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Eddy Currents in Conducting Fluids

Magneto-quasistatic electromagnetic fields in moving media (— MHD):
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(reduced) Maxwell’s equations

Faraday: curlE = -0:B,
Ampere: curlH = j+js.
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Magneto-quasistatic electromagnetic fields in moving media (— MHD):
(E = electric field, H = magnetic field, B = magnetic induction, j = current)

(reduced) Maxwell’s equations material laws

Faraday: curlE = —9B, B = /H,
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B H-based formulation:
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Eddy Currents in Conducting Fluids

Magneto-quasistatic electromagnetic fields in moving media (— MHD):
(E = electric field, H = magnetic field, B = magnetic induction, j = current)

(reduced) Maxwell’s equations material laws

Faraday: curlE = —9B, B = /H,

Ampere: curlH = j+js. Ohm: j = o(E+vxB).
- v: Q C R3 — R3 Lipschitz continuous velocity field € W'>(Q)

B H-based formulation:
Or(uH) — curl(v x (uH)) + curl(c~" curlH) = curl(c"js) .
B A-based formulation (vector potential, curl A = B)

oA —ov x curl A+ curl(u~"curlA) = s .

[Focus: ¢ "= Ry :=||v|| uo diam(Q) > 1 w» transport dominates ]
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What Next ?

@ Generalized Advection-Diffusion Problems
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Boundary Value Problems in Exterior Calculus

Differential forms = the language of electrodynamics!
(E, H <> 1-forms, B, j <+ 2-forms:  A‘(Q) = ¢-forms on Q ¢ RY)

Recall: general 2nd-order “diffusion” boundary value problem

(-1 )e‘1 dx,dw
tyw

@ InQ,
0 onoQ.
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Boundary Value Problems in Exterior Calculus

Differential forms = the language of electrodynamics!
(E, H <> 1-forms, B, j <+ 2-forms:  A‘(Q) = ¢-forms on Q ¢ RY)

Recall: general 2nd-order “diffusion” boundary value problem

(— 1) dxadw

thw

@ InQ,
0 onoQ.

d = exterior derivative
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Boundary Value Problems in Exterior Calculus

Differential forms = the language of electrodynamics!
(E, H <> 1-forms, B, j <+ 2-forms:  A‘(Q) = ¢-forms on Q ¢ RY)

Recall: general 2nd-order “diffusion” boundary value problem

(-1 )e_1d*adwr
tow

@ InQ,
~0 ondQ.

I

S Hodge operator
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In 3D: equivalent vector proxy formulation
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Differential forms = the language of electrodynamics!
(E, H <> 1-forms, B, j <+ 2-forms:  A‘(Q) = ¢-forms on Q ¢ RY)

Recall: general 2nd-order “diffusion” boundary value problem

(1) dxodw
thw

w InQ,
—0 onoQ.

W

w = (-form d = exterior derivative . Hodge operator

In 3D: equivalent vector proxy formulation
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The guiding principle:

A (numerical) method works well for BVPs for 0-forms
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Boundary Value Problems in Exterior Calculus

The guiding principle:
A (numerical) method works well for BVPs for 0-forms

B Try it/adapt it to BVPs for ¢-forms

(1) "Orow = ¢ NG,
thw =0 onoQ.
w = (-form d = exterior derivative . Hodge operator
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Transport of Differential Forms

{®;: Q—Q};, = flow map induced
by velocity v =v(x) (Vv-n o = 0)
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Transport of Differential Forms

{®;: Q—Q};, = flow map induced
by velocity v =v(x) (Vv-n o = 0)

Oriented /-dimensional

R
sub-manifolds c Q ~

(formw e F(Q) = mapping w: {
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Transport of Differential Forms

flow map induced

(V-njpq =0)
Oriented /-dimensional SR

sub-manifolds c Q

~

{d)t Q= Q}t
by velocity v = v(x)
= mapping w: {

= / w(t)=const VM e M,.
& (M)

(-formw € F/(Q)

w(t) € N(Q) transported
with the flow
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Transport of Differential Forms

flow map induced

(V-njpq =0)
Oriented /-dimensional SR

sub-manifolds c Q2
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= mapping w:{
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Transport Operators
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Transport Operators

Material derivative: /(th)(t) = i/ w
M ar (M)

T=t
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Transport Operators

d d
Material derivative: / Diw)(t) := —/ w = —/ rw
M( vt dr . (M) _t ar Ju

T=t
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Transport Operators

pullback operator

- f o

Material derivative: /(th)(t) = i/ w
M ar Je (M)

T=t

R.Hiptmair (SAM, ETH Zrich) Advection of Differential Forms Banff, Jan 18-22, 2016 6/26



Transport Operators

pullback operator

- o

Material derivative: /(th)(t) = i/ w
M ar Je (M)

T=t

Local material derivative

For time-dependent differential form w = w(f):

Dt W(t) -
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Transport Operators

pullback operator
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Local material derivative
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Transport Operators

pullback operator

- o

Material derivative: /(th)(t) = i/ w
M ar Je (M)

T=t

Local material derivative
For time-dependent differential form w = w(f):
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Diw(t) = Ed’Tw(t)

T=t

pullback operator
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Transport Operators

pullback operator

- o

Material derivative: /(th)(t) = i/ w
M ar Jeo

T=t

Local material derivative

For time-dependent differential form w = w(f):

Diw(t) = id):w(t)

- Oww + Lyw .

T=t

Lie derivative

pullback operator
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Transport Operators

pullback operator

- o

Material derivative: /(th)(t) = i/ w
M ar Je (M)

T=t

Local material derivative
For time-dependent differential form w = w(f):

Diw(t) = id):w(t)

- = Ow+ Lyw .

T=t

pullback operator L€ derivative

Case ¢ =0, d = 3 (“function proxy” u:  (®;)u(x,t) = u(®-(x),t))
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Transport Operators
pullback operator

- o

Material derivative: /(th)(t) = i/ w
M ar Jeo

T=t

Local material derivative
For time-dependent differential form w = w(f):

Diw(t) = id):w(t)

- = Ow+ Lyw .

T=t

pullback operator L€ derivative

Case ¢ =0, d = 3 (“function proxy” u:  (®;)u(x,t) = u(®-(x),t))
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Transport Operators
pullback operator

- o

Material derivative: /(th)(t) = i/ w
M ar Jeo

T=t
Local material derivative
For time-dependent differential form w = w(f):
Diw(t) = id)*(,u(t) = Ow+ Lyw
tw = dron . = t vw .
pullback operator L€ derivative
Case ¢ =0, d = 3 (“function proxy” u:  (®;)u(x,t) = u(®-(x),t))
Diu = lim ux,t) = u(@-—,(x).t=7) _ iU(tDT(x), )  =0w+v-gradu.
70 T ar |r=t
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Material Derivatives

Di(t) = Lotu(r) = lim = Pell=T)

dr |r=t 70 T

= 0w+ Lyw .
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Material Derivatives

Di(t) = Lotu(r) = lim = Pell=T)

ar |T=t 7—0 T

= 0w+ Lyw .

