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In the paper Gorenstein algebras presented by quadrics,
Migliore and Nagel proposed the following two conjectures.
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In the paper Gorenstein algebras presented by quadrics,
Migliore and Nagel proposed the following two conjectures.

Conjecture

(Injective Conjecture) For any Artinian Gorenstein algebra
presented by quadrics, defined over a field K of characteristic
zero, and of socle degree at least three, there exists L € Ay,
such that, the multiplication map eL : A; — A, is injective.
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In the paper Gorenstein algebras presented by quadrics,
Migliore and Nagel proposed the following two conjectures.

Conjecture

(Injective Conjecture) For any Artinian Gorenstein algebra
presented by quadrics, defined over a field K of characteristic
zero, and of socle degree at least three, there exists L € Ay,
such that, the multiplication map eL : A; — A, is injective.

Conjecture

(WLP Conjecture) Any Artinian Gorenstein algebra
presented by quadrics, over a field K of characteristic zero, has
the Weak Lefschetz Property.
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Let K be an infinite field, R = K[xy, ..., x,] be the polynomial
ring in n indeterminates and Q@ = K[X, ..., X,] the ring of
differential operators.
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Let K be an infinite field, R = K[xy, ..., x,] be the polynomial
ring in n indeterminates and Q@ = K[X, ..., X,] the ring of
differential operators. Let | C Q be a homogeneous ideal.
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Let K be an infinite field, R = K[xy, ..., x,] be the polynomial
ring in n indeterminates and Q@ = K[X, ..., X,] the ring of
differential operators. Let /| C @ be a homogeneous ideal. It is
well known that A = Q/I is a Gorenstein algebra if and only if
there exists a homogeneous f € R such that / = Anng(f).
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Let K be an infinite field, R = K[xy, ..., x,] be the polynomial
ring in n indeterminates and Q@ = K[X, ..., X,] the ring of
differential operators. Let /| C @ be a homogeneous ideal. It is
well known that A = Q/I is a Gorenstein algebra if and only if
there exists a homogeneous f € R such that / = Anng(f). In
order to get | generated by quadrics we start choosing f to be
square free, so (X2,...,X2) C I.
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We deal with a very special kind of f that comes from the
theory of Gordan-Noether-Perazzo-Permutti of forms with
vanishing hessian.
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We deal with a very special kind of f that comes from the
theory of Gordan-Noether-Perazzo-Permutti of forms with
vanishing hessian. The forms we consider are naturally
bigraded and the separation of variables of

R =K][x1,...,Xn, U1, ..., Uy| has an important role, as we will

see in the sequel.
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We deal with a very special kind of f that comes from the
theory of Gordan-Noether-Perazzo-Permutti of forms with
vanishing hessian. The forms we consider are naturally
bigraded and the separation of variables of

R=K[x1,..., X, ug,.. um] has an important role, as we will

see in the sequel. Let A = @A,, Ay # 0 be a standard

=0
blgraded Artinian Gorenstem algebra with

Ay = @ Al k-1)-
i=0
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We deal with a very special kind of f that comes from the
theory of Gordan-Noether-Perazzo-Permutti of forms with
vanishing hessian. The forms we consider are naturally
bigraded and the separation of variables of

R=K[x1,..., X, ug,.. um] has an important role, as we will

see in the sequel. Let A = @A,, Ay # 0 be a standard

=0
blgraded Artinian Gorenstem algebra with
Al = @A ik—1)-A(di,a0) 7 0 for some dy, d» such that

di + d2 d, we call (dy, d>) the socle bidegree of A.
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We deal with a very special kind of f that comes from the
theory of Gordan-Noether-Perazzo-Permutti of forms with
vanishing hessian. The forms we consider are naturally
bigraded and the separation of variables of

