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Introduction

Let Ω Ă Rn , n ě 1, be a domain with C 1,ε boundary;

σ : BΩ Ñ r0,`8r, σ P L1pBΩq;

1 ă p ă `8;
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To optimize `1pσ,Ωq with respect to the function σ.
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Let σ P L1pBΩq, σ ě 0, fixed. If v PW 1,ppΩq is a minimum, that is,

`1pσ,Ωq “ Qrσ, v s “ min
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For every σ P L1pBΩq, with σ ě 0, then:

there exists a minimizer v PW 1,ppΩq of Qrσ, ¨s, solution to pPq;

if σ ą 0 on Γ Ď BΩ and Hn´1pΓq ą 0, then `1pσ,Ωq ą 0;

`1pσ,Ωq is simple, and v has costant sign in Ω.
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with respect to σ, where σ P L1pΩq, σ ě 0
with fixed mass.
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the first nontrivial Neumann eigenvalue is bounded from above

the first Robin eigenvalue, (0 ă σ̄ ă `8) is not bounded from above

`1pσ̄,Ωq ě

ˆ

p ´ 1

p

˙p
σ̄

RΩ

´

1` σ̄
1

p´1 RΩ

¯p´1 ,

(Ω convex, RΩ inradius of Ω, Kovǎŕık 2012 (p “ 2), Della Pietra-G., 2014)
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Optimization of `1pσ,Ωq with respect to Ω, and σ constant

σ̄ ă 0: case p “ 2

Conjecture (Bareket 1977)

`1pσ̄,Ωq ď `1pσ̄,Bq,

where B is a ball with |B| “ |Ω|.

In general, the conjecture is false: @n ě 2 there exist σ̄ : |σ̄| ąą 1 and a spherical
shell G , |G | “ |B| such that

`1pσ̄,G q ą `1pσ̄,Bq (Freitas - Krejčǐŕık 2015);

the conjecture is true if n “ 2 and |σ̄| is small enough (Freitas - Krejčǐŕık 2015);

however, the ball is a local maximum (Ferone - Nitsch - Trombetti 2015)
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Theorem (Della Pietra-G.-Kovǎŕık 2015)

Let n ě 1. For any m ą 0,

Λpm,Ωq is a maximum.

There exists a unique function σm P ΣmpBΩq such
that

Λpm,Ωq “ `1pσm,Ωq.

σm can be explicitly characterized.
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Λpm,Ωq “ sup
σPΣmpBΩq

`1pσ,Ωq

Proposition

Let p ą 1, m ą 0, σ̂ P ΣmpBΩq. If û PW 1,ppΩq is such
that

`1pσ̂,Ωq “ Qrσ̂, ûs “

ż

Ω

|∇û|pdx `
ż

BΩ

σ̂|û|pdHn´1

ż

Ω

|û|pdx
,

and û is constant on BΩ, then

Λpm,Ωq “ `1pσ̂,Ωq.
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|∇û|pdx `
ż

BΩ
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To prove the existence of σ̂ for every fixed ξ P r0,ΛD
1 pΩqr, let uξ PW

1,p
0 pΩq be

the unique positive function in Ω which solves

(Paux)

$

&

%

´∆puξ “

´

ξ
1

p´1 uξ ` 1
¯p´1

in Ω,

uξ “ 0 on BΩ.

Let F : r0,ΛD
1 pΩqr Ñ r0,`8r be the following function

F pξq “ ξ

ż

Ω

´

ξ
1

p´1 uξ ` 1
¯p´1

dx .

Lemma

The function F is strictly increasing, and F pξq Ñ `8 for ξ Ñ ΛD
1 pΩq
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1

p´1 uξ ` 1
¯p´1
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Lemma

The function F is strictly increasing, and F pξq Ñ `8 for ξ Ñ ΛD
1 pΩq

Hence we can define ξ : r0,8r Ñ r0,ΛD
1 pΩqr as follows:

ξpmq “ ξm :“ F´1pmq.

For any mą0 there exists a unique uξmą0 which solves (Paux) for ξ“ξm.
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in Ω,

uξ “ 0 on BΩ.

Theorem (Della Pietra-G.-Kovǎŕık 2015)

For any m ą 0, the value Λpm,Ωq “ sup
σPΣmpBΩq

`1pσ,Ωq is achieved and

Λpm,Ωq “ `1pσm,Ωq “ ξm, σm “ ´ξm |∇uξm |p´2 Buξm
Bν

.

where uξm is the unique solution to (Paux) with ξ“ξm and σm is unique.
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Bν

.

where uξm is the unique solution to (Paux) with ξ“ξm and σm is unique.

