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R-linear problem

Consider a domain D�  in the complex plane �  and D� , the comple-
ment of D� � � D�  to � � { � } 

D�

D�

L
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Given Hölder continuous functions a�t�, b�t� and c�t� on the Lyapunov 
curve L � � D� . To find  � � (z) and � � �z� analytic in D�  and D� , respec-
tively, continuous in the closures of the considered domains with the 
� - linear condition

� � �t� � a�t� � � �t� � b�t� � � �t� � c�t� , t � L. (� )

Riemann-Hilbert problem:

� �t� � � �t� � � � �t� � � � �t� � c�t� 	 Re� �t� � � �t� � Rec�t� (�� )

Perfect contact between materials: u� � u� ,  � � � u�

� n � � � � u�

� n  on L


(� ).

a�t� � � � � � �

2 ,   b�t� � � � � � �

2 , c�t� � constant.
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L.G. Mikhajlov (1963)

Let Sp denote the norm of the singular integral operator in Lp. Always, 
Sp � 1.  

If 
1� Sp

2
b�t�
a�t� � 1, the method of sucessive approximations (absolute con-

vergence) applied to an integral equation associated with � -linear prob-
lem can be applied (Schwarz's alternating method). 

B. Bojarski &  V. Mityushev (2013) 

The method of sucessive approximations can be applied if 
b�t� � a�t�  (absolute convergence).

V. Mityushev (1996, 1998) 

 b�t� � a �t�  (uniform convergence). 
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Poisson formula for a disk

Consider the unit disk U:� { z � 1}  in the complex plane � . Let 
z � r e�  . The function 

u�z� � 1
2 � � ��

� 1� z 2

� �  � z 2 f �� �  � � 

solves the Dirichlet problem for the unit disk

u�z� � f �z�, z � 1.

The Dirichlet problem for z � 1 has the solution (z � 1
z �

u�z� � 1
2 � � ��

� z 2� 1
z� ��  � 1 2 f �� �  � � 

Schwarz's operator for the unit disk 

(� � u � � v�

� �z� � 1
2 � � ��

� � �  � z
� �  � z

f �� �  � � 
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Riemann-Hilbert problem for multiply connected domains

Consider mutually disjoint discs Dk � �z � � : z � ak � rk�, k � 1, 2, ...,n, 
in the complex plane � ,  � � � \ � k� 1

n �Dk � � Dk�

�
r k

ak

Given  Hölder  continuous  functions  � �t� � 0  and  h�t�.  To  find  a  func-
tion � (z) analytic in �  continuous in � � � �  with the following bound-
ary condition

Re� �t� � �t� � h�t� on t � ak � rk, k � 1, 2, ...,n . 
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Schottky groups:

z�
�k� :� rk

2

z� ak
� ak    - inversion with respect to the circle  t � ak � rk .   

Introduce z�
�km km� 1...k1� :� �z�

�km� 1 km� 2...k1��km

� , which can be written in the 

form

� j�z� �
a� j z� b j

c j z� d j
, m � 2 � ,        � j�z� �

a� j z� b j

c j z� d j
, m � 2 � � 1,   

a� jd j-b jc j � 1,   m is the level of � j.

� 0�z� � z,  � 1�z� � z�
�1�,  � 2�z� � z�

�2�, ..., � n�z� � z�
�n�, � n� 1�z� � z�

�21�,  
� n� 2�z� � z�

�31�,...

� :� � � j�z� of even level�,   � :� � � j�z� of odd level�
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Poincaré series

Let H�z� be a meromorphic function. The Poincaré  2q � series 

 2q�z� :� 	 � j� � H
� j�z�� �c j z� d j� � 2q          

The  series    2�z� is  always  uniformly  convergent.  More  precisely
(Mityushev V.  1998):

Theorem.Let a rational function H�z� has poles only at regular
points of K. Then the Poincaré� 2 � series converges

uniformly in every compact subset of D� {limit  points of � }.

Remark. All the previous results contain a geometrical restriction to 
get the absolute convergence. This theorem demonstrate that it is a 
redundant condition for the uniform convergence.
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Schwarz - Christoffel Formula for Multiply Connected Domains

 f : � � P

�
r k

ak
�

P
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 Re�t � ak� � �t� � � 1 on t � ak � rk, k � 1,2, ..., n .