R=K[x1,..., X, ug,.. um] has an important role, as we will

see in the sequel. Let A = @A,, Ay # 0 be a standard
=0

blgraded Artinian Gorenstem algebra with

Al = @A ik—1)-A(di,a0) 7 0 for some dy, d» such that

di + d2 d, we call (dy, d>) the socle bidegree of A. Since
A} =~ Ag—k and since duality is compatible with direct sum, we
get Ay = Aldi—ida—j)-
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Let f € R(q,,4,) be a bihomogeneous polynomial of total degree
d = d; + dy, then | = Anng(f) C Q is a bihomogeneous ideal
and A = Q/I is a standard bigraded Artinian Gorenstein

algebra of socle bidegree (d;, d>) and codimension r = m + n.
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Let f € R4,,4,) be a bihomogeneous polynomial of bidegree
(d1, d>) and let A be the associated bigraded algebra of socle
bidegree (d1, d2).
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Let f € R4,,4,) be a bihomogeneous polynomial of bidegree
(d1, d>) and let A be the associated bigraded algebra of socle
bidegree (di, d>). For all i > d; or j > d, we get ;) = Qi)
As consequence, we have the following decomposition for all
AkZ
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Let f € R4,,4,) be a bihomogeneous polynomial of bidegree
(d1, d>) and let A be the associated bigraded algebra of socle
bidegree (di, d>). For all i > d; or j > d, we get ;) = Qi)
As consequence, we have the following decomposition for all

AkZ
Ak = @ A(,‘J).

i+j=k,i<dij<d>
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Let f € R4,,4,) be a bihomogeneous polynomial of bidegree
(d1, d>) and let A be the associated bigraded algebra of socle
bidegree (di, d>). For all i > d; or j > d, we get ;) = Qi)
As consequence, we have the following decomposition for all

AkZ
A= D Ay
i+j=k,i<dij<d>

Furthermore, for i < d; and j < d, the evaluation map
Qij — A(di—i,d—j) 8iven by o = «(f) provides the following
short exact sequence:
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Let f € R4,,4,) be a bihomogeneous polynomial of bidegree
(d1, d>) and let A be the associated bigraded algebra of socle
bidegree (di, d>). For all i > d; or j > d, we get ;) = Qi)
As consequence, we have the following decomposition for all

AkZ
A= D Ay
i+j=k,i<dij<d>

Furthermore, for i < d; and j < d, the evaluation map
Qij — A(di—i,d—j) 8iven by o = «(f) provides the following
short exact sequence:

0= lijy = Qi) = Alr—i,do—j) — 0.
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d
Let A= Q/Anng(f) = @Ak be a standard graded

Artinian Gorenstein K al:gebra of socle degree d.
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Definition
d
Let A= Q/Anng(f) = @Ak be a standard graded

Artinian Gorenstein K algebra of socle degree d.Let

i<j< g be two integers and let By = {ay,...,as} and

By = {51, ...,P:} be bases of the K-vector spaces Ay and A,
respectively.
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Let A= Q/Anng(f) = @Ak be a standard graded

Artinian Gorenstein K algebra of socle degree d.Let

i<j< g be two integers and let By = {ay,...,as} and

By = {51, ...,P:} be bases of the K-vector spaces Ay and A,
respectively. The (mixed) hessian matrix of f of order (k, /)
is the matrix:
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Let A= Q/Anng(f) = @Ak be a standard graded

Artinian Gorenstein K algebra of socle degree d.Let

i<j< g be two integers and let By = {ay,...,as} and

By = {51, ...,P:} be bases of the K-vector spaces Ay and A,
respectively. The (mixed) hessian matrix of f of order (k, /)
is the matrix:

Hess&k’l) = (ai(B;(f)))sxt-
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Definition

d
Let A= Q/Anng(f) = @Ak be a standard graded

Artinian Gorenstein K algebra of socle degree d.Let

i<j< g be two integers and let By = {ay,...,as} and

By = {51, ...,P:} be bases of the K-vector spaces Ay and A,
respectively. The (mixed) hessian matrix of f of order (k, /)
is the matrix:

Hess{ = (ai(B;(F)))sxe-
We denote Hess’; = Hessgfk’k)7 hess’; = det(Hess’;) —l
hessf := hess}.
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The following result is a generalization of a Theorem due to
Maeno - Watanabe in the paper Lefschetz elements of artinian
Gorenstein algebras and Hessians of homogeneous polynomials.
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The following result is a generalization of a Theorem due to
Maeno - Watanabe in the paper Lefschetz elements of artinian
Gorenstein algebras and Hessians of homogeneous polynomials.