Special case d = 3, material derivatives for vector proxies,
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Material Derivatives

d w(t) —®* w(t—7)

Drslt) = G 7u(r) = Im, SE— e~ ot L
Special case d = 3, material derivatives for vector proxies,
(=0: du(®;) = Ow+v-gradu,
(=1 4(Dd/u(d;)) = du+ curlux v+ grad(u-v),
(=2 Z2(det(D®;)Do; 'u(®;)) = du+ curl(u x v)+ divu - v,
(=3: g(det(D®)u(®)) = O+ div(vu),
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Material Derivatives

d w(t) —®* w(t—71)

Diw(t) = - elr) _ = limy = = 0w+ Lyw.
Special case d = 3, material derivatives for vector proxies,
(=0: du(®;) = Ow+v-gradu,
(=1 d(Do/u(®;)) = dwu+ curlux v+ grad(u-v),
(=2 Z(det(D®;)Dd, 'u(d;)) = S+ curl(u x v)+ divu - v,
(=3: d(det(DP)u(®)) = G+ div(vu),
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Material Derivatives
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(=1 4(Dd/u(d;)) = du+ curlux v+ grad(u-v),
(=2: 2(det(Dd;)D®; 'u(d;)) = S+ curl(u x v)+ divu - v,
(=3: g(det(D®)u(®)) = 0w+ div(vu),

R.Hiptmair (SAM, ETH Zrich) Advection of Differential Forms Banff, Jan 18-22, 2016

7126



Material Derivatives

d w(t) —®* w(t—7)

Drslt) = Gr7u(r) = Im, SE—e e~ L
Special case d = 3, material derivatives for vector proxies,
(=0: du(®;) = Ow+v-gradu,
(=1: 4(Dd/u(d;)) = du+ curlux v+ grad(u-v),
(=2: Z2(det(D®;)Do; 'u(®;)) = du+ curl(u x v)+ divu v,
(=3: g(det(D®)u(®)) = 0w+ div(vu),
Cartan’s “magic formula™: [cvw = d(ww) + zv(dw)J.
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Material Derivatives

d w(t) —®* _w(t—71)

Drelt) = G @iulr) =l S = ek L
Special case d = 3, material derivatives for vector proxies,
(=0: du(®;) = Ow+v-gradu,
(=1: 4(Dd/u(d;)) = du+ curlux v+ grad(u-v),
(=2 Z2(det(D®;)Do; 'u(®;)) = du+ curl(u x v)+ divu - v,
(=3: g(det(D®)u(®)) = O+ div(vu),
Cartan’s “magic formula™: [ Lyw = d(ww) + w( dw)} .

contraction with vector field v
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Material Derivatives

d w(t) —®* _w(t—71)

Drelt) = G @iulr) =l S = ek L
Special case d = 3, material derivatives for vector proxies,
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(=2: Z2(det(D®;)Do; 'u(®;)) = du+ curl(u x v)+ divu - v,
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contraction with vector field v
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Generalized Advection-Diffusion Problems

*o (0w + Lyw) + (=1 )Z_1 d*xo dw = ¢,
Generalized ADP for /-forms:
tow=0 onoqQ.
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Generalized Advection-Diffusion Problems

Cartan’s “magic formula”: [L‘v w = d(2yw) + 2y(d w)} .

*o (1w 4 Lyw) + (—1) T dwg dw = ¢,
Generalized ADP for /-forms:
tow=0 onoqQ.
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Generalized Advection-Diffusion Problems

Cartan’s “magic formula”: [L‘v w = d(eyw) + 2y(d w)} .

*o (1w 4 Lyw) + (—1) T dwg dw = ¢,
Generalized ADP for /-forms:
tow=0 onoqQ.

Vector proxy incarnation in 3D (o = 1):
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Generalized Advection-Diffusion Problems

Cartan’s “magic formula”: [L‘v w = d(eyw) + 2y(d w)} .

*o (1w 4 Lyw) + (—1) T dwg dw = ¢,
Generalized ADP for /-forms:
tow=0 onoqQ.

Vector proxy incarnation in 3D (o = 1):

f inQ,
0 onoQ,

) oiu+ v - grad u — div(agrad u)
¢=0:
u(t)
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Generalized Advection-Diffusion Problems

Cartan’s “magic formula”: {L‘v w = d(eyw) + 2y(d w)} .

*o (1w 4 Lyw) + (—1) T dwg dw = ¢,
Generalized ADP for /-forms:
tow=0 onoqQ.

Vector proxy incarnation in 3D (o = 1):

/-0 owu+v-gradu —div(egradu) = f inQ,
- u(t) = 0 onoQ,
/1 oiu+grad(u - v) +curlu x v+ curl(ecurlu) = f inQ,
- u(tyxn = 0 onoQ,
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Cartan’s “magic formula”: [L‘v w = d(eyw) + 2y(d w)] .

*o (1w 4 Lyw) + (—1) T dwg dw = ¢,
Generalized ADP for /-forms:

tow=0 onoqQ.

Vector proxy incarnation in 3D (o = 1):

finQ,

/0 oiu+ v - grad u — div(agrad u)
o 0 onoQ,

u(t)

/1 oiu+grad(u - v) +curlu x v+ curl(ecurlu) = f inQ,
- u(tyxn = 0 onoQ

F—y o + curl(u x v) +divu - v — grad(adivu) f inQ,
T u(t)-n = 0 onoQ,
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Generalized Advection-Diffusion Problems

Cartan’s “magic formula”: [L‘v w = d(eyw) + 2y(d w)] .

*o (1w 4 Lyw) + (—1) T dwg dw = ¢,
Generalized ADP for /-forms:

toyw=0 onoQ.
Vector proxy incarnation in 3D (o = 1):

/-0 owu+v-gradu—div(aegradu) = f inQ,
o u(t)y = 0 onoQ,
01 ou+ grad(u - v) +curlu x v+curl(ecurlu) = f inQ,
- u(t)xn = 0 onoQ,
Y ou+curl(u x v) +divu-v —grad(adivu) = f inQ,
T u(t)-n = 0 onoQ,

(=38 { Qw+dv(u-v) = f inQ.
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Generalized Advection-Diffusion Problems

Coavtan’a Semnnia farmola?. [ Ala o)t AN
Recall: eddy currents in moving conductors

C oA+ ocurl A x v+ cur(y ' curlA) = s .
Ve crorpronymoamame oo o—ys
/-0 owu+v-gradu—div(aegradu) = f inQ,

o u(t)y = 0 onoQ,
01 ou+ grad(u - v) +curlu x v+curl(ecurlu) = f inQ,

o ? uit)xn = 0 ondQ,
Y ou+curl(u x v) +divu-v —grad(adivu) = f inQ,

T u(t)-n = 0 onoQ,

(=38 { Qw+dv(u-v) = f inQ.

