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B = µH ,
Ohm: j = σ(E + v× B) .

☛ v : Ω ⊂ R
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(reduced) Maxwell’s equations

Faraday: curl E = −∂tB ,
Ampere: curl H = j + js .

material laws

B = µH ,
Ohm: j = σ(E + v× B) .

☛ v : Ω ⊂ R
3 7→ R

3 Lipschitz continuous velocity field ∈W 1,∞(Ω)

H-based formulation:

∂t(µH)− curl(v× (µH)) + curl(σ−1 curl H) = curl(σ−1js) .

A-based formulation (vector potential, curl A = B)

σ∂t A− σv× curl A + curl(µ−1 curl A) = js .

☛

✡

✟

✠
Focus: ǫ−1 := Rm := ‖v‖µσ diam(Ω)≫ 1 ➥ transport dominates
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What Next ?

1 Generalized Advection-Diffusion Problems

2 Semi-Lagrangian Timestepping

3 Semi-Lagrangian Scheme: Pure Advection

4 SL for Advection-Diffusion: Convergence
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(E, H↔ 1-forms, B, j↔ 2-forms: Λℓ(Ω) =̂ ℓ-forms on Ω ⊂ R

d )

Recall: general 2nd-order “diffusion” boundary value problem

(−1)ℓ−1d⋆αdω = ϕ in Ω ,
t∂ ω = 0 on ∂Ω .

ω =̂ ℓ-form d =̂ exterior derivative ⋆ =̂ Hodge operator

In 3D: equivalent vector proxy formulation

ℓ = 0 : − div(αgrad u) = f → diffusion, [tons of results]
ℓ = 1 : curl(α curl u) = f → magnetostatics
ℓ = 2 : −grad(α div u) = f

The guiding principle:

A (numerical) method works well for BVPs for 0-forms

Try it/adapt it to BVPs for ℓ-forms
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∫

Φt (M)
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ℓ = 1 ✄

γ =̂ integration path

(1-form ω assigns a number to each oriented
integration path.)

γ

Φτ (γ)

Φτ
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Rate of change during transport: Material derivative
∫

M

(Dt ω)(t) :=
d

dτ

∫

Φτ (M)

ω

∣∣∣∣∣
τ=t

=

R.Hiptmair (SAM, ETH Zürich) Advection of Differential Forms Banff, Jan 18-22, 2016 5 / 26



Transport of Differential Forms

{Φt : Ω 7→ Ω}t =̂ flow map induced
by velocity v = v(x) (v · n |∂Ω = 0)

ℓ-form ω ∈ F l(Ω) =̂ mapping ω :
{

Oriented ℓ-dimensional
sub-manifolds ⊂ Ω

7→ R

ω(t) ∈ Λℓ(Ω) transported
with the flow

⇐⇒

∫

Φt (M)

ω(t) ≡ const ∀M ∈Mℓ .

ℓ = 1 ✄

γ =̂ integration path

(1-form ω assigns a number to each oriented
integration path.)

γ

Φτ (γ)

Φτ

Rate of change during transport: Material derivative
∫

M

(Dt ω)(t) :=
d

dτ

∫

Φτ (M)

ω

∣∣∣∣∣
τ=t

= lim
τ→0

1
τ

[∫
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∫
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Material derivative:
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M

(Dt ω)(t) :=
d

dτ

∫

Φτ (M)

ω

∣∣∣∣∣
τ=t

=
d

dτ

∫

M

Φ
∗
τω

∣∣∣∣
τ=t

.

pullback operator

ω on Φτ (M)

Φτ

Φ
∗
τ

M Φτ (M)

Φ
∗
τω on M
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Transport Operators

Material derivative:
∫

M

(Dt ω)(t) :=
d

dτ

∫

Φτ (M)

ω

∣∣∣∣∣
τ=t

=
d

dτ

∫

M

Φ
∗
τω

∣∣∣∣
τ=t

.

pullback operator

Local material derivative

For time-dependent differential form ω = ω(t):

Dt ω(t) =
d

dτ
Φ

∗
τω(t)

∣∣∣∣
τ=t

pullback operator

“transport theorem”

= ∂tω +

Lie derivative

Lvω .
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Material Derivatives

Dt ω(t) =
d

dτ
Φ

∗
τω(τ) |τ=t

= lim
τ→0

ω(t)−Φ
∗
−τω(t − τ)

τ
= ∂tω + Lv ω .
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Generalized Advection-Diffusion Problems

Generalized ADP for ℓ-forms:
⋆σ(∂tω + Lvω) + (−1)ℓ−1 d ⋆α dω = ϕ,

t∂ ω = 0 on ∂Ω.