Theorem

(Hessian Lefschetz criterion)

Let A= Q/ Anng(f) be a standard graded Artinian
Gorenstein algebra of codimension r and socle degree d and
let L =a;x; + ...+ a,x, € Ay, such that f(ay,...,a,) #0.
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The following result is a generalization of a Theorem due to
Maeno - Watanabe in the paper Lefschetz elements of artinian
Gorenstein algebras and Hessians of homogeneous polynomials.

Theorem

(Hessian Lefschetz criterion)

Let A= Q/ Anng(f) be a standard graded Artinian

Gorenstein algebra of codimension r and socle degree d and
let L =a;x; + ...+ a,x, € Ay, such that f(ay,...,a,) #0.
The map oL'=% : Ay — A,, for k < %, has maximal rank if and
only if the (mixed) Hessian matrix Hess(fk’d_’)
maximal rank.

(a1,...,a,) has
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Consider the cubic hypersurface X = V/(f) C P’, given by

Xo X1 X
f={x3 xa x5 | €K[x,...,x]
X6 x7 0
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Example
Consider the cubic hypersurface X = V/(f) C P’, given by

Xo X1 X
f={x3 xa x5 | €K[x,...,x]
X6 x7 0

X represents a tangent section of the secant variety of the
Segre variety Seg(PP?,P?) C P8,
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After a linear change of coordinates we can rewrite

f = xiuuy + xoUaus + xsuzuy + xauguy € R = K]x, u].
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After a linear change of coordinates we can rewrite
f = xiuuy + xoUaus + xsuzuy + xauguy € R = K]x, u].

The associated algebra A = Q// with | = Ann(f) does not
have the WLP, in fact the map oL : A; — Ay is
not injective for any L € A;.
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After a linear change of coordinates we can rewrite
f = xiuuy + xoUaus + xsuzuy + xauguy € R = K]x, u].

The associated algebra A = Q// with | = Ann(f) does not
have the WLP, in fact the map oL : A; — Ay is
not injective for any L € A;. Ais presented by quadrics.

R. Gondim Lefschetz properties for Artinian Gorenstein algebras presented by



After a linear change of coordinates we can rewrite
f = xiuuy + xoUaus + xsuzuy + xauguy € R = K]x, u].

The associated algebra A = Q// with | = Ann(f) does not
have the WLP, in fact the map oL : A; — Ay is
not injective for any L € A;. Ais presented by quadrics. Indeed:
I = (U2, Ustsg, XoUy, X1 Ug, U3, U3 U3, X4 U3, X1 U3, U3, Xg U, X3Up,
XolUp — X3Ug, X1Up — Xglg, U%, XalU1 — X3U3, X3U1, XoU7,
Xiup — XoUs, X‘%, X3X4, X2 X4, X1 X4, Xg, X2X3, X1X3, X22, X1X2, X12)
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The previous example motivates the study of bihomogeneous
Perazzo polynomials of bidegree (1,d — 1).
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The previous example motivates the study of bihomogeneous
Perazzo polynomials of bidegree (1,d — 1). They can be
written in the form

f=xg + ...+ Xu&n,

where g; € Klug, ..., Un)d—1.
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The previous example motivates the study of bihomogeneous
Perazzo polynomials of bidegree (1,d — 1). They can be
written in the form

f=xg + ...+ Xu&n,

where g; € K[uy, ..., Un]qd—1.We say that f is of monomial
square free type if all g; are square free monomials.
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The previous example motivates the study of bihomogeneous
Perazzo polynomials of bidegree (1,d — 1). They can be
written in the form

f=xg + ...+ Xu&n,

where g; € K[uy, ..., Un]qd—1.We say that f is of monomial
square free type if all g; are square free monomials.The
associated algebra, A = Q/ Anng(f), is bigraded, has socle
bidegree (1,d — 1) and we assume that /; = 0, so
codmA=m+ n.
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Let us consider the homogeneous (or pure) simplicial complex
K = K(u) of dimension d — 1 whose facets are given by the
monomials g;.
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Let us consider the homogeneous (or pure) simplicial complex
K = K(u) of dimension d — 1 whose facets are given by the
monomials g;. The 0-skeleton will be referred as vertex set

