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Three infinite-dimensional quantum groups

m Yangian Yj(g). Deformation of gs].
= Quantum Loop algebra U,(Lg). Deformation of g[z, z71].
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m Solve three problems about Y3;(g), Uy(Lg) and E; 1(g).

m All the results are valid for a symmetrisable Kac—Moody algebra g.

m For notational simplicity, restrict attention to g = sl, = (e, f, h).
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The Yangian Yj(g)

Yr(g) assoc. alg./C, depending on € C, Y3(9)l,—o = U(g[s])-

Generators {&,, x;", x;” }r>0, with classical limit (h — 0)

r »tr

& —hes xt—oews”  x o fes

Relations for any r,s € N

[gh gs] = 0
[€O7X:t] = :l:2Xr:|:

[X;F7X;] = EH—S

(€1, X5E] — [, x350] = £R(Ex" + x¢)

+ + +
[Xr+1vxs ] - [Xr )
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Thm (Drinfeld, Tarasov, Chari—Pressley) The simple objects
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Irreducible finite—dimensional representations of Yj(g)

(h #0)

Thm (Drinfeld, Tarasov, Chari—Pressley) The simple objects
in Repg(Yr(g)) are in bijection with unordered tuples of (not
necessarily distinct) points in C.

Irepa(Yi(a)) «— |J €7/,

n>0
Example If a1, ..., a, € C, the evaluation representation
V==C%a)® - @C%am)

is irreducible iff a; — a; # h for any i # j. If so, it corresponds
to the m—tuple {a1,...,am}.
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u):l+h2§,u*’*1 hzxi —r—1

r=0 r>0
Relations
[£(u), &(vV)] =0
() (V] = (V) — ()
1 _u—v=Eh 2h
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Yi(g) revisited: fields

Generating functions

Eu)=14+h) Gu ) =Y xFu
Relations - -
(). €] = 0
() (V] = (V) — ()
) = ) )
W) = ) W )

Prop (GTL) On V € Repgy(Yx(g)), the fields &(u), x*(u) are the Taylor
expansions at u = oo of End(V/)-valued rational functions.

V. Toledano Laredo Northeastern University



The quantum loop algebra U,(Lg)

V. Toledano Laredo Northeastern University



The quantum loop algebra U,(Lg)

Uy(Lg) associative algebra over C depending on g € C\\/1

V. Toledano Laredo Northeastern University



The quantum loop algebra U,(Lg)

Uy(Lg) associative algebra over C depending on g € C\\/1

Generators

V. Toledano Laredo Northeastern University



The quantum loop algebra U,(Lg)

Uy(Lg) associative algebra over C depending on g € C\\/1

Generators X;*, £ € Z and V¥, k €N,

V. Toledano Laredo Northeastern University



The quantum loop algebra U,(Lg)

Uy(Lg) associative algebra over C depending on g € C\\/1
Generators X;*, £ € Z and W, k € N, with classical limit (g — 1)

Xj — e®z X, — foz \IJOi ~ gth \Uik ~+(g—qg gt heztk

V. Toledano Laredo Northeastern University



The quantum loop algebra U,(Lg)
Uy(Lg) associative algebra over C depending on g € C\\/1

Generators X;*, £ € Z and W, k € N, with classical limit (g — 1)

Xj — e®z X, — foz \IJOi ~ gth \Uik ~+(g—qg gt heztk

Relations

V. Toledano Laredo Northeastern University



The quantum loop algebra U,(Lg)
Uy(Lg) associative algebra over C depending on g € C\\/1

Generators X;*, £ € Z and W, k € N, with classical limit (g — 1)
Xj — e®z X, — foz \IJOi ~ gth \Uik ~+(g—qg gt heztk

Relations \IlaL\IJa =1 and
(Wi, Wil = 0= Wi, vi

VEXEWE) T = g7 XE

V. Toledano Laredo Northeastern University



The quantum loop algebra U,(Lg)
Uy(Lg) associative algebra over C depending on g € C\\/1

