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Robert Connelly

Let p be a packing of (equal) spherical caps in the unit sphere Sd, for d > 1.
Suppose that p′ is a non-trivial infinitesimal flex of the centers of the spherical caps
such that (pi − pj)(p

′
i − p′j) ≥ 0, when disk i is touching disk j.

Problem 1. Is there an actual finite non-trivial flex of the packing where the
spherical caps do not overlap during the motion?

We conjecture yes.
Remark: For 5 equal caps, of maximal radius π/2, in the unit 2-sphere, there

is an infinitesimal and finite motion, but the disks do not move apart. They stay
in contact. If the tensegrity framework associated to the packing is infinitesimally
rigid, then general principles imply that the packing is locally rigid.

Problem 2. Could infinitesimal rigidity be replaced by prestress stability?

James Cruickshank

Problem 3. We outline a problem concerning partially affine flexes of three di-
mensional bar joint frameworks.

Let p and u be d × n matrices with real entries. We think of the columns of p
as points in Rd and the columns of u as velocity vectors associated to the points
of p. We say that u is an affine infinitesimal motion of p if there is some matrix A
and column vector b such that u = Ap + b. We say that u is a trivial motion of p
if u = Ap+ b for some skew symmetric matrix A.

Let G be a a graph with vertex set V and let W ⊂ V . Given a framework
(G, ρ), we say that the framework flexes affinely on W if every infinitesimal flex of
(G, ρ) restricts to an affine infinitesimal motion of ρ(W ). We say that (G, ρ) flexes
faithfully on W if every nontrivial infinitesimal flex of (G, ρ) restricts to a nontrivial
infinitesimal motion of ρ(W ).

Question: Does there exist a graph G with vertices labelled 1, · · · , n, such that
for every generic placement ρ : V → R3, the following three statements are all true:

• the space of nontrivial infinitesimal flexes of (G, ρ) has dimension four.
• (G, ρ) flexes faithfully on {1, 2, 3, 4, 5}.
• (G, ρ) flexes affinely on {1, 2, 3, 4, 5}.

If the answer to this is no, then
Conjecture: There is no graph G with vertices labelled 1, · · · , n, such that for

every generic placement ρ : V → R3, the space of nontrivial infinitesimal flexes of
(G, p) has dimension two, and, (G, ρ) flexes faithfully and affinely on {1, 2, 3, 4, 5}.

1



2 JULY 12 – JULY 17, 2015

Example: The complete bipartite graph K4,5 has the property that every
generic placement in R3 flexes faithfully and affinely on the part with five vertices.
In this case the space of nontrivial flexes is only one dimensional.

Example: The complete bipartite graph K5,6 has the property that every
generic placement in R4 has a four dimensional space of nontrivial flexes and it
flexes faithfully and affinely on the part with six vertices.

Motivation: If the answer to the above question is yes, then the Graver-Tay-
Whiteley conjecture concerning Henneberg extensions is false. On the other hand,
if the conjecture above is true then it would be a significant step towards a proof
of the Graver-Tay-Whiteley conjecture.

Tibor Jordan

We say that G is minimally globally rigid (in some fixed dimension) if G is
globally rigid but G− e is not globally rigid for all edges e of G.

Let G = (V,E) be a minimally globally rigid graph in d dimensions.

Problem 4. Can we prove interesting upper bounds on the size of E in terms of d
and |V |? It would be nice to have a bound, for every fixed d, which is linear in |V |.

I can prove that |E| is at most 2|V | − 4 if d = 1 (unless G is a triangle) and that
|E| is at most 3|V | − 6 if d = 2. It might be true that |E| cannot be more than
(d+1)|V | minus some constant depending on d, say (d+1) choose 2, which would
be best possible (up to the constant term).

Upper bounds on the minimum degree of G would also be interesting, in terms
of d.

Oleg Karpenkov

Finite flexibility of Kokotsakis meshes. Consider a mesh having one special
n-vertex face and a “strip” of faces attached to the special face along the perimeter,
such that any vertex of a special face is a vertex of exactly three faces in the strip.
This mesh is called a Kokotsakis mesh. Recently I.Izmestyev announced a complete
classification of square finitely flexible Kokotsakis meshes (the faces are rigid while
the edges are hinges), it consists of several types of meshes. This is suggests that
there are finitely many types of finitely flexible faces for all other n. Let us formulate
the next currently open problem in this direction.

Problem 5. Find all finitely flexible pentagonal Kokotsakis meshes.

Related literature

[1] I. Izmestiev, Classification of flexible Kokotsakis polyhedra with quadrangular base,
arXiv:1411.0289 [math.MG], 76 pp., preprint (2014).
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[2] O. Karpenkov, On the flexibility of Kokotsakis meshes, Geom. Dedicata, 147(2010), pp. 15–28.