PreSchwarzian  S�z� � f '' �z�
f ' �z�  satisfies the ��  problem and   

f �z� � �
zexp� �� � � � ;    � �z� � �

zS�� � � � ;   � l m � � l m � 1;

exp� �z� � � m� 1
n � l � 1

Mm  � zl m� z
zl m� w � � l m�2� � k� 1

n �
zl m� z�k�

�

zl m� w�k�
� �

� l m�2
� �

� � k� 1
n � k1� k �

zl m� z�k1 k�
�

zl m� w�k1 k�
� �

� l m�2
� ...� �

(� k� 1
n ak� w

ak� z ��� k� 1
n � k1� k

ak� w�k�
�

ak� z�k�
� �  ...}

V. Mityushev (2011, 2012)
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Applications: effective properties of random composites

Traditional Scheme of the RVE from WikipediA

This scheme contraducts to the principle of the extremal properties for regular 
locations of inclusions (Berlyand & Mityushev 2001, 2005, 2015). 
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RVE (representative volume element)

Proper interpretation of the n - particle problem in the plane: 
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Dilute case based on Maxwell's approach for clusters Mityushev & Adler (2002):
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Problems ( � ) and ( �� ) in a class of periodic functions. Random media

� to write exact or approximate solution to the corresponding 
(� ) problem in analytic form; the parameters ak and rk are 
included in the corresponding formula in symbolic form;  

� to write the desired physical parameter, for instance the 
effective conductivity, in analytic form like �  = 
� �a1, a2, ..., an; r�, where for simplicity rk � r;

� to treat the centers of inclusions  a1, a2, ..., an as random 
variables in the periodicity cell Q, i.e., the probabilistic 
distributions of ak are properly defined; for instance, 
�a1, a2, ..., an�  can be uniformly distributed with the 
additional condition  � ak � am � � 2 r for k � m (uniform non-
overlapping distribution)

� to calculate the mathematical expectation � � �a1, a2, ..., an; r��  
over the given distribution.
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Remark 1. The effective conductivity of random composites 
� � (a1, a2, ..., an; r��  gives the effective conductivity of the class of composites 
represented by the given probabilistic distribution of �a1, a2, ..., an�.

Remark 2. Symbolic - numerical computations of � � �  by the Monte Carlo 
method can give an acceptable result only for sufficiently large n and the num-
ber of experiments, M (the number of statistical realizations of 
�a1, a2, ..., an�). For uniform non-overlapping distribution, n � 64 and 
M � 1500 yields the precision 3% in the coefficiemts of  � � �  expanded in the 
concentration. n � 100 and M � 1500 yields the precision 2%.

Remark 3. The modern pure numerical methods do not satisfy such requires. 
More precisely, the known results are devoted to special or to general configura-
tions but for not large concentrations �  or for small contrast parameter  . 

Remark 4. The superposition principle (self consistent methods) gives suffi-
ciently precise results for small �  or  . 
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Fractal character of the level lines

S.D. Ryan, V.Mityushev, V.Vinokur, L.Berlyand, Rayleigh approximation to ground state of 
the Bose and Coulomb glasses, Scientific Reports, Nature, 2015 (to appear)
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N. Rylko, Fractal local fields in random composites, Computers and Mathematics with Applica-
tions, 2015 (to appear)
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� 2

2

� 1

2Q Q�� 1

Q�� 1�� 2

Q�� 1�� 2Q�� 2

Q�� 2Q�� 1�� 2

Q�� 1

Q� 2 � 1� �

Q�� 1�� 2

Q� 2 � 1�� 2
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Conjugation conditions:    u� � u� ,    � � � u�

� n � � � � u�

� n  on the 
boundary of inclusions (� � � 1)

Quasi-periodicity conditions:    u�z� � 1� � u�z� � � 1,    
u�z� � 2� � u�z� � Re� 2. External field is applied in the 
x � direction. 
� - linear problem in a class of periodic functions:

� �t� � � k�t� �  � k�t� � t, t � ak � rk,

k � 1, 2, ...,n.

 � �� � 1� � �� � 1�  is the contrast parameter
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The � - linear problem is reduced to the functional equa-
tions for � k�z� � � 'k �z� 

� m�z� �

	 k� 1
n  	 m1, m2

� � rk

z� ak� m1�� m2
�2 � k�

rk

z� ak� m1�� m2
� ak� � 1

 

  

z� am ! rm, m � 1, 2, ...,n.   