and we write V' = {uy, ..., un}.
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Let us consider the homogeneous (or pure) simplicial complex
K = K(u) of dimension d — 1 whose facets are given by the
monomials g;. The 0-skeleton will be referred as vertex set

and we write V' = {us, ..., u,}. We identify the 1-skeleton
with a simple graph X; = (V, E), hence the 1-faces are called
edges.
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Let us consider the homogeneous (or pure) simplicial complex
K = K(u) of dimension d — 1 whose facets are given by the
monomials g;. The 0-skeleton will be referred as vertex set
and we write V' = {us, ..., u,}. We identify the 1-skeleton
with a simple graph X; = (V, E), hence the 1-faces are called
edges. Since X;(f) = gj, we identify each facet g; with the
differential operator X;.
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Let us consider the homogeneous (or pure) simplicial complex
K = K(u) of dimension d — 1 whose facets are given by the
monomials g;. The 0-skeleton will be referred as vertex set
and we write V' = {us, ..., u,}. We identify the 1-skeleton
with a simple graph X; = (V, E), hence the 1-faces are called
edges. Since X;(f) = gj, we identify each facet g; with the
differential operator X;. We denote by e, the number of
k-faces, hence eg = m and e4_1 = n.
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Theorem

Let f be a bihomogeneous polynomial of monomial square-free
type, X the simplicial complex and A the algebra of
codimension m + n and socle bidegree (1,d — 1).
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Theorem

Let f be a bihomogeneous polynomial of monomial square-free
type, X the simplicial complex and A the algebra of

codimension m + n and socle bidegree (1,d — 1).Then
d

A= P A where A = A © Awk-1)-
k=0

R. Gondim Lefschetz properties for Artinian Gorenstein algebras presented b



Theorem

Let f be a bihomogeneous polynomial of monomial square-free
type, X the simplicial complex and A the algebra of

codimension m + n and socle bidegree (1,d — 1).Then
d

A= @ Ay where A = Ao.x) D A k—1). Moreover, A i) has

=0
a basis identified with the k faces of X, hence dim A x) = ex.
By duality, Azﬁl,k—l) ~ A(0,d—k), and a basis for A1 x—1) can be

chosen by taking, for each d — k-face of X, a monomial X; G
such that X;G;(f) represents this d — k-face.
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Theorem

Let f be a bihomogeneous polynomial of monomial square-free
type, X the simplicial complex and A the algebra of

codimension m + n and socle bidegree (1,d — 1).Then
d

A= @ Ay where A = Ao.x) D A k—1). Moreover, A i) has

=0
a basis identified with the k faces of X, hence dim A x) = ex.
By duality, Azﬁl,k—l) ~ A(0,d—k), and a basis for A1 x—1) can be

chosen by taking, for each d — k-face of X, a monomial X; G
such that X;G;(f) represents this d — k-face.In particular, the
Hilbert vector of A is given by h, = dim Ax = ex + eq_k.
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Theorem

Let f be a bihomogeneous polynomial of monomial square-free
type, X the simplicial complex and A the algebra of

codimension m + n and socle bidegree (1,d — 1).Then
d

A= @ Ay where A = Ao.x) D A k—1). Moreover, A i) has

k=0
a basis identified with the k faces of X, hence dim A x) = ex.
By duality, A7 (1k-1) ~ A(0,d—k), and a basis for A1 x—1) can be

chosen by takmg, for each d — k-face of X, a monomial X; G,
such that X; @,-(f ) represents this d — k-face.In particular, the
Hilbert vector of A is given by h, = dim Ax = ex + eq_k.
Furthermore, | = Anng(f) is a binomial ideal generated by
(X4i,...,X,)?, by all the monomials in U; that do not represent
faces of K, by all monomials X;F; where f; does not represent a
subface of g; and by all binomials X;G; — X; G where gi = g;gijj
and g; = gjg;j and gj; represents a common subface of gi, gj.
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Let K be a homogeneous simplicial complex of dimension
d—1.
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Definition
Let K be a homogeneous simplicial complex of dimension
d — 1.We say that K is facet connected if for any pair of

facets F, F’ of X there exists a sequence of facets,
Fo=F,F,...,Fs = F'such that F; N Fi4 is a (d — 2)-face.
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Definition