R.Hiptmair (SAM, ETH Zürich) Advection of Differential Forms Banff, Jan 18-22, 2016 8 / 26



Generalized Advection-Diffusion Problems

Cartan’s “magic formula”: Lv ω = d(ıvω) + ıv(dω) .

Generalized ADP for ℓ-forms:
⋆σ(∂tω + Lvω) + (−1)ℓ−1 d ⋆α dω = ϕ,

t∂ ω = 0 on ∂Ω.

R.Hiptmair (SAM, ETH Zürich) Advection of Differential Forms Banff, Jan 18-22, 2016 8 / 26



Generalized Advection-Diffusion Problems

Cartan’s “magic formula”: Lv ω = d(ıvω) + ıv(dω) .

Generalized ADP for ℓ-forms:
⋆σ(∂tω + Lvω) + (−1)ℓ−1 d ⋆α dω = ϕ,

t∂ ω = 0 on ∂Ω.

Vector proxy incarnation in 3D (σ ≡ 1):

R.Hiptmair (SAM, ETH Zürich) Advection of Differential Forms Banff, Jan 18-22, 2016 8 / 26



Generalized Advection-Diffusion Problems

Cartan’s “magic formula”: Lv ω = d(ıvω) + ıv(dω) .

Generalized ADP for ℓ-forms:
⋆σ(∂tω + Lvω) + (−1)ℓ−1 d ⋆α dω = ϕ,

t∂ ω = 0 on ∂Ω.

Vector proxy incarnation in 3D (σ ≡ 1):

ℓ = 0:

{
∂t u + v · grad u − div(αgrad u) = f in Ω ,

u(t) = 0 on ∂Ω ,

R.Hiptmair (SAM, ETH Zürich) Advection of Differential Forms Banff, Jan 18-22, 2016 8 / 26



Generalized Advection-Diffusion Problems

Cartan’s “magic formula”: Lv ω = d(ıvω) + ıv(dω) .

Generalized ADP for ℓ-forms:
⋆σ(∂tω + Lvω) + (−1)ℓ−1 d ⋆α dω = ϕ,

t∂ ω = 0 on ∂Ω.

Vector proxy incarnation in 3D (σ ≡ 1):

ℓ = 0:

{
∂t u + v · grad u − div(αgrad u) = f in Ω ,

u(t) = 0 on ∂Ω ,

ℓ = 1:

{
∂t u + grad(u · v) + curl u× v + curl(α curl u) = f in Ω ,

u(t) × n = 0 on ∂Ω ,
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Generalized ADP for ℓ-forms:
⋆σ(∂tω + Lvω) + (−1)ℓ−1 d ⋆α dω = ϕ,

t∂ ω = 0 on ∂Ω.

Vector proxy incarnation in 3D (σ ≡ 1):

ℓ = 0:

{
∂t u + v · grad u − div(αgrad u) = f in Ω ,

u(t) = 0 on ∂Ω ,

ℓ = 1:

{
∂t u +

?

grad(u · v) + curl u× v + curl(α curl u) = f in Ω ,
u(t)× n = 0 on ∂Ω ,

ℓ = 2:

{
∂t u + curl(u× v) + div u · v− grad(α div u) = f in Ω ,

u(t) · n = 0 on ∂Ω ,

ℓ = 3:
{

∂tu + div(u · v) = f in Ω .

Recall: eddy currents in moving conductors

σ∂t A + σ curl A× v + curl(µ−1 curl A) = js .
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Magnetic Advection-Diffusion

Magneto-quasistatic model, conducting fluid moving with velocity v:

curl E = −∂t B ,
curl H = j + js ,

j = σ(E + v× B) ,
B = µH .
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transformation: Ẽ := E + v× B
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,
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B = µH .

In the language of differential forms:

Ẽ ↔ 1-form e

B ↔ 2-form b

H ↔ 1-form h
j ↔ 2-form j
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B = µH .

transformation: Ẽ := E + v× B

curl Ẽ = −∂tB− curl(v× B)− v div B︸ ︷︷ ︸
=0

,

curl H = j + js ,

j = σẼ ,
B = µH .