Theorem 1. The system of functional equations has a 
unique solution in a Banach space. This solution can be 
found by the method of  successive approximations.
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Eisenstein-Rayleigh lattice sums and Eisenstein fun ctions (1848)

Ek�z� � 	 m1, m2

1
�z� m1�� m2�k , k � 1, 2, 3, ...

Constructive formulas:
E1�z� � � �z� � S2 z,   E2�z� � " �z�� S2,   
Ek� 1�z� � � 1

k E'k �z�, k � 2, 3, ..., 

where � (z) and " (z) are the Weierstrass functions (1854). 

The systematic investigation of the double periodic prob-
lems by Weierstrass functions (series and integral equa-
tions) begun from Filshtinsky (1968, see his books 1972, 
1992, 2007 and papers). 

2015-BIRS-Banff.nb 22



Effective conductivity tensor  � e= 
� e

x � e
xy

� e
xy

� e
y

� e
x � �� e

x y � 1 � 2  v 	 k � 1
n � k�ak�,

where v is the area fraction of inclusions. Introduce the 
values

� 
p1 ... p M�

� �
m,k0,...,kM

n

Ep1 �am � ak1� Ep2 �ak1 � ak2� ...

CM � 1 EpM �akM � 1 � akM � ,

whereCM � 1 � is the operator of complex conjugation. Then

� e � 1 � 2  v � 2  	 p� 2
� A
 p� vp
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-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4

A� 2� �
�

� n2
� � 2� �

�
�

1

n2
�

k0,k 1

n

E2 � ak0 � ak1 � � � � for isotropic composites �

A� 3� �

� 2

� 2 n3
� � 2, 2 � �

� 2

� 2

1

n3
�

k0,k 1,k 2

n

E2 � ak0 � ak1 � E2 � ak1 � ak2 �

2.31326 � 2

A� 4� �
1

� 3 n4
� � 2 � 2 � � 3, 3 � � � 3 � � 2, 2, 2 � �
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1.02069 � 2 � 3.62652 � 3

A� 5� �
1

� 4 n5
� 6 � 2 � � 4, 4 � �

2 � 3 � � � 3, 3, 2 � � � � 2, 3, 3 � � � � 4 � � 2, 2, 2, 2 � �

4.21634 � 2 � 2.04138 � 3 � 8.24068 � 4

A� 6� �
1

� 5 n6
� � 24 � 2 � � 5, 5 � �

6 � 3 � � � 4, 4, 2 � � � � 3, 4, 3 � � � � 2, 4, 4 � � �
2 � 4 � � � 3, 3, 2, 2 � � � � 2, 3, 3, 2 � � � � 2, 2, 3, 3 � � �
� 5 � � 2, 2, 2, 2, 2 � �

7.73167 � 2 � 8.43267 � 3 � 7.24832 � 4 � 14.5795 � 5
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A� 7� �
1

� 6 n7
� 120 � 2 � � 6, 6 � � 24 � 3

� � � 2, 5, 5 � � � � 3, 5, 4 � � � � 4, 5, 3 � � � � 5, 5, 2 �� �
6 � 4 � � � 2, 2, 4, 4 � � � � 2, 3, 4, 3 � � � � 3, 3, 3, 3 � �

� � 2, 4, 4, 2 � � � � 3, 4, 3, 2 � � � � 4, 4, 2, 2 � � �
24 � 5 � � � 2, 2, 2, 3, 3 � � � � 2, 2, 3, 3, 2 � � � � 2, 3, 3,

2, 2 � � � � 3, 3, 2, 2, 2 � � � � 6 � � 2, 2, 2, 2, 2 � �

7.15993 � 2 � 15.4633 � 3 �

33.1164 � 4 � 181.633 � 5 � 31.1353 � 6

� e � 1 � 2 � v � 2 v 2 � 2 � 2 � �
p� 3

7

A� p� vp
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� e � 1 � 2 � v � 2 v 2 � 2 �

4.62652 v 3 � 3 � v4 � 2.04138 � 3 � 7.25304 � 4� �

v5 � 8.43267 � 3 � 4.08276 � 4 � 16.4814 � 5� �

v6 � 15.4633 � 3 � 16.8653 � 4 � 14.4966 � 5 � 29.159 � 6� �

v7 � 14.3199 � 3 � 30.9267 � 4 �

66.2327 � 5 � 363.267 � 6 � 62.2707 � 7�

Maxwell approach for dilute composites (effective medium 
approximations, differential schemes, self-consistent methods) gives 
results up to O� v3�  (Mityushev and Rylko (1999, 2013)).
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Regular array. Exact formula (Mityushev V (2006, 2008) ):