R.Hiptmair (SAM, ETH Zrich) Advection of Differential Forms
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Magnetic Advection-Diffusion

Magneto-quasistatic model, conducting fluid moving with velocity v:

curlE = —9;B, i = o(E+vxB),
curlH = j+js. B = uH.
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Magnetic Advection-Diffusion

Magneto-quasistatic model, conducting fluid moving with velocity v:

curlE = —9;B, i = o(E+vxB),
curlH = j+js. B = uH.

transformation: E:—E v x B
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Magnetic Advection-Diffusion

Magneto-quasistatic model, conducting fluid moving with velocity v:
curlE = -9:B, j = o(E+vxB),
culH = j+js, B = uH.

transformation: E:=E+v xB

curlE = —§B—curl(vxB)— , . =
- t ( ) j = oE,

curlH = j+js,

w
|
=

I
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Magnetic Advection-Diffusion

Magneto-quasistatic model, conducting fluid moving with velocity v:

curlE = —9;B, i = o(E+vxB),
curlH = j+js. B = uH.

transformation: E:=E+v xB

culE = —9B—curl(vxB)— vdivB , | = of
=0 B ’

>

|
=
I

curlH

j+i$7
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Magnetic Advection-Diffusion

Magneto-quasistatic model, conducting fluid moving with velocity v:

curlE = —9;B, i = o(E+vxB),
curlH = j+js. B = uH.

transformation: E:=E+v xB

culE = —9B—curl(vxB)— vdivB , : =
- —— j = oE,
=0 B = uH

curlH = j+js, H

In the language of differential forms:

1-form e
2-formb
1-form h
2-form j
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Magnetic Advection-Diffusion

Magneto-quasistatic model, conducting fluid moving with velocity v:

curlE = —9;B, i = o(E+vxB),
curlH = j+js. B = uH.

transformation: E:=E+v xB

culE = —9B—curl(vxB)— vdivB , : =

- —— j = oE,
=0 B = uH

curlH = j+js, p

In the language of differential forms:

E « 1-forme de = —9:b—d(wb)
B < 2formb dh — i

H « 1-formh = b

j << 2formj
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Magnetic Advection-Diffusion

Magneto-quasistatic model, conducting fluid moving with velocity v:

curlE = -9,B, i = o(E+vxB),
curlH i+is B = uH.

transformation: E:=E+v xB

culE = —9B—curl(vxB)— vdivB , : =

- —— j = oE,
=0 B = uH

curlH = j+js, p

In the language of differential forms:

E « 1-forme de = —9:b—d(wb)
B < 2formb dh — i

H « 1-formh L I b+ h
j < 2formj I = %€, D==xAn.
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Magnetic Advection-Diffusion

Magneto-quasistatic model, conducting fluid moving with velocity v:

curlE = -9,B, i = o(E+vxB),
curlH i+is B = uH.

transformation: E:=E+v xB

culE = —9B—curl(vxB)— vdivB , i = oF
> v - )
=0 —
curlH = j+js, B HH
In the language of differential forms:

E < f1forme de = —9b—d(zyb)—1,(db)

B < 2formb dh — i ——

H + 1-formh . I b—xh =0

j < 2formj I = *€, b=
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Magnetic Advection-Diffusion

Magneto-quasistatic model, conducting fluid moving with velocity v:

curlE = -9,B, i = o(E+vxB),
curlH i+is B = uH.

transformation: E:=E+v xB

culE = —9B—curl(vxB)— vdivB , i = oF
= - =0 B = uH.
curlH = j+js,
In the language of differential forms:
E « 1forme de = —db—d(wyb)—1 (db)=-Db,
B < 2formb dh — i ——
H < 1-formh L I b—+h =0
i < 2formj I = €, b=xn.
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Magnetic Advection-Diffusion IBVP

de = —Dtb s dh = j+j07
j = x.e , b = «,h

toe=0 onoQ.

inQ,
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Magnetic Advection-Diffusion IBVP

de = —Dtb s dh = j+10 5
j = *,€ 5 b = *#h

toe=0 onoQ.

inQ,

Magnetic vector potential:

acF': da=b = e=-D;a (advected temporal gauge) .
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Magnetic Advection-Diffusion IBVP

de = —Dtb y dh = j+lO 5
j = *,€ s b = *#h

toe=0 onoQ.

inQ,

Magnetic vector potential:

acF': da=b = e=-D;a (advected temporal gauge) .

—~———

xsDia+ d(x,'da)=jo inQ,
thra=0 ondQ , a(0)=ag.
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Magnetic Advection-Diffusion IBVP

de = —Dtb R dh = j—l—jo,
j = *,€ s b = *#h

toe=0 onoQ.

inQ,

Magnetic vector potential:

acF': da=b = e=-D;a (advected temporal gauge) .

—~———

xsDia+ d(x,'da)=jo inQ,
tpa=0 onoQ , a(0)=ap.
)
o(0:A+curl A x v +grad(A-v)) + curl(u "curlA) =j, inQ,
Axn=0 ondQ , a(0)=Ap.
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Magnetic Advection-Diffusion IBVP

de = —Dtb s dh = j—l—jo,
j = e , b = xh

toe=0 onoQ.

inQ,

Magnetic vector potential:

acF': da=b = e=-D;a (advected temporal gauge) .

—~———

x.Dia+ d(x,'da)=jo inQ,
tpa=0 onoQ , a(0)=ap.
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Magnetic Advection-Diffusion IBVP

de = —Dtb R dh = j—l—jo,
j = *,€ s b = *#h

toe=0 onoQ.
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Magnetic vector potential:

acF': da=b = e=-D;a (advected temporal gauge) .

—~———

xsDia+ d(x,'da)=jo inQ,
tpa=0 onoQ , a(0)=ap.
)
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What Next ?

® Semi-Lagrangian Timestepping
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Weak Advection-Diffusion BVP

Singularly perturbed (e < 1) BVP for /-form w = w(t) € AY(Q):

*Diw +e(=1)"Td(xdw) = ¢(t) InQ,
thow=0 ondQ , w(0)=uwp.
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Weak Advection-Diffusion BVP

Singularly perturbed (e < 1) BVP for /-form w = w(t) € AY(Q):

*Diw +e(=1)"Td(xdw) = ¢(t) InQ,
thow=0 ondQ , w(0)=uwp.

D; £ material derivative for velocity v : Q — R?
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Weak Advection-Diffusion BVP

Singularly perturbed (e < 1) BVP for /-form w = w(t) € AY(Q):

*Diw +e(=1)"Td(xdw) = ¢(t) InQ,
thow=0 ondQ , w(0)=uwp.

D; £ material derivative for velocity v : Q — R? v-n=0on 9Q
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Weak Advection-Diffusion BVP

Singularly perturbed (¢ < 1) BVP for /-form w = w(t) € AY(Q):

*Diw +e(=1)"Td(xdw) = ¢(t) InQ,
tow=0 ondQ , w(0)=wo.