Generators X;*, £ € Z and W, k € N, with classical limit (g — 1)

Xj — e®z X, — foz \IJOi ~ gth \Uik ~+(g—qg gt heztk

Relations \IlaL\IJa =1 and
(Wi, Wil = 0= Wi, vi
VEXEWE) T = g X
WZH’ - wé_JrZ’
qg—qt

+ 42y 4 +2 + +
Vi Xy — g X Vi = VX, — X Vi

[X€+7X£7] =

+ oyt 42yt ydt A2yt + oyt
XigiXor = a7 X Xipy = a7 X0 Xpy — X X,
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Irreducible finite—dimensional representations of U,(Lg)

Theorem (Chari—Pressley) The simple objects in Repgy(Ug(Lg))
are in bijection with unordered tuples of (not necessarily distinct)

points in C*.
Irrepey(Uq(Lg)) «— [ J(C™)"/&,
n>0
Example If ay,...,a, € C*, the evaluation representation

V=C¥)®- @ C3(an)

is irreducible iff ;/a; # g2, for any i # j. If so, it corresponds
to the m—tuple {a1,...,am}.
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Uy(Lg): fields

r>0 r=0
\Il(z)0 = Z VT z" 2)0 ZXi r
r>0 r>0
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Uy(Lg): fields

Y(z)>® = Z wizor XE(2)>® = ZX}Z*’
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Z)O — Z \U:rZr Z)O ZXi r
r>0 r>0

Prop. (Beck—Kac,Hernandez) On V' € Repgy(Uq(Lg)), ¥(2)>/° and
X*(2)>/0 are the exp. at z = 00/0 of rat’l functions W(z), X*(z).
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Uy(Lg): fields

Y(z)>® = Z wizor XE(2)>® = ZX}Z*’
r>0 r>0
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r>0 r>0

Prop. (Beck—Kac,Hernandez) On V' € Repgy(Uq(Lg)), ¥(2)>/° and
X*(2)>/0 are the exp. at z = 00/0 of rat’l functions W(z), X*(z).

Relations  [W(z), W(w)] =0
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Uy(Lg): fields

Y(z)>® = Z wizor XE(2)>® = ZX}Z*’
r>0 r>0

V(z)° = Z VT z" th(z)0 =— ZXfrZ’
r>0 r>0

Prop. (Beck—Kac,Hernandez) On V' € Repgy(Uq(Lg)), ¥(2)>/° and
X*(2)>/0 are the exp. at z = 00/0 of rat’l functions W(z), X*(z).

Relations  [W(z), W(w)] =0

Ad(W(2)) X (w) = mxi(wﬁ (& = ";waxi(qﬂz)
27 —w — g*2
XE(2)XE (w) = ;’mxi(w)xi(z)q:;_ﬁ(w(x’i(zf + 2z (w)?
@) )] = = (T )
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Problem # 1: relation between Y;(g) and U,(Lg)?

“Yi(g) and Uy(Lg) have the same f.d. representation theory”

Irrepeg(Yn(9)) UnZO C"/Gn,
gxpi i“"@’”’
Irrepey(Uq(Lg)) UnZO(CX)”/Gn

Theorem (Nakajima, Varagnolo) If g is simply—laced, Exp preserves
dimensions.

Caveat Exp is a set—theoretic map, not a functor.

Problem Construct a functor F : Repgy(Y5(g)) — Repey(Uq(Lg)) which
induces £xp, and an equivalence of appropriate subcategories.
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Solution. h€ C\ Q, g = e™ € C*\ V1

Theorem (Gautam-TL 2013)

Repey( Yr(g)) is an exponential cover of Repgy(Ug(Lg)).
More precisely, there is a functor

[ : Repgy(Yn(g)) — Repe(Uq(Lg))

such that
(V) =V as vector spaces (= I is exact and faithful).
I is essentially surjective.
" maps simples to simples and induces the map Exp on parameters.