In the language of differential forms:

Ẽ ↔ 1-form e
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j ↔ 2-form j

d e = −∂tb− d(ıv b)

d h = j ,
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Magnetic Advection-Diffusion IBVP

d e = −Dt b , d h = j + j0 ,
j = ⋆σe , b = ⋆µh

in Ω ,

t∂ e = 0 on ∂Ω .
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in Ω ,

t∂ e = 0 on ∂Ω .

Magnetic vector potential:

a ∈ F1: d a = b ⇒ e = −Dt a (advected temporal gauge) .
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Magnetic vector potential:

a ∈ F1: d a = b ⇒ e = −Dt a (advected temporal gauge) .

⋆σDt a + d(⋆−1
µ d a) = j0 in Ω ,

t∂ a = 0 on ∂Ω , a(0) = a0 .

m

σ(∂t A + curl A× v + grad(A · v)) + curl(µ−1 curl A) = j0 in Ω ,

A× n = 0 on ∂Ω , a(0) = A0 .
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What Next ?

1 Generalized Advection-Diffusion Problems

2 Semi-Lagrangian Timestepping

3 Semi-Lagrangian Scheme: Pure Advection

4 SL for Advection-Diffusion: Convergence
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Weak Advection-Diffusion BVP

Singularly perturbed (ǫ≪ 1) BVP for ℓ-form ω = ω(t) ∈ Λℓ(Ω):

⋆Dt ω + ǫ (−1)ℓ−1 d(⋆ dω) = ϕ(t) in Ω ,

t∂ ω = 0 on ∂Ω , ω(0) = ω0 .
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Dt =̂ material derivative for velocity v : Ω 7→ R
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t∂ ω = 0 on ∂Ω , ω(0) = ω0 .

Dt =̂ material derivative for velocity v : Ω 7→ R
d , v · n = 0 on ∂Ω

Variational formulation: seek ω = ω(t) ∈ Λℓ
0(Ω)

(Dt ω, ω
′)Ω + ǫ (dω, dω′)Ω = (ϕ(t), ω′)Ω ∀ω′ ∈ Λℓ
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Dt =̂ material derivative for velocity v : Ω 7→ R
d , v · n = 0 on ∂Ω

Variational formulation: seek ω = ω(t) ∈ Λℓ
0(Ω)

(Dt ω, ω
′)Ω + ǫ (dω, dω′)Ω = (ϕ(t), ω′)Ω ∀ω′ ∈ Λℓ

0(Ω) .

Magnetic advection-diffusion: seek A = A(t) = H0(curl,Ω)

∫

Ω

Dt A · A′
dx + ǫ

∫

Ω

curl A · curl A dx =

∫

Ω

j0(t) · A
′
dx ∀A′ ∈ H0(curl,Ω) .
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Discrete Material Derivative

“Simple” difference quotient approximation:
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Discrete Material Derivative

“Simple” difference quotient approximation:

Dt ω(t) = lim
τ→0

ω(t)−Φ
∗
−τω(t − τ)

τ
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≈
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for τ > 0 .
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Dt ω(t) = lim
τ→0

ω(t)−Φ
∗
−τω(t − τ)

τ
≈

ω(t)−Φ
∗
−τω(t − τ)

τ
for τ > 0 .

Semi-Lagrangian timestepping (timestep τ > 0): seek ωn ∈ Λℓ
0(Ω)

(
ωn −Φ

∗
−τω

n−1

τ
, ω′
)

Ω

+ ǫ (dωn, dω′)Ω =
1
τ

tn∫

tn−1

(ϕ(ξ), ω′)Ω dξ ∀ω′ ∈ Λℓ
0(Ω) .

R.Hiptmair (SAM, ETH Zürich) Advection of Differential Forms Banff, Jan 18-22, 2016 13 / 26



Discrete Material Derivative

“Simple” difference quotient approximation:

Dt ω(t) = lim
τ→0

ω(t)−Φ
∗
−τω(t − τ)

τ
≈

ω(t)−Φ
∗
−τω(t − τ)

τ
for τ > 0 .

