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Presentation of the 3D model
The system
Q°=Q7 UQ,UQS

is made of

e afilm Q% :=w x (0,¢) (w C R? open, bounded) deposited on

e an infinite substrate Q% := w x (—oo0, —¢) through

e a bonding layer Q¢ := w x [—¢,0].
v Kinematics : isotropic linearized elasticity (displacement v : Q¢ — R3);
v" Loadings : inelastic strain ep, displacement in the substrate vy ;
v Cracks : sets T C Q° of finite area:
v’ Total energy : for all ' C Q and v: Qf \ [ — R3 with v = vy in Q5,

SN = [ (e e): (e(v)—eo)dx—&—/rna a2,

where e(v) = (Vv + VvT)/2 is the linearized strain.
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is made of

e afilm Q% :=w x (0,¢) (w C R? open, bounded) deposited on

e an infinite substrate Q% := w x (—oo0, —¢) through

e a bonding layer Q¢ := w x [—¢,0].
v Kinematics : isotropic linearized elasticity (displacement v : Q¢ — R3);
v" Loadings : inelastic strain ep, displacement in the substrate vy ;

v Cracks : sets T C Q° of finite area:
v Total energy : for all v € SBD(Q°) with v =0 in S,

J(s)(v):/QE\J (Cse(v):e(v)dx—i—/J W dH2,

where Ev = (Dv + Dv')/2 = e(v)dx + (vt —v7) O u,d,.
We assume that

2
C = Cr xa;+e” Cb xa5, K =rrxa; +eRbXa;

(Afomf) (Ab>pb)
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e a bonding layer Q¢ := w x [—¢,0].
v Kinematics : isotropic linearized elasticity (displacement v : Q¢ — R3);
v" Loadings : inelastic strain ep, displacement in the substrate vy ;

v Cracks : sets T C Q° of finite area:
v Total energy : for all v € SBD(Q°) with v =0 in S,

Je)v) = / Cre(v) : e(v) dx + reH2(Jy N Q)
Q:\Jy
+£2 / Cpe(v) : e(v) dx + erpH?(J, N Q5),
Q:\J,

where Ev = (Dv + DvT)/2 = e(v)dx + (v —v7) O 1v,d,.
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Scaling
Q=0 Q= Ql Q, =0l Q, =0l
For all x = (x',x3) € Q,
ua (X', x3) = vo (X' ex3),  u3(X',x3) = evs(x’, ex3).
Then for all v € SBD(Q2) with v =0 in Qs,
Jo(u) = e M (e)(v) = L (u) + J2(u),

where
) = /Q\J (C,res(u):ee(u)dx—i—fff/JmQ () (v)s) | dH2,
J) = fl*ch%@:é@yu+nerm|«wy¢*@ngwyﬁ
d
o e (u) en(u) e leis(u)
e (u) = e1n(u) en(u) e lex(u)

e lens(u) e lexs(u) e 2ess(w)



Derivation of elastic foundations

Derivation of transverse cracks

Fracture, debonding and delamination

<« 0

AFr <

DA



Derivation of elastic foundations Derivation of transverse cracks Fracture, debonding and delamination

For all u € HY(Q; R3) with u =0 in Q,

JE(u) Cre®(u) : e (u) dx,

Qf

Cpe®(u) : e (u) dx.
Qb

I
™
N

JE(u)
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For all u € HY(Q; R3) with u =0 in Q,

S = /[Azfew(u)eﬁﬁ()+Weaﬁ(u)ea,3(u)]dx
17 [ Prenalulen) + 2nrens(wens(w)]
ret [ A env)en(w) .

Sy = Ez/n,, [A;ew u)ess (1) + pbeas(u)eas(u)] dx

+/nb )\beaa(u)e33(u)+2ubea3(u)ea3(u)] dx

/ Ab”‘“’ e35(u)ess(u) dx.
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For all u € HY(Q; R3) with u =0 in Q,

W = [ [ enluesst) + preas(ens()] o
42 /Q, [A;eaa(u)e33(u) + 2mea3(u)ea3(u)] dx
+574/Q %633(@633@) dx,
f
> A
Ew = 2 [ enau)esat@) + mmeas(v)ens ] o5

+/n,, [Abeaa(u)eg,g,(u) n 2ubea3(u)ea3(u)] dx

2 Ab + 2

+e
Q 2

e33(u)e33(u) dx = uz =0
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For all u € HY(Q; R3) with u =0 in Q,