I restricts to an equivalence on a subcategory C C Repgy(Yr(9))
determined by a branch of log.

Main ingredient I is governed by an abelian difference equation.
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A small computation

m V € Rep(sly) vector repr., V/(a) eval. repr. of Yj(slz), ae€ C
m w € V(a) highest weight vector

f(u)w = LH(U

u—a

m V € Rep(Ugsly) vector repr., V(o) eval. repr. of Uy(Lsl,), a € C*
m Q € V(a) highest weight vector

2,
vEz)Q=q¢192"%
zZ—
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A small computation

V € Rep(sly) vector repr., V(a) eval. repr. of Y (slp), ae C
w € V/(a) highest weight vector

{(u)w =

u+h—a
—_—w
u—a

V € Rep(Ugsly) vector repr., V(a) eval. repr. of Uy(Lsly), oo € C*
Q € V() highest weight vector

2,
vEz)Q=q¢192"%
zZ—

u+h—a 7 ¢°z—a
el 4"

u—a zZ—
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m Termwise exponentiation: z = e2mu o = g2, q= emh
m Better answeraveraging
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A small computation

V € Rep(sly) vector repr., V(a) eval. repr. of Y (slp), ae C
w € V/(a) highest weight vector

{(u)w =

u+h—a
—_—w
u—a

V € Rep(Ugsly) vector repr., V(a) eval. repr. of Uy(Lsly), oo € C*
Q € V() highest weight vector

2,
vEz)Q=q¢192"%
zZ—

u+h—a» _1¢z—a
N 4277
u—a zZ—

m Termwise exponentiation: z = e2mu o = g2, q= emh

m Better answeraveraging
1z« u+tl+h—a u+h—a u-1+h—a
q — ... . .
zZ—« u+1l—a u—a u—1—a
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mA=1+Auw -

(Symbolic) half-averages
() =Au-1DAU=2)- T (u) =AW AL+ 1)
satisfy the additive difference equation
P (u+1) = A(u)p™(u)
Theorem (Birkhoff, 1911) If the eigenvalues of Ay do not differ by

integers, there are canonical meromorphic fundamental solutions
#* : C — GL(V),which are uniquely determined by
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How to average: Additive Difference Equations (ADEs)

m A:C — GL(V) rational function
mA=1+Auw -

(Symbolic) half-averages
() =Au-1)A~-2)- ¢ (u)=Al)TAu+1)T
satisfy the additive difference equation

P (u+1) = A(u)p™(u)

Theorem (Birkhoff, 1911) If the eigenvalues of Ay do not differ by
integers, there are canonical meromorphic fundamental solutions
#* : C — GL(V),which are uniquely determined by

¢* is holomorphic and invertible for +Reu >> 0
¢ ~ (14 O(u™1))(fu)? for £Reu >> 0
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Connection (monodromy) matrix: S(u) = ¢ (u)™t - ¢ (u)

Theorem (Birkhoff, 1911)

S(u) is a 1-periodic function of v, and thus a function of z = g2mu
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Connection (monodromy) matrix: S(u) = ¢ (u)™t - ¢ (u)

Theorem (Birkhoff, 1911)
S(u) is a 1-periodic function of u, and thus a function of z = e
S(z) : P — GL(V) is a rational function of z such that
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Connection (monodromy) matrix: S(u) = ¢ (u)™t - ¢ (u)

Theorem (Birkhoff, 1911)
S(u) is a 1-periodic function of u, and thus a function of z = e
S(z) : P — GL(V) is a rational function of z such that

2wy

S(o0) = e™ = 5(0)7"
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Connection (monodromy) matrix: S(u) = ¢ (u)™t - ¢ (u)

Theorem (Birkhoff, 1911)
S(u) is a 1-periodic function of u, and thus a function of z = e
S(z) : P — GL(V) is a rational function of z such that