Semi-Lagrangian timestepping (timestep τ > 0): seek ωn ∈ Λℓ
0(Ω)

(
ωn −Φ

∗
−τω

n−1

τ
, ω′
)

Ω

+ ǫ (dωn, dω′)Ω =
1
τ

tn∫

tn−1

(ϕ(ξ), ω′)Ω dξ ∀ω′ ∈ Λℓ
0(Ω) .

R.Hiptmair (SAM, ETH Zürich) Advection of Differential Forms Banff, Jan 18-22, 2016 13 / 26



Discrete Material Derivative

“Simple” difference quotient approximation:

Dt ω(t) = lim
τ→0

ω(t)−Φ
∗
−τω(t − τ)

τ
≈

ω(t)−Φ
∗
−τω(t − τ)

τ
for τ > 0 .

Semi-Lagrangian timestepping (timestep τ > 0): seek ωn ∈ Λℓ
0(Ω)

(
ωn −Φ

∗
−τω

n−1

τ
, ω′
)

Ω
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Flavor: implicit Euler
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Dt ω(t) = lim
τ→0

ω(t)−Φ
∗
−τω(t − τ)

τ
≈

ω(t)−Φ
∗
−τω(t − τ)

τ
for τ > 0 .

Semi-Lagrangian timestepping (timestep τ > 0): seek ωn ∈ Λℓ
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(
ωn −Φ

∗
−τω
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τ
, ω′
)

Ω

+ ǫ (dωn, dω′)Ω =
1
τ

tn∫

tn−1

(ϕ(ξ), ω′)Ω dξ ∀ω′ ∈ Λℓ
0(Ω) .

Flavor: implicit Euler, Note: exact solution recovered for ǫ = 0!

unconditional stability !
symmetric elliptic boundary value problem to be solved in each step
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Semi-Lagrangian (SL) Discretization

Finite element Galerkin discretization on spatial mesh T :
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Finite element Galerkin discretization on spatial mesh T :
trial/test space Λℓ

h(T ) ⊂ Λℓ
0(Ω) of degree-r discrete differential forms
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tn∫
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(ϕ(ξ), ω′
h)Ω dξ ∀ω′
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h(T ) .

Limit case: ǫ = 0 =̂ pure advection

ωn
h = PhΦ

∗
−τω

n−1
h +

∫ tn

tn−1

Phϕ(ξ) dξ ,

Ph : L2Λℓ(Ω)→ Λℓ
h(T ) =̂ “L2-type” projection: (Phω, ω

′
h)Ω = (ω, ω′

h)Ω ∀ω
′
h
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Ph : L2Λℓ(Ω)→ Λℓ
h(T ) =̂ “L2-type” projection: (Phω, ω
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h)Ω = (ω, ω′
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′
h

Realization of PhΦ
∗
−τ is the pivotal issue in SL schemes.
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Limit case: ǫ = 0 =̂ pure advection
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h = PhΦ
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h +
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Phϕ(ξ) dξ ,

Ph : L2Λℓ(Ω)→ Λℓ
h(T ) =̂ “L2-type” projection: (Phω, ω

′
h)Ω = (ω, ω′

h)Ω ∀ω
′
h

Realization of PhΦ
∗
−τ is the pivotal issue in SL schemes.

Plenty of algorithmic/theoretical work on scalar advection-diffusion:
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trial/test space Λℓ

h(T ) ⊂ Λℓ
0(Ω) of degree-r discrete differential forms

Seek ωn
h ∈ Λℓ

h(T )(
ωn

h −Φ
∗
−τω

n−1
h

τ
, ω′

h

)

Ω

6∈ Λℓ
h(T )!

+ ǫ (dωn
h , dω′

h)Ω =
1
τ

tn∫

tn−1

(ϕ(ξ), ω′
h)Ω dξ ∀ω′

h ∈ Λℓ
h(T ) .

Limit case: ǫ = 0 =̂ pure advection

ωn
h = PhΦ

∗
−τω

n−1
h +

∫ tn

tn−1

Phϕ(ξ) dξ ,

Ph : L2Λℓ(Ω)→ Λℓ
h(T ) =̂ “L2-type” projection: (Phω, ω

′
h)Ω = (ω, ω′

h)Ω ∀ω
′
h

Realization of PhΦ
∗
−τ is the pivotal issue in SL schemes.