If Ω is a ball, then the unique positive solution to (Paux) is radial. Then in this
case σm is constant:

σm “
m

|BΩ|
.
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Proposition

The maximum Λpm,Ωq verifies the following Faber-Krahn inequality

Λpm,Ωq ě Λpm,BRq,

where BR is a ball such that |Ω| “ |BR |.
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λpm,Ωq “ inf
σPΣmpBΩq

`1pσ,Ωq
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λpm,Ωq “ inf
σPΣmpBΩq

`1pσ,Ωq

The behavior of λpm,Ωq depends on p and on the dimension n.
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Optimizing `1pσ,Ωq with respect to σ: the infimum

λpm,Ωq “ inf
σPΣmpBΩq

`1pσ,Ωq

Case p ď n

Theorem (Della Pietra-G.-Kovǎŕık ’15)

If 1 ă p ď n, then for every m ą 0 we have

λpm,Ωq “ 0

and the infimum is not achieved.

Case p ą n

Theorem (Della Pietra-G.-Kovǎŕık ’15)

If p ą n, then for every m ą 0 we have

λpm,Ωq ą 0.

Moreover, λpm,Ωq is a minimum iff n “ 1.

If p “ 2, λpm,Ωq “ 0 @n ě 2, and for n “ 1 λpσ,Ωq ą 0, is achieved.
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If 1 ă p ď n, then for every m ą 0 we have

λpm,Ωq “ 0

and the infimum is not achieved.

Case p ą n

Theorem (Della Pietra-G.-Kovǎŕık ’15)
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j
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Optimizing `1pσ,Ωq with respect to σ: the infimum

λpm,Ωq “ inf
σPΣmpBΩq

`1pσ,Ωq

If n ą 1, λpm,Ωq is not achieved

By absurd Dσ̄ P ΣmpBΩq : λpm, σ̄q “ Qrσ̄, ūs,

where ū P C 0,αpΩ̄q, ū ě 0 and ū is not costant on BΩ. Let ūpx0q “ minBΩ ū. Then

ż

BΩ

σ̄ |ū|p dHn´1 ´m ūpx0q
p ą 0.

LettσjujPN Ă ΣmpBΩq :

ż

BΩ

σj |ū|
p dHn´1 Ñ m ūpx0q

p,

there exists k P N :

ż

BΩ

σk |ū|
p dHn´1 ă

ż

BΩ

σ̄|ū|p dHn´1.

Hence Qrσk , ūs ă λpm,Ωq
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σ̄|ū|p dHn´1.

Hence Qrσk , ūs ă λpm,Ωq
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p dHn´1 Ñ m ūpx0q
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σ̄|ū|p dHn´1.

Hence Qrσk , ūs ă λpm,Ωq
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Optimizing `1pσ,Ωq with respect to σ: the infimum

λpm,Ωq “ inf
σPΣmpBΩq

`1pσ,Ωq

If n “ 1, Ω “sa, br, λ1pσ,Ωq is achieved

λpm,Ωq “ `1pσa,Ωq “ `1pσb,Ωq

where σa, σb P Σmpta, buq are such that
σapaq “ m, σapbq “ 0,

and σbpaq “ 0, σbpbq “ m.
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Relaxed problem and concentration effect (p ą n)

`1pµ,Ωq “ inf
uPW 1,ppΩq

ż

Ω

|∇u|pdx `
ż

BΩ

|u|p dµ
ż

Ω

|u|pdx
, µ PMpmq,

where Mpmq :“ tset of the µ, Radon measures on BΩ such that µpBΩq “ mu.

Dpmq :“

"

µ PMpmq : D x P BΩ :

ż

BΩ

|u|pdµ “ m |upxq|p @ u PW 1,ppΩq

*

,

Dirac measures concentrated at a point of BΩ.

Theorem (Della Pietra-G.-Kovǎŕık 2015)

Let p ą n. Then for every m ą 0 there exists xm P BΩ such that

λpm,Ωq “ `1pµm,Ωq “ inf
µPDpmq

`1pµ,Ωq,

where µm P Dpmq is the Dirac measure concentrated in xm.

In general, xm is not unique; his position depends on m and on Ω.
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Relaxed problem and concentration effect (p ą n)

The behavior of convergent sequences of
txmumPN Ă BΩ for mÑ8 can be characterized.

Let

λ1px ; Ωq :“ inf

"

ş

Ω
|∇u|p

ş

Ω
|u|p

; u PW 1,ppΩq, upxq “ 0

*

,

x P BΩ.
Then

|λ1px ,Ωq ´ λ1py ,Ωq| ď C pn, p,Ωq |x ´ y |1´
n
p @ x , y P BΩ.

λ1pΩq :“ min tλ1px ; Ωq; x P BΩu .

Proposition (Della Pietra-G.-Kovǎŕık ’15)

Any convergent sequence txmumPN tends to a minimum of λ1p¨ ; Ωq for mÑ8.
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Proposition (Della Pietra-G.-Kovǎŕık ’15)

Any convergent sequence txmumPN tends to a minimum of λ1p¨ ; Ωq for mÑ8.