[3] H. Stachel, A kinematic approach to Kokotsakis meshes, Comput. Aided Geom. Design, 27(6),
2010, pp. 428-437.

[4] A. Kokotsakis. Über bewegliche Polyeder., Math. Ann., 107(1), 1933, pp. 627–647.

Finite flexibility of semidiscrete surfaces. Amapping f : [a, b]×{0, 1, 2, . . . , n} →
R3, where the dependence on the continuous parameter is smooth, is called a
semidiscrete surface. Let us connect f(t, z) with f(t, z+1) by segments for all
possible pairs (t, z). The resulting surface is a piecewise ruled surface, we will call
it the n-ribbon surface.

It is known that
— a generic 1-ribbon surface has infinitely many degrees of finite isometrical

flexibility;
— a generic 2-ribbon surfaces has one degree of finite isometrical flexibility;
— a generic n-ribbon surfaces (n ≥ 3) is isometrical rigid.
Although 3-ribbon surfaces are generically rigid there are several finite flexible

examples. Since these surfaces can be obtained as limits of 3 × n meshes (whose
classification is reduced to quadrilateral Kokotsakis meshes discussed before) there
is a hope that the amount of different types of 3-ribbon surfaces is finite. So we
arrive to the following problem.

Problem 6. Find all finitely flexible 3-ribbon semidiscrete surfaces.

Related literature

[2] O. Karpenkov, Finite and infinitesimal flexibility of semidiscrete surfaces, arXiv:1004.2420
[math.DG], 37 pp., preprint (2015).

D. Kitson and S. Power

Problem 7. Let (G, p) be a generic bar-joint framework in R3 with G a (3, 3)-tight
simple graph. Is (G, p) infinitesimally rigid for the non-Euclidean norms ∥ · ∥q,
1 < q < ∞, q ̸= 2?

Wayne Lam

Problem 8. Given a triangulated 2-sphere, find a realization affinely spanning
4-space, with vertices on the 3-sphere, which is dependent.

Analogy: finding dependent realizations of triangulated 2-spheres with vertices
on a sphere (e.g. the octahedron) which are dependent.

Motivation: such a realization would project into 3-space to give a singularity
of the space of conformally equivalent realizations. In differential geometry, there
is no such immersion of a smooth sphere.
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Bernd Schulze

Problem 9. Does there exist a simplicial triangulation of the unit square [0, 1]2

which is “Area Flexible”, (i.e. the vertices of the triangulation can be moved con-
tinuously in such a way that the areas of all triangles are preserved?
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Figure 1. a) Simplicial triangulation of [0, 1]2. b) Non-simplicial
triangulation of [0, 1]2.

Of particular interest would be an area flexible triangulation of [0, 1]2 such that
the areas of all triangles are equal. (Such a triangulation necessarily has an even
number of triangles by Monskey’s Theorem.

This question was first asked by Richard Kenyon, to the best of our knowledge.

Brigitte Servatius

Problem 10. Are 6-regular random graphs asymptotically almost surely globally
rigid in dimension 3?

The conjecture is yes. By S. Tanigawa’s result it is equivalent to showing that
6-regular random graphs are a.a.s. vertex bi-rigid.

Problem 11.
Are 2d-regular Cayley graphs vertex-birigid (globally rigid) in dimension d?

Abstract rigidity matroids were introduced by Graver and got quite a bit of use
during this conference. Surprisingly, there are still open problems in dimension 2.
The 2-dimensional generic rigidity matroid is the unique maximal 2-dimensional
abstract rigidity matroid on n vertices. It would also be of interest to describe the
minimal abstract rigidity matroids. We know that all abstract rigidity matroids
on n vertices have rank 2n − 3 and that those edge sets obtained from a single
edge by a sequence of 0-extensions must therefore be bases. Any 2-dimensional ab-
stract rigidity matroid on n vertices, and hence any minimal 2-dimensional abstract
rigidity matroid on n vertices, must include these edge sets as bases. In general,
however, additional bases are necessary, as illustrated in Figure 2. B1 and B2 are
bases for any abstract rigidity matroid on seven vertices since they may be obtained
by five 0-extensions on a single edge. The basis axioms assert that B1 − e can be
augmented to a basis with an edge from B2, which, since tetrahedra are dependent,
must be B3 = B1 − e + f . Thus B3 is also a basis in any 2-dimensional abstract
rigidity matroid, but B3 is not the result of a sequence of 0-extensions of an edge
since it has no vertex of valence 2.

Problem 12. Characterize the minimal abstract rigidity matroids in dimension 2.
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Figure 2.

Walter Whiteley

Problem 13. Let G be the graph of a triangulated sphere plus 1 edge. If G is
4-connected and redundantly rigid, prove that it is globally rigid.

Problem 14. Recall bivariate spline matroids as candidates for abstract rigidity
matroids that maximize the generic one.