2wy

S(o0) = e™ = 5(0)7"

Remark. S(u) is a regularisation of

e Au+ 2)A(u + 1AW AU — D)A(u —2) -+
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Additive difference equations: example

Scalar additive difference equation

u—a

f(u—|—l):u_b

f(u)
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Additive difference equations: example

Scalar additive difference equation

flu+1)=-—

The fundamental solutions are given by Euler's Gamma function I

(v _ T(Q—-u+b)
A (OR) )

The connection matrix is

S(u) = MNu—b)T(1—u+b) _ g2miu _ g2mia gmi(b-a)
Mu—a)T(1—u+a) e?mwu— e2mb

(F(u)T(1 — u) = 7/sin(mwu)). Termwise exponentiation.

V. Toledano Laredo Northeastern University
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The functor I V € Repy(Yi(g)) ~> Ug(Lg) O V

Main idea
B Recall that £(u) € GL(V)(u), &(o0) =1
m Consider the additive difference equation

Fu+1) = £(u)F(u)

m The functor I is governed by this ADE
Action of the commutative generators \IJ;IE

V(z) — S(z) = &(u+ 1)E(u)é(u—1) -
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z

g (u)x*(u)du
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The functor I V € Repy(Yi(g)) ~> Ug(Lg) O V

Action of the generators X
mgt(u) = E(ut+2)(u+1) (reg)
wg () =&u—-1)Ew=-2)-- (reg)

XHa) )

— 8 (U)X (u)du
ct Z

m C7 encloses the poles of x*(u) and none of their Z*~translates.

m 7 lies outside exp(2m.CF).

Theorem (GTL) The above formulae define an action of U,(Lg) on V and
therefore an exact, faithful functor I : Repgy( Yr(g)) — Repw(Uq(Lg)).

Remark The inverse functor is governed by the Riemann—Hilbert problem
5(z) ~ A(u) (always solvable since [S(z), S(w)] =0).
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Tensor structures

Theorem (D. Hernandez, GTL) Repgy(Uq(Lg)) is @ meromorphic
braided tensor category.

B Vi, Vs € Repey(Uqg(Lg)) ~ V1 @¢ Va € Repgy () (Uqg(L))
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Tensor structures

Theorem (D. Hernandez, GTL) Repgy(Uq(Lg)) is @ meromorphic
braided tensor category.
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Tensor structures

Theorem (D. Hernandez, GTL) Repgy(Uq(Lg)) is @ meromorphic
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Tensor structures

Theorem (D. Hernandez, GTL) Repgy(Uq(Lg)) is @ meromorphic
braided tensor category.

B V1, V2 € Repy(Ug(Lg)) ~ V1 ®@¢ Vo € Repfd,c(g)(Uq(Lg))
B (V1 ® V2) @ Vs = V1 @i, (V2 ®c, Vs)
m @ is the (deformed) Drinfeld coproduct.

m R(\)Jl,Vz(C) W ®C Vs 5 Vo ®C_1 Vi

m R? the commutative part of the universal R-matrix of Ug,(Lg).

Theorem (GTL, arXiv:14035251)
(Repgy(Yn(9)), ®s, R%(s)) is a meromorphic braided tensor category.
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Theorem (D. Hernandez, GTL) Repgy(Uq(Lg)) is @ meromorphic
braided tensor category.

B Vi, Vs € Repy(Uq(Lg)) ~ V1 @ Va € Repfd,c(g)(Uq(Lg))
B (V1 ® V2) @ Vs = V1 @i, (V2 ®c, Vs)

m @ is the (deformed) Drinfeld coproduct.

[ R%hvz(g) V1 ¢ V> 5 Vo ®¢-1 %1

m R? the commutative part of the universal R-matrix of Ug,(Lg).

Theorem (GTL, arXiv:14035251)
(Repgy(Yn(9)), ®s, R%(s)) is a meromorphic braided tensor category.
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Tensor structures

Theorem (D. Hernandez, GTL) Repgy(Uq(Lg)) is @ meromorphic
braided tensor category.