Dimostrazione

For every m ą 0, let pūm, µmq a minimum for λpm,Ωq, with }ūm}p “ 1:

λpm,Ωq “ Qrµm, ūms “

ż

Ω

|∇ūm|p dx `
ż

BΩ

ūpmdµm,

with µm “ mδxm , Dirac measure concentrated in xm P BΩ. Hence

λpm,Ωq “

ż

Ω

|∇ūm|p dx `m ūmpxmq
p.

Since λpm,Ωq ď λ1px ; Ωq “ inf
uPW 1,p

upxq“0

ş

Ω
|∇u|pdx

ş

Ω
|u|pdx

, @ m, @ x P BΩ

then ūmpxmq Ñ 0, mÑ `8.

16/18



Proposition (Della Pietra-G.-Kovǎŕık ’15)
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|∇ūm|p dx `
ż

BΩ
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p.

Since λpm,Ωq ď λ1px ; Ωq “ inf
uPW 1,p

upxq“0

ş

Ω
|∇u|pdx

ş

Ω
|u|pdx

, @ m, @ x P BΩ
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ūpmdµm,

with µm “ mδxm , Dirac measure concentrated in xm P BΩ. Hence

λpm,Ωq “

ż

Ω
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|∇ūm|p dx `m ūmpxmq
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Proposition (Della Pietra-G.-Kovǎŕık ’15)

Any convergent sequence txmumPN tends to a minimum of λ1p¨ ; Ωq for mÑ8.

Dimostrazione

ūmpxmq Ñ 0 per mÑ `8

ūm á ū PW 1,ppΩq X C pΩq
ñ

#

}ū}p “ 1

ūpx̄q “ 0, where xm Ñ x̄

Hence ū is an admissible test function for λ1px̄ ; Ωq, and

λ1pΩq “ lim inf
mÑ8

λpm,Ωq ě lim inf
mÑ8

ż

Ω

|∇ūm|p dx ě
ż

Ω

|∇ū|p dx

ě λ1px̄ ; Ωq ě min
xPBΩ

λ1px̄ ; Ωq “ λ1pΩq.
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|∇ūm|p dx ě
ż

Ω
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Estimates on λpm,Ωq and Λpm,Ωq

λpm,Ωq “ inf
σPΣmpBΩq

`1pσ,Ωq, Λpm,Ωq “ sup
σPΣmpBΩq

`1pσ,Ωq
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λpm,Ωq “ inf
σPΣmpBΩq

`1pσ,Ωq, Λpm,Ωq “ sup
σPΣmpBΩq

`1pσ,Ωq

Proposition (Lower bound for Λ; Della Pietra-G.-Kovǎŕık ’15)

For every p ą 1 and m ą 0 we have

Λpm,Ωq ě
m ΛD

1 pΩq
”

`

|Ω|ΛD
1 pΩq

˘1{pp´1q
`m1{pp´1q

ıp´1 ,

where ΛD
1 pΩq is the first Dirichlet eigenvalue of ´∆p in Ω
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`1pσ,Ωq

Proposition (Lower bound for λ; Della Pietra-G.-Kovǎŕık ’15)

Let p ą n. Then for every m ą 0 we have

λpm,Ωq ě
mλ1pΩq

”

p|Ω|λ1pΩqq
1{pp´1q

`m1{pp´1q
ıp´1 ,

where

λ1pΩq “ min
xPBΩ

λ1px ; Ωq “ min
xPBΩ

inf

"

ş

Ω
|∇u|p

ş

Ω
|u|p

; u PW 1,ppΩq, upxq “ 0

*
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σPΣmpBΩq

`1pσ,Ωq, Λpm,Ωq “ sup
σPΣmpBΩq

`1pσ,Ωq

Proposition (Upper bounds)

We have λpm,Ωq ď min

"

λ1pΩq,
m

|Ω|

*

, Λpm,Ωq ď min

"

ΛD
1 pΩq,

m

|Ω|

*
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Joining the upper and lower bounds, we have the following

Corollary

lim
mÑ`8

Λpm,Ωq “ ΛD
1 pΩq

lim
mÑ`8

λpm,Ωq “ λ1pΩq if p ą n.

lim
mÑ0

λpm,Ωq “ lim
mÑ0

Λpm,Ωq “ 0
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Limit case: p Ñ 1
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Limit case: p Ñ 1

Using the previous estimates we can study the asymptotic
behavior of

Λpm,Ωq “ Λpm,Ω; pq

for p Ñ 1.

It is well known that the first Dirichlet eigenvalue ΛD
1 pΩq “ ΛD

1 pΩ; pq converges to
the Cheeger constant hpΩq, that is

hpΩq “ inf
EĂΩ

PpE q

|E |
.

The bounds on Λpm,Ω; pq imply

lim
pÑ1

Λpm,Ω; pq “ min

"

m

|Ω|
, hpΩq

*

.
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Thanks for the attention!
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