D; £ material derivative for velocity v : Q — R? v-n=0on 9Q

Variational formulation: seek w = w(t) € A§(<)

(Drw,w)q + e (dw,dw)q = (p(t),w')q V' € ANS(RQ) .
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*Diw +e(=1)"Td(xdw) = ¢(t) InQ,
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D; £ material derivative for velocity v : Q — R? v-n=0on 9Q
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Weak Advection-Diffusion BVP

Singularly perturbed (¢ < 1) BVP for /-form w = w(t) € AY(Q):

*Diw +e(=1)"Td(xdw) = ¢(t) InQ,
tow=0 ondQ , w(0)=wo.

D; £ material derivative for velocity v : Q — R? v-n=0on 9Q

Variational formulation: seek w = w(t) € A§(<)

(Drw,w)q + e (dw,dw)q = (p(t),w')q V' € ANS(RQ) .

Magnetic advection-diffusion: seek A = A(t) = Hp(curl, Q)

/DtA-A’dx+e/curIA-curIAdx: /jo(t) -A’dx VA’ € Hy(curl, Q)
Q Q Q
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Discrete Material Derivative

“Simple” difference quotient approximation:
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Discrete Material Derivative

“Simple” difference quotient approximation:

Diw(t) = lim w(t) — @ _w(t—r7)

7—0 T
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Discrete Material Derivative

“Simple” difference quotient approximation:

— o w(t— t) — " _w(t—
Dyeo(t) = lim wi) =@ w(t=r) Wt =@ wlt=7) (o
T— T T
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Discrete Material Derivative

“Simple” difference quotient approximation:

— o w(t— — o w(t—
Dyeo(t) = lim wi) =@ w(t=r) Wt =@ wlt=7) (o
T— T T

B Semi-Lagrangian timestepping (timestep = > 0): seek w” € A§(R)

n * n—1
(w -9 w

T

tn
1
,w’> e duy =1 [ (00006 W eN@).
Q

th—1
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Discrete Material Derivative

“Simple” difference quotient approximation:

— o w(t— — o w(t—
Dyeo(t) = lim wi) =@ w(t=r) Wt =@ wlt=7) g
T— T T

B Semi-Lagrangian timestepping (timestep = > 0): seek w” € A§(R)

tn

n_ d* n—1
(uﬂ +e(dwn du)g = [ wlereq de v e ny(@.
Q

.
th—1
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Discrete Material Derivative

“Simple” difference quotient approximation:

— o w(t— — o w(t—
Dyeo(t) = lim wi) =@ w(t=r) Wt =@ wlt=7) (o
T— T T

B Semi-Lagrangian timestepping (timestep 7 > 0): seek w" € A§(Q)

n * n—1
(w -9 w

T

tn

1
,w’> e duy =1 [ (00006 W eN@).
Q

th—1

Flavor: implicit Euler
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Discrete Material Derivative

“Simple” difference quotient approximation:

— o w(t— — o w(t—
Dyeo(t) = lim wi) =@ w(t=r) Wt =@ wlt=7) (o
T— T T

B Semi-Lagrangian timestepping (timestep 7 > 0): seek w" € A§(Q)

n * n—1
(w -9 w

T

tn
1
,w’> e duy =1 [ (00006 W eN@).
Q

th—1

Flavor: implicit Euler, Note: exact solution recovered for e = 0!
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Discrete Material Derivative

“Simple” difference quotient approximation:

— o w(t— — o w(t—
Dyeo(t) = lim wi) =@ w(t=r) Wt =@ wlt=7) (o
T— T T

B Semi-Lagrangian timestepping (timestep 7 > 0): seek w" € A§(Q)

n * n—1
<w -9 w

T

tn
1
,w’> e duy =1 [ (00006 W eN@).
Q

th—1

Flavor: implicit Euler, Note: exact solution recovered for e = 0!

® unconditional stability !
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Discrete Material Derivative

“Simple” difference quotient approximation:

— o w(t— — o w(t—
Dyeo(t) = lim wi) =@ w(t=r) Wt =@ wlt=7) (o
T— T T

B Semi-Lagrangian timestepping (timestep 7 > 0): seek w" € A§(Q)

n * n—1
<w -7 w

T

tn
1
,w’> e duy =1 [ (00006 W eN@).
Q

th—1

Flavor: implicit Euler, Note: exact solution recovered for e = 0!

® unconditional stability !
® symmetric elliptic boundary value problem to be solved in each step
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Semi-Lagrangian (SL) Discretization

Finite element Galerkin discretization on spatial mesh 7
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Semi-Lagrangian (SL) Discretization

Finite element Galerkin discretization on spatial mesh 7
trial/test space AL(T) C A§(2) of degree-r discrete differential forms

R.Hiptmair (SAM, ETH Zrich) Advection of Differential Forms Banff, Jan 18-22, 2016 14/26



Semi-Lagrangian (SL) Discretization

Finite element Galerkin discretization on spatial mesh 7
trial/test space AL(T) C A§(2) of degree-r discrete differential forms

Seek wjl € AL(T)

T T

th
n_ d)* n—1 1
(u,@ +e(dwp, duwp)g = — / ((6). whlg dE V) € A(T) .
Q th—1
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Semi-Lagrangian (SL) Discretization

Finite element Galerkin discretization on spatial mesh 7
trial/test space AL(T) C A§(2) of degree-r discrete differential forms

Seek wjl € N5(T) ¢ Ny(T)!

n * n—1
(wh - 07w, ,

th
1
Mh) + e(dwp, dwp)g =
-
Q

/ (P(€).wh)q A€ Vich € AY(T) .

th—1

T
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Semi-Lagrangian (SL) Discretization

Finite element Galerkin discretization on spatial mesh 7:
trial/test space AL(T) C A§(2) of degree-r discrete differential forms
Seek wfl € Ai(T) ¢ Ny(T)!

th
Wl — @ T 1
(%,wﬁ,) +e(dwp,dwp)q = — / (0(&),wh)g A€ Vwp € AT .
Q

T
tn—1

Limit case: ¢ = 0 = pure advection
tn

wh=Pr®* wp !+ Pre(€)deE ,

tn—1

Pp: LPNY(Q) — NL(T) = “L2-type” projection:  (Ppw,w})q = (w,w})q Vo),
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Semi-Lagrangian (SL) Discretization

Finite element Galerkin discretization on spatial mesh 7:
trial/test space AL(T) C A§(2) of degree-r discrete differential forms
Seek wfl € Ai(T) ¢ Ny(T)!

th
Wl — & _w] 1
(%,wﬁ,) +e(dwp,dwp)q = — / (0(&),wh)g A€ Vwp € AT .
Q

T
th—1

Limit case: ¢ = 0 = pure advection
tn
Wi = Ppod* w4 Pro(€)de ,

tn—1

Pp: LPNY(Q) — AL(T) = “L2-type” projection:  (Ppw,w})q = (w,w})q Vo),

Realization of P,®* _ is the pivotal issue in SL schemes.
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Semi-Lagrangian (SL) Discretization