B Vi, Vs € Repy(Uq(Lg)) ~ V1 @ Va € Repfd,c(g)(Uq(Lg))
B (V1 ® V2) @ Vs = V1 @i, (V2 ®c, Vs)

m @ is the (deformed) Drinfeld coproduct.

[ R%hvz(g) V1 ¢ V> 5 Vo ®¢-1 %1

m R? the commutative part of the universal R-matrix of Ug,(Lg).

Theorem (GTL, arXiv:14035251)
(Repgy(Yn(9)), ®s, R%(s)) is a meromorphic braided tensor category.

I+ (Repg(Yi(9)), @5, R%(5)) — (Repra(Uq(La)), @¢, R°(C))
has a (meromorphic) braided tensor structure.

Remark (2) is a meromorphic, g—deformed version of the
Kazhdan—Lusztig equivalence O, (g) — Repsq(Uq0).
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where A\ € h, R € Endy(V ® V), and h() is the ith weight on V®3.
m Solutions to the DYBE exist for all g (Felder, Etingof) ©
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Elliptic quantum groups

m Quantum groups are related to the Yang—Baxter equations on V&3
ng(u)R13(u + V)R23(V) = R23(V)R13(U + V)Rlz(u)

where R : C — End(V ® V) is meromorphic, Rio = R®1,...
m Yangians Y;(g) (resp. quantum loop algebras U,(Lg)) give rise
to rational (resp. trigonometric) solutions of the YBE.
= Elliptic soln. of the YBE only exist in type A (Belavin-Drinfeld) @
Felder ('94)
m Consider the dynamical Yang—Baxter equations

Ria(u, A — h®)Ryz(u + v, \)Ras(v, A — hD)
= Ros(v, \)Ruz(u + v, A — A®)Ryp(u, )

where A\ € h, R € Endy(V ® V), and h() is the ith weight on V®3.
m Solutions to the DYBE exist for all g (Felder, Etingof) ©
m Elliptic quantum groups are the quantum groups associated to
elliptic solutions of the DYBE (works well only in type A ®).
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Problem # 2: present elliptic quantum groups

Let Im7 > 0 and p = €®™7. Assume that ZhN (Z + 7Z) = {0}.

Idea Given V € Repgy(Uq(Lg)), use the multiplicative p—difference
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‘ O(pz) = \U(Z)C)(Z) ‘ NOT regular at 0/co (K#1)
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Action of the commuting generators ®(u) (z = e*™*¥)

O(u) — M(2) = 652(2) - K™+ 6ou(2)

Action of the raising/lowering generators X*(u,\) () € )

(0, \) — ]{ Z: ZJ’ Y Gk () () dy
" G7(2) = ¢o(p2)~" G (2) = ¢oo(2)

mO(u+1)=—0(u), O(u+71)=—e ™Te2"u0(u), (0) = 1.
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Commutation relations

Theorem (GTL) The following commutation relations in End(V)

[®(u), ®(v)] =0

AdO(u)x* () = | Xt 2n)
0(2r)0(u—v —AFh) ,
OEETITN X*(uTF b, A+ 2h)
X (A £ R)X (v, AF h) = W%i(v,)\ﬁ:h)%i(u,)\;h)
O(u—v—NO(h) .y L
iﬁ(kmh)ewi (u, A+ B)XE(u, A F h)
O(u—v+No(h) ., .
Ie(uimh)emi (v, \ £ h)XE(v,\ T h)
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Commutation Relations continued

On a weight space V[u] we have the following, if Ay + Ap = hip
_ O(u—v+X) O(u—v—2X)
+ _lu—v+A) Ou—v—2X)
AR (e 2u), 27w Xo)] = O(u — V)H(Al)q)(‘/) * O(u— v)H(Az)q}(U)

Remarks.
We have the following quasi—periodicity

O(u+1) =d(u) and d(u+7) = ef2ﬂ'bhh¢(u)
B+ 1) = ¥ (A +1) = ¥ (u. )
ffi(u +7,0) = e—ZwLAxi(u’)\)

These relations and the quasi—periodicity properties were already
worked out by Enriquez—Felder (1998), in connection with a

Drinfeld—type presentation of Felder's elliptic quantum group
Eﬁ,-vh(ﬁ[z).