Plenty of algorithmic/theoretical work on scalar advection-diffusion:
◮ Non-uniform (in ǫ) estimates:

Pironneau (1981), Douglas & Russel (1982), Süli (1988),
Bermejo (1991), Wang, Ewing & Russel (ELLAM, 1995), Wang &
Wang (2010)
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Pironneau (1981), Douglas & Russel (1982), Süli (1988),
Bermejo (1991), Wang, Ewing & Russel (ELLAM, 1995), Wang &
Wang (2010)

◮ Estimates for pure advection (ǫ = 0):

Pironneau (1981), Dawson, Russel & Wheeler (1989), Johnson
(1992), and many works in the field of conservation laws
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Realization of PhΦ
∗
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Plenty of algorithmic/theoretical work on scalar advection-diffusion:
◮ Non-uniform (in ǫ) estimates:

Pironneau (1981), Douglas & Russel (1982), Süli (1988),
Bermejo (1991), Wang, Ewing & Russel (ELLAM, 1995), Wang &
Wang (2010)

◮ Estimates for pure advection (ǫ = 0):

Pironneau (1981), Dawson, Russel & Wheeler (1989), Johnson
(1992), and many works in the field of conservation laws

◮ ǫ-Robust estimates for advection-diffusion:

Bause & Knabner (2002), Wang & Wang (2010), Bermejo &
Saavedra (2012), all O(τ + h2 + h2/τ)
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What Next ?

1 Generalized Advection-Diffusion Problems

2 Semi-Lagrangian Timestepping

3 Semi-Lagrangian Scheme: Pure Advection

4 SL for Advection-Diffusion: Convergence
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Pure Advection: Convergence

Dt ω = ϕ
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Pure Advection: Convergence

Dt ω = ϕ ➣ ω(tn) = Φ
∗
−τω(t

n−1)+
∫ tn

tn−1 Φ
∗
τ−tnϕ(τ)dτ
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Pure Advection: Convergence

Dt ω = ϕ ➣ ω(tn) = Φ
∗
−τω(t

n−1)+
∫ tn

tn−1 Φ
∗
τ−tnϕ(τ)dτ

SL: (ωn
h ∈ Λk

h(T )) ➣ ωn
h = PhΦ

∗
−τω

n−1
h +Ph

∫ tn

tn−1 Φ
∗
τ−tnϕ(τ)dτ

Theorem Idea: Ph is L2-projection ➣ use Pythagoras:

‖ηn‖
2
:= ‖ω(tn)− ωn

h‖
2
L2 = ‖ω(tn)− Phω(t

n)‖
2
L2 + ‖Phω(t

n)− ωn
h‖

2
L2

Needed:

{

PhΦ
∗
−τωh can be computed exactly,
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Pure Advection: Empiric Convergence

Numerical Experiment: ℓ = 0, scalar advection, monitor L2-error
rotating bump on unit-circle, v = (−y , x), smooth initial data, τ = 0.8√

2
h
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Pure Advection: Empiric Convergence

Numerical Experiment: ℓ = 0, scalar advection, monitor L2-error
rotating bump on unit-circle, v = (−y , x), smooth initial data, τ = 0.8√
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2 ,

9
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continuous finite elements
10−2 10−1 100

10−12

10−8

10−4

100

r = 0
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r = 3
r = 4

O(h1,2,3,4,5)

discontinuous finite elements

Super-convergence O(hr+1)(vs. O(h− 1
2 hr+1)) except for cont. elements, r even.
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Fully Discrete SL Methods

Approximation of PhΦ
∗
−τω

n−1
h :
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Fully Discrete SL Methods
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∗
−τω

n−1
h :

(ωn
h , ηh)Ω =

(
Φ

∗
−τω

n−1
h , ηh

)

Ω
+ . . . , ∀ηh ∈ Λk

h(T )
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(
Φ
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−τω

n−1
h , ηh

)

Ω
+ . . . , ∀ηh ∈ Λk

h(T )

◮ FEM-Quadrature:
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Dangerous Quadrature

Numerical Experiment: Pure advection (ℓ = 1, d = 2) and quadrature
(
Φ

∗
−τωh, ηh

)
Ω
≈
∑

K∈T
Φ

∗
−τωhηhK ,h ωh ∈ Λ1

h(T ), lowest order .
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No convergence, why?
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Ω
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◮ FEM-Quadrature: experiment fails;
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◮ FEM-Quadrature: experiment fails;
◮ exact projection: unfeasible;