Ei Plenty of algorithmic/theoretical work on scalar advection-diffusion:

Se

Li

Pn

Realization of P,®* _ is the pivotal issue in SL schemes.
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Semi-Lagrangian (SL) Discretization

Ei Plenty of algorithmic/theoretical work on scalar advection-diffusion:
» Non-uniform (in €) estimates:

Se Pironneau (1981), Douglas & Russel (1982), Suli (1988),

Bermejo (1991), Wang, Ewing & Russel (ELLAM, 1995), Wang &
( Wang (2010)

Li

Pn

Realization of P,®* _ is the pivotal issue in SL schemes.
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Semi-Lagrangian (SL) Discretization

Fi Plenty of algorithmic/theoretical work on scalar advection-diffusion:
» Non-uniform (in €) estimates:

Se Pironneau (1981), Douglas & Russel (1982), Sili (1988),
Bermejo (1991), Wang, Ewing & Russel (ELLAM, 1995), Wang &
< Wang (2010) M.
» Estimates for pure advection (¢ = 0):

Li Pironneau (1981), Dawson, Russel & Wheeler (1989), Johnson
(1992), and many works in the field of conservation laws

Pn

Realization of P,®* _ is the pivotal issue in SL schemes.
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Semi-Lagrangian (SL) Discretization

Fi Plenty of algorithmic/theoretical work on scalar advection-diffusion:
» Non-uniform (in €) estimates:

Se Pironneau (1981), Douglas & Russel (1982), Sili (1988),
Bermejo (1991), Wang, Ewing & Russel (ELLAM, 1995), Wang &
< Wang (2010) M.
» Estimates for pure advection (¢ = 0):

Li Pironneau (1981), Dawson, Russel & Wheeler (1989), Johnson
(1992), and many works in the field of conservation laws

» e-Robust estimates for advection-diffusion:

Bause & Knabner (2002), Wang & Wang (2010), Bermejo &
P, Saavedra (2012), all O(r + h? + h?/7)

Realization of P,®* _ is the pivotal issue in SL schemes.
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What Next ?

@ Semi-Lagrangian Scheme: Pure Advection
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Pure Advection: Convergence

Diw=¢
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Pure Advection: Convergence

Diw=¢ > w(t") = ¢*—‘rw(tn_1)+ftin—1 @ _pip(r)dr
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Pure Advection: Convergence

th = > ( ) ¢* tn 1 +ft” 1 ¢T tnSO(T)dT
SL: (Wl eAK(T) >  wl=Py®* 4P, f,n 1 @7 _mip(T)dT
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Pure Advection: Convergence

Di(JJ:QD > ( ) ¢ tn 1 +ftn 1¢‘r t”SD(T)dT
SL: (WleAk(T) > wl= Phtb* 4P, f,n 1 @7 _mip(T)dT
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Pure Advection: Convergence

th:gp > ( ) ¢* tn 1 +j}n 1¢T tnSD(T)dT
SL: (WReAK(T)) >  wil=Pyd Wl '+P, f,n 1 @7 _pp(T)dT

Theorem Idea: P, is L?-projection > use Pythagoras:

2 2 2 2
[17711% = Nlw(t") = whllz = lw(t") = Pro ()12 + [P (") — whllL2

Needed:
Pr®* _w,can be computed exactly,
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Pure Advection: Convergence

th:gp > ( ) ¢* tn 1 +j;n 1¢T tnSD(T)dT
SL: (WReAK(T)) >  wil=Pyd Wl '+P, f,n 1 @7 _pp(T)dT

Theorem Idea: P, is L?-projection > use Pythagoras:
"% = [lw(t™) — whllZe = lw(t) — Paw(t")]|% + | Prw(t") — w7

2
< t") = Pro(t)l[fe + |0 ot =" o

Needed:
Pr®* _w,can be computed exactly,
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Pure Advection: Convergence

th:gp > ( ) ¢* tn 1 +j;n 1¢T tnSD(T)dT
SL: (WReAK(T)) >  wil=Pyd Wl '+P, f,n 1 @7 _pp(T)dT

Theorem Idea: P, is L?-projection > use Pythagoras:
"% = [lw(t™) — whllZe = lw(t) — Paw(t")]|% + | Prw(t") — w7

2
< t") = Pro(t)l[fe + |0 ot =" o

< w(t") = Pro(t™)|% + (1 + C7) ||,

@7 w|Z, < (14 Cr) [|w] .

Needed:
Pr®* _w,can be computed exactly,
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Pure Advection: Convergence

th:gp > ( ) ¢* tn 1 +j;n 1¢T tnSD(T)dT
SL: (WReAK(T)) >  wil=Pyd Wl '+P, f,n 1 @7 _pp(T)dT

Theorem Idea: P, is L?-projection > use Pythagoras:

2 2 2 2
[17711% = Nlw(t") = whllz = lw(t") = Pra(t")]12 + [P (") — whllL

2
< (") = Pro(t) Iz + @7 w(™ =0 wp |

< w(t") = Pro(t)|% + (1 + C7) | ][5

Gronwall
=

n _  ,n -1 ny n _ _1 r+1
omax [lw(t?) —wplle < Cr72 max [lw(t) = P ()]l = O~ =)

@7 w|Z, < (14 Cr) [|w] .

Needed:
Pr®* _w,can be computed exactly,
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Pure Advection: Convergence

th:gp > ( ) ¢* tn 1 +j;n 1¢T tnSD(T)dT
SL: (WReAK(T)) >  wil=Pyd Wl '+P, f,n 1 @7 _pp(T)dT

Theorem Idea: P, is L?-projection > use Pythagoras:

2 2 2 2
[1n°11" = Nlw(t") = whllz = lw(t") = Pra(t")][12 + [P (") — whllL

2
< (") = Pro(t) Iz + @7 w(™ =@ wp |

< w(t") = Pro(t™)|% + (1 + C7) ||,

Gronwall
=

n _  ,n -1 ny n _ _1 r+1
omax [lw(t?) —wplle < Cr72 max [lw(t) = P ()]l = O~ =)

* 2 2 « .
Needed: @ w|[ <(1+C7)wl. + w sufficiently smooth
Pr®* _w,can be computed exactly,
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Pure Advection: Empiric Convergence

Numerical Experiment: ¢ = 0, scalar advection, monitor L?-error
rotating bump on unit-circle, v = (—y, x), smooth initial data, = = %&h

N
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Pure Advection: Empiric Convergence

Numerical Experiment: ¢ = 0, scalar advection, monitor L?-error

rotating bump on unit-circle, v = (—y, x), smooth initial data, 7 = Lgh

10°8]

10—11 il L1 1T T T [ TI111
1072 107" 100

continuous finite elements
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Pure Advection: Empiric Convergence