V. Toledano Laredo Northeastern University



A representation category for elliptic quantum groups

V. Toledano Laredo Northeastern University



A representation category for elliptic quantum groups

Definition The category Rep(E- 1(g)) is given by

V. Toledano Laredo Northeastern University



A representation category for elliptic quantum groups

Definition The category Rep(E- 1(g)) is given by

Objects (GTL) A finite-dimensional vector space V, together with a
semisimple operator h and meromorphic End(V)-valued functions

®(u), ,X*(u, ) such that

V. Toledano Laredo Northeastern University



A representation category for elliptic quantum groups

Definition The category Rep(E- 1(g)) is given by

Objects (GTL) A finite-dimensional vector space V, together with a
semisimple operator h and meromorphic End(V)-valued functions

®(u), ,X*(u, ) such that
[h,®(u)] =0 and  [h,XE(u,\)] = £2XF(u, \)

V. Toledano Laredo Northeastern University



A representation category for elliptic quantum groups

Definition The category Rep(E- 1(g)) is given by

Objects (GTL) A finite-dimensional vector space V, together with a
semisimple operator h and meromorphic End(V)-valued functions
®(u), ,X*(u, ) such that

[h,®(u)] =0 and  [h,XE(u,\)] = £2XF(u, \)

satisfying the periodicity properties and the relations given above.

V. Toledano Laredo Northeastern University



A representation category for elliptic quantum groups

Definition The category Rep(E- 1(g)) is given by

Objects (GTL) A finite-dimensional vector space V, together with a
semisimple operator h and meromorphic End(V)-valued functions
®(u), ,X*(u, ) such that

[h,®(u)] =0 and  [h,XE(u,\)] = £2XF(u, \)
satisfying the periodicity properties and the relations given above.

Morphisms (Felder) A morphism between V and W is a meromorphic
function ¢(A) € Hom¢(V, W) such that

V. Toledano Laredo Northeastern University



A representation category for elliptic quantum groups

Definition The category Rep(E- 1(g)) is given by

Objects (GTL) A finite-dimensional vector space V, together with a
semisimple operator h and meromorphic End(V)-valued functions
®(u), ,X*(u, ) such that

[h,®(u)] =0 and  [h,XE(u,\)] = £2XF(u, \)
satisfying the periodicity properties and the relations given above.

Morphisms (Felder) A morphism between V and W is a meromorphic
function ¢(A) € Hom¢(V, W) such that

p(A)h = hp(X)
P(A)O(u) = &(u)p(A + 2h)
O(=A = )X (u, \) = X (u, \)p(=X + h)
oA =hh—m)X"(u,\) =X (u, \)o(A— hh+h)
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Problem #3: classify irreducible representations of E. ;(g)

Theorem (GTL) The simple objects in Repgy(E; 1(g)) are in bijection
with tuples of unordered points on the elliptic curve E = C/(Z + 7Z).

(L) «— | J (E)V/6n
N>0
Key issue E; ;(g) does not have a triangular decomposition.
Key ingredient Functor © : Repg(Uq(Lg)) — Repsy(Er 1 (9))-

Remark © cannot restrict to an equivalence because Repe(E; #(g)) is
defined over a larger field. However, for any branch I of C* — C*/pZ,
one can define subcategories

Cn C Rep(Ug(Lg))  and  Ln C Repgy(Ern(9))

with Ln defined over C and isomorphism dense, and © : Cqn — Lp is an
equivalence.
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