R.Hiptmair (SAM, ETH Zürich) Advection of Differential Forms Banff, Jan 18-22, 2016 20 / 26



Fully Discrete SL Methods

Approximation of PhΦ
∗
−τω

n−1
h :

(ωn
h , ηh)Ω =

(
Φ

∗
−τω

n−1
h , ηh

)

Ω
+ . . . , ∀ηh ∈ Λk
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◮ FEM-Quadrature: experiment fails;
◮ exact projection: unfeasible;
◮ approximate flow Φ̄t (x) and projection:

Φ̄t(x) =
∑

i Φ̄t,iλi (x) ∈
(
Λ0

h(T )
)d

,
with

∥∥Φt (ai)− Φ̄t,i

∥∥ = O(τm2)

⇒
∥∥∥Φ∗

−τω − Φ̄
∗
−τω

∥∥∥
L2Λk
≤ C(hm1τ + τm2) ‖ω‖H1Λk
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Corollary [Heumann, R.H.,Li,Xu] Pythagoras & perturbations:

⇒max
n
‖ω(tn)− ωn

h‖L2Λk = O(τ−
1
2 hr+1 + hm1 + τm2−1)
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+ . . . , ∀ηh ∈ Λk

h(T )

◮ FEM-Quadrature: experiment fails;
◮ exact projection: unfeasible;
◮ approximate flow Φ̄t (x) and projection:

Φ̄t(x) =
∑

i Φ̄t,iλi (x) ∈
(
Λ0

h(T )
)d

,
with

∥∥Φt (ai)− Φ̄t,i

∥∥ = O(τm2)

⇒
∥∥∥Φ∗

−τω − Φ̄
∗
−τω

∥∥∥
L2Λk
≤ C(hm1τ + τm2) ‖ω‖H1Λk

Corollary [Heumann, R.H.,Li,Xu] Pythagoras & perturbations:

⇒max
n
‖ω(tn)− ωn

h‖L2Λk = O(τ−
1
2 hr+1 + hm1 + τm2−1)
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Semi-Lagrangian Interpolation Scheme (I)

In SL scheme: replace Ph −→ nodal interpolation Ih
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ωn

h − IhΦ
∗
−τω

n−1
h

τ
, ω′

h

)

Ω

+ ǫ (dωn
h , dω′

h)Ω =
1
τ

tn∫

tn−1

(ϕ(ξ), ω′
h)Ω dξ ∀ω′

h ∈ Λℓ
h(T ) .
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Ω
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1
τ

tn∫
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(ϕ(ξ), ω′
h)Ω dξ ∀ω′
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h(T ) .

Example: ℓ = 1, lowest order FE space (edge elements)
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In SL scheme: replace Ph −→ nodal interpolation Ih
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h − IhΦ
∗
−τω

n−1
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τ
, ω′

h

)

Ω

+ ǫ (dωn
h , dω′

h)Ω =
1
τ

tn∫

tn−1

(ϕ(ξ), ω′
h)Ω dξ ∀ω′

h ∈ Λℓ
h(T ) .

Example: ℓ = 1, lowest order FE space (edge elements)

Task: evaluate
∫
Φ

−τ (e)
βj for all mesh

edges e, basis 1-forms βj

e

Φ−τ (e)

R.Hiptmair (SAM, ETH Zürich) Advection of Differential Forms Banff, Jan 18-22, 2016 21 / 26



Semi-Lagrangian Interpolation Scheme (I)

In SL scheme: replace Ph −→ nodal interpolation Ih
(
ωn

h − IhΦ
∗
−τω

n−1
h

τ
, ω′

h

)

Ω

+ ǫ (dωn
h , dω′

h)Ω =
1
τ

tn∫

tn−1

(ϕ(ξ), ω′
h)Ω dξ ∀ω′

h ∈ Λℓ
h(T ) .