Numerical Experiment: ¢ = 0, scalar advection, monitor L?-error
rotating bump on unit-circle, v = (—y, x), smooth initial data, = = %&h

2
TTTTTT T T TTTTTT T TTTTTT] 100?“”” : S— ‘ S
1072 | | y
—4 L A
sl 41 0 p—
* 1 r=1
1078 - = I
108 | | F_3
r=4
10_11 e L1 1| ITT R I 0712% b“ O(h172737475)‘k
102 101 100 10-2 10 e
continuous finite elements discontinuous finite elements
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Pure Advection: Empiric Convergence

Numerical Experiment: ¢ = 0, scalar advection, monitor L2-error

rotating bump on unit-circle, v = (—y, x), smooth initial data, 7 = Lgh
TTTTTT T TTTTTIN “““‘ 100%\\\\\\ - T T T T —
10_2 | N - e
_al el
10-5|- %10 r=0
_ r=1
r=2
-8 [ I
10-8 | 410 r=38
r=4
£ O h1,2,3,4,5
10—11 Ll |1 LTI T T TTII1 0712%””” Il R === ( T \\\\\)\\k
1072 10" 10° 10-2 10~ 10°
continuous finite elements discontinuous finite elements

Super-convergence O(h"')(vs. O(h~—2h"+')) except for cont. elements, r even.
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Fully Discrete SL Methods

Approximation of P,d* w1~
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Fully Discrete SL Methods

Approximation of P,d* w1~
(wp,nn)g = (¢*,Tw;7771,77h)9 +.y Vn € NK(T)
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Fully Discrete SL Methods

Approximation of P,d* w1~
(wp,nn)g = (¢*,Tw;7771,77h)9 +.y Vn € NK(T)

» FEM-Quadrature:
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Dangerous Quadrature

Numerical Experiment: Pure advection (¢ = 1, d = 2) and quadrature

(O whn)q = > @ whihky wh € Ny(T), lowest order .
KeT
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Dangerous Quadrature

Numerical Experiment: Pure advection (¢ = 1, d = 2) and quadrature

(" ,wnmn)g = > @ wnnkp wh € Ny(T), lowest order .

KeT

T T T 1 11 \ T T 1 11 \
107} E
° _;j i |
[ ] /I: L |
= B |

3
| i

E 1071 ~ |~ quad. order 2 ||
3 § ~—+ quad. order 3 ||
i ——quad. order 13 | |
L R P O(h) |

P L T T TTT
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Dangerous Quadrature

Numerical Experiment: Pure advection (¢ = 1, d = 2) and quadrature

(" ,wnmn)g = > @ wnnkp wh € Ny(T), lowest order .

KeT
T T T TTT T T TTT
10% |
° _;j | |
([ ] c + R
\?:/ | .
3
| .
E 1071 ~ |~ quad. order 2 ||
3 i —+— quad. order 3 ||
i ——quad. order 13 | |
e A O(h) i
No convergence, why? LU CTTTTT
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Fully Discrete SL Methods

Approximation of P,d* w/~":
(wWh,mh)g = (¢*77w271 , nh)Q +..., Vnpe /\',5(7')

» FEM-Quadrature:
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Fully Discrete SL Methods

Approximation of P,d* w/~":

(wg7nh)§2 = <q>i‘r(“)lr7171/'7/7)Q + ... ) Vﬁh S AZ(T)

SN

» FEM-Quadrature: experiment fails;
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Fully Discrete SL Methods

Approximation of P,d* w/~":

(wg7nh)§2 = <('>i‘r(“)lr7171/'7/7)Q + ... ) Vﬁh S AZ(T)

» FEM-Quadrature: experiment fails;
» exact projection: unfeasible;

SN
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Fully Discrete SL Methods

Approximation of P,d* w/~":

(g = (@~ i) _+-es Vim e AK(T)

» FEM-Quadrature: experiment fails;

\' » exact projection: unfeasible;
N [ N\ » approximate flow ®;(x) and projection:
N ®1(0) = 3% B0 (x) € (A(T))°,
\ with ||¢t(a,-) — ¢“H = O(7™)

< Ch™ 1+ 7™) [|w]| yipv

L2k

Banff, Jan 18-22, 2016 20/26
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Fully Discrete SL Methods

Approximation of P,d* w/~":

(wga nh)Q = (¢*7ng71 ’ ﬂh)Q + ... ) Vﬁh € /\lfg(T)

» FEM-Quadrature: experiment fails;
» exact projection: unfeasible;

» approximate flow ®;(x) and projection:

By(x) = 3, ®N(x) € (A(T))°,

with | ®(a;) — ®|| = O(=™)

< Ch™ 1+ 7™) [|w]| yipv

L2k

Banff, Jan 18-22, 2016 20/26
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Fully Discrete SL Methods

Approximation of P,d* w/~":

(w/,';a nh)Q = (¢*7ng71 ’ ﬂh)Q + ... ) Vﬁh € /\lfg(T)

» FEM-Quadrature: experiment fails;
» exact projection: unfeasible;

» approximate flow ®;(x) and projection:

N ®y(x) = 32 ®ri\i(X) € (Ag(T))d!
with | ®:(a;) — ®; ;|| = O(r™)

< Ch™ 1+ 7™) [|w]| yipv

L2k

Banff, Jan 18-22, 2016 20/26
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Fully Discrete SL Methods

Approximation of P,d* w1~

(g = (@~ i) _+-es Vim e AK(T)

» FEM-Quadrature: experiment fails;
» exact projection: unfeasible;

» approximate flow ®;(x) and projection:

N ®y(x) = 32 ®ri\i(X) € (Ag(T))d!
with | ®:(a;) — ®; ;|| = O(r™)

< Ch™ 1+ 7™) [|w]| yipv

L2k

Corollary [Heumann, R.H.,Li,Xu] Pythagoras & perturbations:

= max w(t") — wfllpy = O(r2H+! 4 W 4 77T
n

Banff, Jan 18-22, 2016 20/26
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Fully Discrete SL Methods

Approximation of P,d* w1~

(g = (@~ i) _+-es Vim e AK(T)

» FEM-Quadrature: experiment fails;
» exact projection: unfeasible;

» approximate flow ®;(x) and projection:

N ®y(x) = 32 ®ri\i(X) € (Ag(T))d!
with | ®:(a;) — ®; ;|| = O(r™)

< C(h™M7 +7™) ||w]| i as

L2k

Corollary [Heumann, R.H.,Li,Xu] Pythagoras & perturbations:

n

Banff, Jan 18-22, 2016 20/26
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Semi-Lagrangian Interpolation Scheme (l)

In SL scheme: replace P, —— nodal interpolation Iy
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Semi-Lagrangian Interpolation Scheme (I)

In SL scheme: replace P, —— nodal interpolation Iy

t,
wl = @ Wi , 1 / /
(hh—h,wh> + e(dwp,dwp)q = = / (0(€),wh)q A€ Vwh € NY(T) .
Q

T T
th—1

R.Hiptmair (SAM, ETH Zrich) Advection of Differential Forms Banff, Jan 18-22, 2016 21/26



