welerstrass functions (series and integyaé-

tions) begun frontilshtinsky (1968, see his books 1972,
1992, 2007 and papers).
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X Xy
Effective conductivity tensor e:( ¢ ]

X X n
€ eylzvklkak,

wherev Is the area fraction of inclusions. Introduce the

values
P1...P ™

n

Epl dm  d Epz Ay A, e
m,k,...,Ku

CM 1Epl\/l ale a'kl\/l’
whereCM 1 s the operator of complex conjugation. Then

e 1 2 v 2 S,Ap WV
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0.4

-0.4

A 2 3 2
n
— — E, ak, ak, for isotropic composites
N™ Kok 4

A 3

2 2 1 il

2 13 2, 2 — n_3 E, dk, Ak, = dg, dk,

Ko,K 1,K 2

2.31326 2
A 4 1 2 2 3,3 32,22
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‘1.02069 2 3.62652 3

1 2
45 6

2 3 3,3, 2 2,3,3

A5 4, 4

‘4.21634 2 204138 3 8.24068 4

1 2
A 6 53 24 5 5
6 3 4, 4,2 3, 4,3
2 4 3,32 2 2.3,3,2

7.73167 2 8.43267 3 7.24832 ¢

42,2,2,2

145795 °
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A7

7.15993
33.1164

2

4

15.4633 3

e

181.633 ° 31.1353

1 2 v 2v?2 2

2

6

p 3

Ap vP
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e 1 2 v 2v? ?
462652v 3 3 v4 204138 3 7.25304 ¢

v® 8.43267 3 4.08276 16.4814 °
vl 154633 3 16.8653 4 14.4966 ° 29.159 °
v/’ 14.3199 3 30.9267 4

66.2327 ° 363.267

N

(o))

62.2707

Maxwell approach for dilute composites (effectivedium
approximations, differential schemes, self-consisteethods) gives
results up to v3 (Mityushev and Rylko (1999, 2013)).
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Regular array. Exact formulMityushev V (2006, 200€):

. v 1 2 Vv oAnrs Mrem

where
1 2 2n
A X 2 2, A X nO#Zn&nlx ,
Amx y
2n, 2 2n3 2Nm 1 2 4 2 2N N...n
n 0 Ny 0--- Nm 1 O#an # ...#anz #anlsz nl 1 X 1 2 m 1

2n
#o 2| 2n12n -
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Approximate (exact) formula for uniformly non-overl apping distribution

Czapla R., Nawalaniec W., Mityushev V. (20

12). Wnmh non-overlapping distribution
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Concentration 0.7;

n €22 €33 €2222 Re €332 €2332 €44 €55
4 | 9.8935 0.5294 |98.2476 5.2338 5.2688 0.3422 3.1909
9 | 9.9885 0.4387 101.2540 4.5185 5.5815 0.7710 3.5318
16 |10.0216 0.4117 102.6160 3.9551 5.3125 0.9270 3.7053
25 [10.0440 0.3964 103.3690 3.6425 5.1069 0.9837 3.8081
36 [10.0485 0.3971 103.5690 3.5913 5.0543 1.0265 3.8126
49 110.0608 0.4017 103.8980 3.6403 5.1274 1.0569 3.8632
64 |10.0566 0.4023 103.8200 3.6406 5.1147 1.0751 3.8518
81 [10.0508 0.4048 103.7240 3.6566 5.1359 1.0853 3.8512
100 [10.0599 0.4083 103.9320 3.6891 5.1724 1.0939 3.8596
1 2 2 2 2 3 458 3 036 ° 058 ¢
4 545 3 7 4 57 > 41 6 5 263 3 115 4 94 > 713 6
6 029 3% 66 4 6.13 > 564 6




2015-BIRS-Banff.nb

31

Padeé approximations for= 1 (perfect conductor):

3.313 3.299 0.001 0.014 |
- 0.9095 1.241 2 0912 0.076

N

12

‘0.9069

This yields a newphysical method based on the problemto solve
the pure geometrical probleafithe optimal packing (Mityushev
2013, 2015).
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Normalization group theory, S. Gluzman, V. Mityush@/.
Nawalaniec (2015):

0.88069:
e 43

V
V12

(1 3.32054v _5.47416/4 9.91426/° 6.48521*
1 2.8847.v 4.7299'v* 8.9287:v?

)43
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New approach for RVE (Mityushev (2006)) :
The main point of the ne®RVE theory:

Two cells are equivalent if they have the samedmsisms.
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Basic sums (due to P. Kurtykald. Ry ko (2013), AlS - 10%SIC)

Stirred:e, 2.928 + 0.295

€22 €33 €2222 €44
theory 10.060 0.408319 103.9329 1.0939

data 2 34.101 82.10374 2779.583 1169.19
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Q. Grimal, K. Raum, A. Gerisch, P. Laugier (201chrtical bone section:

b .o.. °. .‘: ;"..‘. .°.:
o.-.. o o ... . 'o. .°.' '.'
e ®* .+ -%.0 .
o . @ 4 [ ) . o . ..
- Qo0
o ® .. - @ o ... e L
o '.oo..';..:.',' o
.bo.o.°. .. °
®o .0 o ®. .7
et .. ® .o
‘.: o'.' Lo °* @
e, 1.809 0.498
€22 €33 €2002 €44
theory 10.060 0.408319 103.9329 1.0939
data 1 16.496 17.93679 {161.2028 68.458