S = / [ e (W)essu) + reas(u)ens(u)] d
/Q [Afew(u)e33(u) + 2ufea3(u)ea3(u)] dx
f
/n /\f+2ﬂf e33( )633(U) dX,

f
A
L) = sz/ﬂ |:2beaa u)egs(u )+ubea5(U)6a5(U)} dx
b

Va f_ol D3Uq dx3 ~ uala,

>\ o 2 761 o
+/Q,, [ beaa(u)ess(u) + 2pupeas(u)e 3(u)] dx N [, Qts dxs ~ 0
. / Ab + Ab 4 2pp ess(u)esz(u)dx = uz =0
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Theorem (B.-Henao)
J. ‘T-converges” to Jo, where for all i € H*(w; R?),

- )‘fuf - - - - ) —12 g/
() = [ [ ewnl@es() + nrens(@ens(@)] o + 5 [ [l

usual reduced energy (Ciarlet) bonding energy

v" Limit displacements are not only of Kirchhoff-Love type, but actually
planar (condition on the substrate) ;
v Recovery sequence (if o € H?(w;R?)) :

(B(x),0) — 2525 eaa(B)(X)&  if  x€Qr,
u(x',x3) = ¢ (x3 + 1)((x'),0) it xeQp,
0 if xe Q..
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For all u € SBD()¢),

JunQy

Jw) = /Q Cre(u) : e°(u) dx+n,c/ [(va) e M (vu)s)| dH?

Compactness (Bellettini-Coscia-Dal Maso) : let (u.) C SBD(f) with
|u:l|oo < C and Jf(u.) < C, then “u. — u in SBD(2f)" where

e,-3(u) =0in Qy, (V,_,)3 =0on J,NQr = Ezzu= D3uz3 =0.

v" Contrary to pure elasticity or plasticity v is not of Kirchhoff-Love type :

Enpsu = M}ELJU #0.
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For all u € SBD()¢),

A = [ [ ean(w)enn(u) + nrens(u)ens(u)] dx
Qf
42 /m [/\,ceaa(u)e33(u) + 2Wea3(u)ea3(u)] dx

_ Ar+2 "e”
et / 2L s (w)esa(u) dx + e / (), &7 (va)a) | 7.
o JunQy
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e,-3(u) =0in Qy, (V,_,)3 =0on J,NQr = Ezzu= D3uz3 =0.

v" Contrary to pure elasticity or plasticity v is not of Kirchhoff-Love type :

Enpsu = M}ELJU #0.
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Theorem (B.-Henao)

us € SBV(W), Vus € SBD / 3)) dX3 € SBD(W)

Ua(x) = Ta(x) + (% 7X3>8 us(x),  Ju = (Js U Ju, Udvuy) x (0,1),

and Jf T-converges to

_ Affir _ _ _ _
) = [ [ ewn (@ess() + rens@ens(@)] b
1 i {)\f)ii’lgwem(V%)egg(V%) +Mf€aB(VU3)€ag(VU3)] dx’

+ kM (g U Juy U Jvu,) -

Griffith energy
v" Recovery sequence (if 7 is “smooth” enough) :

Af
/ _ 2, At - N =
u-(x',x3) = u(x) — ex3 Nt 2 €aa(T)(x")Es.
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Fracture, debonding and delamination
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We assume that the original (3D) displacements are of the form
u(x) = u(x1,x3)&, forall (x1,x3) € | x (—00,1),

then for all u € SBV(Il x (—o00,1)) with u =0 in | x (—o0,—1),

Sy = 1 (101 u2+e~2|D5u[2) dxldx3+m/ (o)1, =L ()s)| A,
2 Jix0.,1) Jun[1%(0,1)]
Jo(u) = M (2[00 u[2-+]5u]2) dxldX3+/<;b/ (o)1, (va)s)| dHL,
2 Jixi-1,0 Jun[IX[~1,0]]
and

Theorem (Leon Baldelli-B.-Bourdin-Henao-Maurini)
J. = JE+ JP “T-converges” to Jy, where for all u € SBV/(I),

Jo(u) =41 / WP+ retUa)+ 22 [ et ReLY(A),
2 J1 2 B I\A \_V_/

Delamination energy

with A = {|u| > \/26p/ b}
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In the general case, we conjecture that J. -converges to

. )\f/lf — — - — ’

) = [ [ ean(@ess() + nrens@ens(n)] b
1 Afpie /
135 | (571 e Vus)ess(Vus) + preas(Vis)eus (V) o

+rrHN(Jg U dyy U dsu,) + %” / |G dx’ + kpL3(D),
w\A

where A = {|0] > \/2kp/pp} U{us # 0} is the delamination set.
v" The upper bound is true. Recovery sequence :

U(X) - €2X3ﬁeda(a)(xl)é’3 if xe¢ Qﬁ
x3 +1)(a(x’),0) if xe(w\A)x][-1,0],
If XG(AX [7170])UQS7

us(x',x3) =

o

where A and @ are suitably regularized (Chambolle).
v We get a too low lower bound (with a bad multiplicative constant),
under additional compactness assumptions on minimizing sequences.
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