Semi-Lagrangian Interpolation Scheme (I)

In SL scheme: replace P, —— nodal interpolation Iy

tn
wh — | ¢i‘rwn—1 / / 1 / /
(hh—h,wh> +e(dwh, dwh)g = - / (0(), wh)q A& Vwh € AR(T) .
Q

r
th—1

Example: ¢ =1, lowest order FE space (edge elements)
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Semi-Lagrangian Interpolation Scheme ()

In SL scheme: replace P, —— nodal interpolation Iy
tn

wl = @ Wi , 1 , ,
(hhfh,wf) + e(dwp, dwp)g = - / (0(€),wh)q A€ Vwh € NY(T) .
2 th—1

Example: ¢ =1, lowest order FE space (edge elements)

Task: evaluate [, (3 for all mesh
edges e, basis 1-forms j;

AN
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Semi-Lagrangian Interpolation Scheme ()

In SL scheme: replace P, —— nodal interpolation Iy
tn

wl = @ Wi , 1 , ,
(hhfh,wf) + e(dwp, dwp)g = - / (0(€),wh)q A€ Vwh € NY(T) .
2 th—1

Example: ¢ =1, lowest order FE space (edge elements)

Task: evaluate [, (3 for all mesh
edges e, basis 1-forms j;

> straight approximation of ®_,(e)
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Semi-Lagrangian Interpolation Scheme ()

In SL scheme: replace P, —— nodal interpolation Iy
tn

wl = @ Wi , 1 , ,
(hhfh,wf) + e(dwp, dwp)g = - / (0(€),wh)q A€ Vwh € NY(T) .
2 th—1

Example: ¢ =1, lowest order FE space (edge elements)

Task: evaluate [, (3 for all mesh
edges e, basis 1-forms j;

> straight approximation of ®_,(e)

> detect intersection with faces of 7
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Semi-Lagrangian Interpolation Scheme ()

In SL scheme: replace P, —— nodal interpolation Iy

T

tn
wp — | ¢i7wn—1 / / 1 / /
(hh—h,wh> +e(dwh, dwh)g = - / (9(€), wh)q A€ Vwh € AR(T) .
Q

th—1

Example: ¢ =1, lowest order FE space (edge elements)

Task: evaluate [, (3 for all mesh
edges e, basis 1-forms j;

> straight approximation of ®_,(e)

> detect intersection with faces of 7

> one-point quadrature on segments
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Semi-Lagrangian Interpolation Scheme (ll)

10° .
—— Interpolation
—— Quadrature i i TR
Pure transport problem: T~ Pahnd
= » =Quadrature2nd
Ow .
— 4+ Lyw=0 in]0o, 12,
ot
for 1-form w = w(x, t). Jor
® Triangular edge elements
® Smooth solution
® “Time reversal velocity field”
® 7~h
10-2 = \-1 \0
10 10 10

mesh width
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Semi-Lagrangian Interpolation Scheme (ll)

10°
—— Interpolation
—»— Quadrature . . DR
Pure transport problem: T~ Pahnd
= % = Quadrature2nd
80.) . 2
g—i—ﬁvwzo |n]0,1[ ,
for 1-form w = w(x, t). Fo
® Triangular edge elements
® Smooth solution
® “Time reversal velocity field”
® 7~h
10”7 = ‘,1 ‘0
10 10 10

mesh width

First-order convergence (for smooth w)
No timestep constraint enforced by stability
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Semi-Lagrangian Interpolation Scheme (ll)

10°

—— Interpolation

—»— Quadrature : : BN

—#— Patch ’
Pure transport problem: ~ % - patchznd v

= % = Quadrature2nd //‘

Open problem:
e-robust convergence theory for SL interpolation schemes

For scalar advection (not e-robust):
P. GALAN DEL SASTRE AND R. BERMEJO, Error analysis for
hp-FEM semi-Lagrangian second order BDF method for
convection-dominated diffusion problems, J. Sci. Comput., 49
(2011), pp. 211-237.

10
107 107" 10
mesh width

First-order convergence (for smooth w)
No timestep constraint enforced by stability
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What Next ?

@ SL for Advection-Diffusion: Convergence
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SL for Advection-Diffusion: Convergence (l)
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SL for Advection-Diffusion: Convergence (l)

Compare discretizations of Dyw = 0w + Lyw:
Semi-Lagrange:

1
_ n__ d)* n—1 )
- <wh —+Wh 5T Q’
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SL for Advection-Diffusion: Convergence (l)

Compare discretizations of Dyw = 0w + Lyw:
Semi-Lagrange: Eulerian, explicit Euler:

1 1
- n_ ¢* n—1 ) - ( n_,.n—1 ) a ( n—1 )
T (wh —‘rwh >y Th Q’ - wh wh » h Q + wh >y Th
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SL for Advection-Diffusion: Convergence (l)

Compare discretizations of Dyw = 0w + Lyw:

Semi-Lagrange: Eulerian, explicit Euler:
1 -1 1 -1 -1
; (wlq - drk—T""}I"Z 77’”'1)97 ; (WE—WZ 77]h>Q‘|’a (UJZ 777h)'
advection
bilinear form
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SL for Advection-Diffusion: Convergence (l)

Compare discretizations of Dyw = 0w + Lyw:

Semi-Lagrange: Eulerian, explicit Euler:
1 n —1 1 —1 —1
O RO R S R !
- (wh —7Wh sTh o pu Wh — Wy Th Q"‘ Wy 5 7h
advection

But with w ™", nn € A (T): bilinear form
1 1 v e
(w;,’ - w;,’q,nh)ﬂ +- (w,’,’f1 - Wy 1,77,,)

1
o n_ ¢* n—1 ) —
T (wh —m%h lh) o T T

Q
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SL for Advection-Diffusion: Convergence (l)

Compare discretizations of Dyw = 0w + Lyw:

Semi-Lagrange: Eulerian, explicit Euler:
Lo )y (e ) )
But with w1, 1, € AK(T): g‘i‘fi‘r’]ee‘;tiofgrm
; (w’r” B ¢*’Tw;’171’nh)sz - ; (w;,’ B wgq’nh)n + T wff;71 B ¢**Tw;’171’nh)n

N
N \\ — a(w,ﬁ’*1,nh>for7-—>0

NN
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SL for Advection-Diffusion: Convergence ()

Compare discretizations of Dyw = 0w + Lyw:

Semi-Lagrange: Eulerian, explicit Euler:
1/, 1
- _ ¢* n—1 ) - ( n_,.n—1 ) ( n—1 )
T (wh —‘rwh >y Th Q ) T wh wh > Thh Q +a UJh >y Th
B ith w1 AK(TY: advection
utwith oy, 1 € An(7) bilinear form