� xx � � � xy � 1 � 2  v 	 m� 0
� Am�r2�  m r2 m,

where 

A1�x� � � � 1 2 � �� � 2�, A2�x� � 	 n� 0
� # 2 n

�2� S2 �n� 1� x2 n, 

Am�x� �

	 n1� 0
� 	 n2� 0

� ... 	 nm� 1� 0
� # 2 n1

�2 n2� 2� # 2 n2

�2 n3� 2� ...# 2 nm� 2

�2 nm� 1� 2� # 2 nm� 1

�2� S2 �n1� 1� x2 �n1� n2...� nm� 1�

,

 # 2 l
�2n� � C2 l� 2 n� 1

2 l S2 �n� l�.
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Approximate (exact) formula for uniformly non-overl apping distribution

Czapla R., Nawalaniec W., Mityushev V. (2012). Uniform non-overlapping distribution

� 0.4 � 0.2 0.2 0.4

� 0.4

� 0.2

0.2

0.4

ep1... pM

�
1

nM� 1 �
m,k0,...,kM

n

Ep1
�am � ak1

� Ep2
�ak1

� ak2
� ... CM � 1 EpM

�akM � 1
� akM

�

�
1

nM� 1
� 
p1 ... p M� .
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Concentration 0.7;

n e22 e33 e2222 Re e3322 e2332 e44 e55

4 9.8935 � 0.5294 98.2476 � 5.2338 � 5.2688 0.3422 � 3.1909
9 9.9885 � 0.4387 101.2540 � 4.5185 � 5.5815 0.7710 � 3.5318

16 10.0216 � 0.4117 102.6160 � 3.9551 � 5.3125 0.9270 � 3.7053
25 10.0440 � 0.3964 103.3690 � 3.6425 � 5.1069 0.9837 � 3.8081
36 10.0485 � 0.3971 103.5690 � 3.5913 � 5.0543 1.0265 � 3.8126
49 10.0608 � 0.4017 103.8980 � 3.6403 � 5.1274 1.0569 � 3.8632
64 10.0566 � 0.4023 103.8200 � 3.6406 � 5.1147 1.0751 � 3.8518
81 10.0508 � 0.4048 103.7240 � 3.6566 � 5.1359 1.0853 � 3.8512

100 10.0599 � 0.4083 103.9320 � 3.6891 � 5.1724 1.0939 � 3.8596

� � 1 � 2 � � � 2 � 2 � 2 � � 3 � 4.58 � 3 � 0.36 � 5 � 0.58 � 6� �

� 4 � � 5.45 � 3 � 7 � 4 � 5.7 � 5 � 4.1 � 6� �� 5 � 2.63 � 3 � 11.5 � 4 � 9.4 � 5 � 7.13 � 6� �

� 6 � 0.29 � 3 � 6.6 � 4 � 6.13 � 5 � 5.64 � 6�
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Padé approximations for   = 1 (perfect conductor):

� � � _� � �
3.313

� � 0.9095
�

3.299

� � 1.241
�

0.001 � 0.014 �

� 2 � 0.912 � � 0.076
;

�

12
�� N

0.9069

This yields a new physical method based on the ��  problem to solve 
the pure geometrical problem of the optimal packing (Mityushev 
2013, 2015). 
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Normalization group theory, S. Gluzman, V. Mityushev, W. 
Nawalaniec (2015):

� e � 0.880698

� �
12

� v�
4�3

1� 3.32054v� 5.47416v2� 9.91426v3� 6.48521v4

1� 2.88473v� 4.72997v2� 8.92874v3

4�3
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New approach for RVE (Mityushev (2006)) :
The main point of the new RVE theory: 

Two cells are equivalent if they have the same basic sums. 
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Basic sums (due to P. Kurtyka & N. Ry
ko (2013), AlSi9 - 10% SiC)

Stirred: e2 �  2.928 + 0.295 �

	
theory

e22 e33 e2222 e44

10.060 � 0.408319 103.9329 1.0939

data 2 34.101 � 82.10374 2779.583 1169.19

2015-BIRS-Banff.nb 36



Q. Grimal, K. Raum, A. Gerisch, P. Laugier (2011); cortical bone section:

e2 � 1.809 � 0.498 


e22 e33 e2222 e44

theory 10.060 � 0.408319 103.9329 1.0939

data 1 16.496 � 17.93679 461.2028 68.458
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