Example: ℓ = 1, lowest order FE space (edge elements)

Task: evaluate
∫
Φ

−τ (e)
βj for all mesh

edges e, basis 1-forms βj

✄ straight approximation of Φ−τ (e)

e

Φ−τ (e)

R.Hiptmair (SAM, ETH Zürich) Advection of Differential Forms Banff, Jan 18-22, 2016 21 / 26



Semi-Lagrangian Interpolation Scheme (I)

In SL scheme: replace Ph −→ nodal interpolation Ih
(
ωn

h − IhΦ
∗
−τω

n−1
h

τ
, ω′

h

)

Ω

+ ǫ (dωn
h , dω′

h)Ω =
1
τ

tn∫

tn−1

(ϕ(ξ), ω′
h)Ω dξ ∀ω′

h ∈ Λℓ
h(T ) .

Example: ℓ = 1, lowest order FE space (edge elements)

Task: evaluate
∫
Φ

−τ (e)
βj for all mesh

edges e, basis 1-forms βj

✄ straight approximation of Φ−τ (e)
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Φ−τ (e)
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Semi-Lagrangian Interpolation Scheme (I)

In SL scheme: replace Ph −→ nodal interpolation Ih
(
ωn

h − IhΦ
∗
−τω

n−1
h

τ
, ω′

h

)

Ω

+ ǫ (dωn
h , dω′

h)Ω =
1
τ

tn∫

tn−1

(ϕ(ξ), ω′
h)Ω dξ ∀ω′

h ∈ Λℓ
h(T ) .

Example: ℓ = 1, lowest order FE space (edge elements)

Task: evaluate
∫
Φ

−τ (e)
βj for all mesh

edges e, basis 1-forms βj

✄ straight approximation of Φ−τ (e)

✄ detect intersection with faces of T

✄ one-point quadrature on segments

e

Φ−τ (e)
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Semi-Lagrangian Interpolation Scheme (II)

Pure transport problem:

∂ω

∂t
+ Lvω = 0 in ]0, 1[2 ,

for 1-form ω = ω(x , t).

Triangular edge elements
Smooth solution
“Time reversal velocity field”
τ ≈ h

10
−2

10
−1

10
0

10
−2

10
−1

10
0

 mesh width

 L
2 −e

rr
or

 

 

Interpolation
Quadrature
Patch
Patch2nd
Quadrature2nd
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First-order convergence (for smooth ω)
No timestep constraint enforced by stability
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Pure transport problem:

∂ω

∂t
+ Lvω = 0 in ]0, 1[2 ,

for 1-form ω = ω(x , t).

Triangular edge elements
Smooth solution
“Time reversal velocity field”
τ ≈ h

10
−2

10
−1

10
0

10
−2

10
−1

10
0

 mesh width

 L
2 −e

rr
or

 

 

Interpolation
Quadrature
Patch
Patch2nd
Quadrature2nd

First-order convergence (for smooth ω)
No timestep constraint enforced by stability

Open problem:
ǫ-robust convergence theory for SL interpolation schemes

For scalar advection (not ǫ-robust):
P. GALÁN DEL SASTRE AND R. BERMEJO, Error analysis for
hp-FEM semi-Lagrangian second order BDF method for

convection-dominated diffusion problems, J. Sci. Comput., 49
(2011), pp. 211–237.
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What Next ?

1 Generalized Advection-Diffusion Problems

2 Semi-Lagrangian Timestepping

3 Semi-Lagrangian Scheme: Pure Advection

4 SL for Advection-Diffusion: Convergence
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SL for Advection-Diffusion: Convergence (I)
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SL for Advection-Diffusion: Convergence (I)

Compare discretizations of Dtω = ∂tω + Lvω:

Semi-Lagrange:
1
τ

(
ωn

h −Φ
∗
−τω

n−1
h , ηh

)

Ω
,
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SL for Advection-Diffusion: Convergence (I)

Compare discretizations of Dtω = ∂tω + Lvω:

Semi-Lagrange: Eulerian, explicit Euler:
1
τ

(
ωn

h −Φ
∗
−τω

n−1
h , ηh

)

Ω
,

1
τ

(
ωn

h − ωn−1
h , ηh

)

Ω
+ a

(
ωn−1

h , ηh

)
.
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−τω

n−1
h , ηh

)

Ω
,

1
τ

(
ωn

h − ωn−1
h , ηh

)

Ω
+ a

(
ωn−1

h , ηh

)
.