1 * n—1 1 n—1 —1 * —1
T (w’r”_ O wh ’nh)n -7 (w;,’ ~%h ’nh)n * T wp ' OTw ’nh)n

-
N
\ \\ — a(w,ﬁ’*1,nh>forr—>0
\\ \ \ Explicit Euler (with upwinding)

is a perturbation of

N N \\ Semi-Lagrange Galerkin
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SL for Advection-Diffusion: Convergence (ll)
Main tool: analysis of characteristic methods for stationary advection:

1 1, .
(whv 77h)9 + ; (wfh T]h)Q - ; (¢7Tw17, Uh)Q = |(77h) )
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SL for Advection-Diffusion: Convergence (ll)
Main tool: analysis of characteristic methods for stationary advection:

1 1, _
(wh,mn)g + = (wnyin)g = = (®Zrwh,mn) g = 1 (1n) T artificial
g parameter
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SL for Advection-Diffusion: Convergence (ll)

Main tool: analysis of characteristic methods for stationary advection:

1 1 e
(whv nh)Q + ; (wfh nh)ﬂ - ; (¢trwh7 77h)Q = |(77h) ) T artIfICIaI
. parameter
in some mesh and T-dependent norm:
1 2 0 .
2 * 2 2 " "
lwlls - = lwlZe + 5~ lo = X“ 0l ™= [wlipg = llwlze + jumps”.
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SL for Advection-Diffusion: Convergence (ll)

Main tool: analysis of characteristic methods for stationary advection:

1 1 e
(whyMh)g + . (whynh)g — - (@ wh,nn)g =1 (nn) , T artificial
: parameter
in some mesh and T-dependent norm:
1 2 0 .
2 * 2 2 " "
lwlls - = lwlZe + 5~ lo = X“ 0l ™= [wlipg = llwlze + jumps”.

Theorem: Convergence of characteristic methods for stationary advection:
1 -1
lw = whllp, < CHT'T™ 2wl qy

T

if L (w,w)g — o= (@ ,w,®" w) posive "3° L, + L} positive.
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SL for Advection-Diffusion: Convergence (ll)

Main tool: analysis of characteristic methods for stationary advection:

1 1 e
(whyMh)g + . (whynh)g — - (@ wh,nn)g =1 (nn) , T artificial
: parameter
in some mesh and T-dependent norm:
1 2 0 .
2 * 2 2 " "
lwlls - = lwlZe + 5~ lo = X“ 0l ™= [wlipg = llwlze + jumps”.

Theorem: Convergence of characteristic methods for stationary advection:

_1
lw = whllp, < CH772 [wllprn(y e.g. k=0
. . 0 _divv >0
if oo (w,w)g — o (@ ,w, ®" _w), positive "= Ly + Ly positive.
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SL for Advection-Diffusion: Convergence (ll)

Main tool: analysis of characteristic methods for stationary advection:

1 1 e
(whv nh)Q + ; (wha nh)Q - ; (¢trwh7 77h)Q = |(77h) ) T artIfICIaI
. parameter
in some mesh and T-dependent norm:
1 2 0 .
2 * 2 2 " "
lwlls - = lwlZe + 5~ lo = X“ 0l ™= [wlipg = llwlze + jumps”.

Theorem: Convergence of characteristic methods for stationary advection:

_1
lw = whllp, < CH772 [wllprn(y e.g. k=0
. N 0 _divv >0
if oo (w,w)g — o (@ ,w, ®" _w), positive "= Ly + Ly positive.

Use Galerkin projector with respect to characteristic methods:

Theorem: max [[w(t") — wpllzq) < C (hf“T*% + 7') e-uniform!
n
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SL for Advection-Diffusion: Convergence (ll)

Main tool: analysis of characteristic methods for stationary advection:

1 1 e
(whyMh)g + . (whynh)g — - (@ wh,nn)g =1 (nn) , T artificial
. parameter
in some mesh and T-dependent norm:
1 2 0 .
2 2 2 " "
lwllf = llwllZe to Hw Xowle = llwlpg = llwlz + "jumps™”.
| A ~n £ L s i Y AR PR 4 ¥y pu | '

[ H. HEUMANN AND R. HIPTMAIR, Convergence of lowest order
semi-Lagrangian schemes, Foundations of Computational
Mathematics, 13 (2013), pp. 187-220.

g 2 T =TT =Ty vV

Use Galerkin projector with respect to characteristic methods:

Theorem: max [[w(t") — wpllzq) < C (hf“T*% + 7') e-uniform!
n
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Conclusion

Assessment of semi-Lagrangian advection schemes:
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Conclusion

Assessment of semi-Lagrangian advection schemes:

@ Excellent stabilty properties
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Conclusion

Assessment of semi-Lagrangian advection schemes:
@ Excellent stabilty properties

Reliable convergence, rigorous theory
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Conclusion
Assessment of semi-Lagrangian advection schemes:

Excellent stabilty properties

Reliable convergence, rigorous theory

“Solver-friendly” for advection-diffusion:
“elliptic” s.p.d. linear system in each step

OO
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Conclusion

Assessment of semi-Lagrangian advection schemes:

Excellent stabilty properties

Reliable convergence, rigorous theory

“Solver-friendly” for advection-diffusion:
“elliptic” s.p.d. linear system in each step

Expensive and difficult to implement!

LOOG
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Conclusion

Assessment of semi-Lagrangian advection schemes:

Excellent stabilty properties

Reliable convergence, rigorous theory

“Solver-friendly” for advection-diffusion:
“elliptic” s.p.d. linear system in each step

Expensive and difficult to implement!

DO

Not recommended! Use stabilized Eulerian schemes instead.
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Conclusion
Assessment of semi-Lagrangian advection schemes:

Excellent stabilty properties

Reliable convergence, rigorous theory

THANK YOU

“Solver-friendly” for advection-diffusion:
“elliptic” s.p.d. linear system in each step

Expensive and difficult to implement!

DO

Not recommended! Use stabilized Eulerian schemes instead.

R.Hiptmair (SAM, ETH Zrich) Advection of Differential Forms Banff, Jan 18-22, 2016



	 
	Eddy Currents in Conducting Fluids

	Generalized Advection-Diffusion Problems
	Boundary Value Problems in Exterior Calculus
	Transport of Differential Forms
	Transport operators
	Material Derivative (II)
	Generalized Advection-Diffusion Problems
	Magnetic Advection-Diffusion
	Magnetic Advection-Diffusion IBVP

	Semi-Lagrangian Timestepping
	Weak Advection-Diffusion BVP
	Discrete Material Derivative
	Semi-Lagrangian Discretization

	Semi-Lagrangian Scheme: Pure Advection
	Pure Advection: Convergence (I)
	Pure Advection: Empirical Convergence
	Fully Discrete SL-Methods (I)
	Fully Discrete SL Methods (II)
	Semi-Lagrangian Interpolation Scheme (I)
	Semi-Lagrangian Interpolation Scheme (II)

	SL for Advection-Diffusion: Convergence
	Conclusion