Let K be a homogeneous simplicial complex of dimension

d — 1.We say that K is facet connected if for any pair of
facets F, F’ of X there exists a sequence of facets,
Fo=F,F,...,Fs = F'such that F; N Fi4 is a (d — 2)-face.
We say that K is upper closed if for all complete subgraphs
H = K, C K; there is a I-face F € X, such that H is the first
skeleton of F. In particular K; does not contain any Kj.
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Theorem

Let f € K[x1,...,Xn, U, ..., Un|,d-1) be a bihomogeneous
polynomial of monomial square-free type, let X be the
associated simplicial complex and let A = Q/ Anng(f) be the
standard bigraded Artinian Gorenstein algebra.
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Theorem

Let f € K[x1,...,Xn, U, ..., Un|,d-1) be a bihomogeneous
polynomial of monomial square-free type, let X be the
associated simplicial complex and let A = Q/ Anng(f) be the
standard bigraded Artinian Gorenstein algebra.A is presented
by quadrics if and only if X is facet connected and upper
closed.
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Definition
Let 2 < a; < ... < ayg_; be integers, the Turan complex of
order ay,...,a4-1, K = TK(a1,...,a4-1), is the

Homogeneous simplicial complex whose facets set is the
d—1

cartesian product 7 = H{l, 2,...,a;}.
i=1
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Definition
Let 2 < a; < ... < ayg_; be integers, the Turan complex of
order ay,...,a4-1, K = TK(a1,...,a4-1), is the

Homogeneous simplicial complex whose facets set is the
d—1

cartesian product 7 = H{l, 2,...,a;}.The Turan
i=1

polynomial of order ay, ..., ay_1 it the multihomogeneous

polynomial

f=fic=) Xalla € R =Klxa, i jplacr1<icd-11<j<ar
&

where o = (j1,...,jo—1) € ™ and Uy = U ) - - - Ud—1j,_1)-
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Definition
Let 2 < a; < ... < ayg_; be integers, the Turan complex of
order ay,...,a4-1, K = TK(a1,...,a4-1), is the

Homogeneous simplicial complex whose facets set is the
d—1

cartesian product 7 = H{l, 2,...,a;}.The Turan
i=1
polynomial of order ay, ..., ay_1 it the multihomogeneous
polynomial
f=fx= Zxaua eER= K[Xa, U(i,j,-)]aemlgigd—l,1<',-Sa,-a
aEeT
where o = (j1,...,jo—1) € ™ and Uy = U ) - - - Ud—1j,_1)-
The Turan algebra of order (ay,...,aq4-1) is
TA(a]_, coog ad,]_) = AfK = Q/ Aan(f).
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The number of k-faces of a Turan complex is e, = s, where
sk = sk(a1, ..., a4-1) is the symmetric function of order k.
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The number of k-faces of a Turan complex is e, = s, where
sk = sk(a1, ..., a4-1) is the symmetric function of order k.By
Theorem 8, the Hilbert vector of the Turan algebra
TA(ay,...,a4-1) is given by hy = s+ Sy_.
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The number of k-faces of a Turan complex is e, = s, where
sk = sk(a1, ..., a4-1) is the symmetric function of order k.By
Theorem 8, the Hilbert vector of the Turan algebra
TA(ay,...,a4-1) is given by hy = si + s4_k. It is easy to verify
that Turan complexes are facet connected and upper closed.
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Let A= TA(ay,...,a4-1) be the Turan algebra of order
(al,...,ad_l) Wlth2§ a S an S S dgd—1.-
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Theorem

Let A= TA(ay,...,a4-1) be the Turan algebra of order
(a1,...,a¢9 1) with2 < a1 <a <...<ay 1. ThenAis
presented by quadrics and for all L € A; the map

el : Ay — A, is not injective.
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Theorem

Let A= TA(ay,...,a4-1) be the Turan algebra of order
(a1,...,a¢9 1) with2 < a1 <a <...<ay 1. ThenAis
presented by quadrics and for all L € A; the map

el : A1 — A, is not injective. Furthermore, if a1 ~ ...~ aqg_1
are large enough, then Hilb(A) is not unimodal in the first
step, that is, dim A; > dim A,.
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