But with ωn−1
h , ηh ∈ Λk

h(T ):

1
τ

(
ωn

h −Φ
∗
−τω

n−1
h , ηh

)

Ω
=

1
τ

(
ωn

h − ωn−1
h , ηh

)

Ω
+

1
τ

(
ωn−1

h −Φ
∗
−τω

n−1
h , ηh

)

Ω︸ ︷︷ ︸

advection
bilinear form
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SL for Advection-Diffusion: Convergence (I)
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h , ηh
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O(τ)
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SL for Advection-Diffusion: Convergence (I)

Compare discretizations of Dtω = ∂tω + Lvω:

Semi-Lagrange: Eulerian, explicit Euler:
1
τ

(
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h −Φ
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−τω

n−1
h , ηh

)

Ω
,

1
τ

(
ωn

h − ωn−1
h , ηh

)

Ω
+ a

(
ωn−1

h , ηh

)
.

But with ωn−1
h , ηh ∈ Λk

h(T ):

1
τ

(
ωn

h −Φ
∗
−τω

n−1
h , ηh

)

Ω
=

1
τ

(
ωn

h − ωn−1
h , ηh

)

Ω
+

1
τ

(
ωn−1

h −Φ
∗
−τω

n−1
h , ηh

)

Ω︸ ︷︷ ︸
→ a

(
ωn−1

h , ηh

)
for τ → 0

Explicit Euler (with upwinding)
is a perturbation of

Semi-Lagrange Galerkin

O(τ)

advection
bilinear form
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SL for Advection-Diffusion: Convergence (II)

Main tool: analysis of characteristic methods for stationary advection:

(ωh, ηh)Ω +
1
τ
(ωh, ηh)Ω −

1
τ

(
Φ

∗
−τωh, ηh

)
Ω
= l (ηh) ,
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SL for Advection-Diffusion: Convergence (II)

Main tool: analysis of characteristic methods for stationary advection:

(ωh, ηh)Ω +
1
τ
(ωh, ηh)Ω −

1
τ

(
Φ

∗
−τωh, ηh

)
Ω
= l (ηh) ,

in some mesh and τ -dependent norm:

‖ω‖2
h,τ := ‖ω‖2

L2 +
1
2τ

∥∥ω − X∗
−τω

∥∥2
L2

τ→0
→ ‖ω‖2
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= ‖ω‖2

L2 + "jumps" .

τ artificial
parameter
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SL for Advection-Diffusion: Convergence (II)

Main tool: analysis of characteristic methods for stationary advection:

(ωh, ηh)Ω +
1
τ
(ωh, ηh)Ω −

1
τ

(
Φ

∗
−τωh, ηh

)
Ω
= l (ηh) ,

in some mesh and τ -dependent norm:

‖ω‖2
h,τ := ‖ω‖2

L2 +
1
2τ

∥∥ω − X∗
−τω

∥∥2
L2

τ→0
→ ‖ω‖2

DG
= ‖ω‖2

L2 + "jumps" .

Theorem: Convergence of characteristic methods for stationary advection:

‖ω − ωh‖h,τ ≤ Chr+1τ−
1
2 ‖ω‖H r+1(Ω) ,

if 1
2τ (ω, ω)Ω −

1
2τ

(
Φ

∗
−τω,Φ

∗
−τω

)
Ω

positive τ→0
→ Lv +L

∗
v positive.

τ artificial
parameter
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1
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Φ

∗
−τω,Φ

∗
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→ Lv +L

∗
v positive.

τ artificial
parameter

e.g. k = 0:
div v > 0
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1
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(
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)
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∗
v positive.

Use Galerkin projector with respect to characteristic methods:

Theorem: max
n
‖ω(tn)− ωn

h‖L2(Ω) ≤ C
(

hr+1τ−
1
2 + τ

)
ǫ-uniform!

τ artificial
parameter

e.g. k = 0:
div v > 0
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H. HEUMANN AND R. HIPTMAIR, Convergence of lowest order
semi-Lagrangian schemes, Foundations of Computational
Mathematics, 13 (2013), pp. 187–220.
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Conclusion

Assessment of semi-Lagrangian advection schemes:

Excellent stabilty properties

Reliable convergence, rigorous theory

“Solver-friendly” for advection-diffusion:
“elliptic” s.p.d. linear system in each step

Expensive and difficult to implement!

Not recommended! Use stabilized Eulerian schemes instead.

THANK YOU
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