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Symplectic groupoids

When does a Poisson manifold (M, 7t) arise from
a symplectic groupoid (3, w) 3 M

Characterization of integrability: Crainic-Fernandes
A=TM

Description of symplectic groupoids:

@ Poisson Lie groups and affine Poisson structures
(Lu-Weinstein)
@ Integrability of quotients M /G (Fernandes-Ortega-Ratiu)
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Let H be a closed subgroup of G. A (G, 7g)-homogeneous
Poisson structure on G/H is a Poisson bivector field 7t on G/H,
and the action is Poisson

o: (G/T[G) X (G/HIT[) — (G/HIT[)I (91/ QZH) — 9192H
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Poisson structure on G/H is a Poisson bivector field 7t on G/H,
and the action is Poisson

o: (G/T[G) X (G/HIT[) — (G/HIT[)I (91/ QZH) — 9192H

Are Poisson homogeneous spaces integrable?
partial answers: Xu, Lu, I.-Fernandes, Bonechi et al.

q: G — (G/H,n)
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Dirac structures. Presymplectic groupoids

™ =TMa&T*M

@ nondegenerate fibrewise bilinear form given at each x € M

(X, ), (Y, B)) = B(X) + «(Y), x B €TIMXYeTM.

@ Courant bracket [-,-] on T'(TM)
[(X, ), (Y, B)] = ([X, Y], LxB —iyda).

We denote by pr: TM — TM and pr,.: TM — T*M the
canonical projections.

Definition

A Dirac structure on M is a vector subbundle E ¢ TM which is
maximally isotropic with respect to (-, -) (thatis, E = El)and
which is involutive with respect to [, -].
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(E, [, -], pryje ) Lie algebroid
E Dirac structure =
@ = pr.g: E—= T*"M closed IM 2-form

Ker(E) :=ENTM C TM.

(M, 7t) Poisson = (M, E = {(n*(«), «) | € T*M}) Dirac

Ker(E) ={0} & E=E,




Definition

Given two Dirac manifolds (My, E;) and (My, E;) and a map
]Z M1 — M2

i) J is a forward Dirac map if E; = (J.E;), where

(J.E1) ={(dJ(X), B) | (X, (d])*B) € Eq}
] is a strong Dirac map if Ker(d]) N Ker(E;) = {0}.




Definition

Given two Dirac manifolds (My, E;) and (My, E;) and a map
]Z M1 — M2

i) J is a forward Dirac map if E; = (J.E;), where

(J.E1) ={(dJ(X), B) | (X, (d])*B) € Eq}
] is a strong Dirac map if Ker(d]) N Ker(E;) = {0}.

ii) J is a backward Dirac map if E; = (J*E;,), where

(J*E2) ={(X, (d])*B) | (d](X), B) € Ez}.



Definition

A closed 2-form w € Q?(G) is multiplicative if
m*w = priw + pryw,

where pr; : G(2) 5 g,1{=1,2, are the natural projections.

{closed multiplicative 2-forms on 9} & {closed IM 2-forms on A}

e(a)(X) = wl(a,X), aeAXeTM,
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If (M, E) is a Dirac manifold (E integrable Lie algebroid) then
Ker(wm ) NKer(ds), NKer(dt), = {0}, meM
(G, w) is called a presymplectic groupoid.

Ker(w) ={a" —inv(b)'|a, b € Ker(E)}.

(9, w) symplectic groupoid < E = E, 7 Poisson
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Invariant Dirac structures and Poisson quotients

H O M free and proper
q: M — M/H submersion

oPM:HhxM—=>TM
(M/H, 7t) Poisson can be pulled-back to a Dirac structure on M

E={(X,q*B)I7*(B) =dq(X)} Cc TM @& T*M,

Proposition

H acts by Dirac maps and the distribution tangent to the
H-orbits agrees with Ker(E):

Pm (b x M) = Ker(E).




(a) The operations of pullback and pushforward establish a
one-to-one correspondence between Poisson structures 7t
on M/H and H-invariant Dirac structures E on M
satisfying Ker(E) = pm (b x M).




(a) The operations of pullback and pushforward establish a
one-to-one correspondence between Poisson structures 7t
on M/H and H-invariant Dirac structures E on M
satisfying Ker(E) = pm (b x M).

(b) Let My and M, be manifolds, carrying free and proper
H-actions. For 1 = 1,2, let 7t; be a Poisson structure on
M;/H with corresponding Dirac structure E; on M;.
Consider an H-equivariant map f : My — M, covering
f: Mj/H — My/H. Then f is a Poisson map if and only if f
is a strong Dirac map.

v




Integrability of Poisson structures on quotients

(G, @) symplectic groupoid integrating (M/H, 7t) with source
and target maps §5,t: § — M/H.

(q'G, p* @) presymplectic groupoid integrating the Dirac
structure E on M

q'S ={(x1,3,%) € M x G x M|5(g) = q(x2), t(g) = q(x1)}
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Integrability of Poisson structures on quotients

(G, @) symplectic groupoid integrating (M/H, 7t) with source
and target maps §5,t: § — M/H.

(q'G, p* @) presymplectic groupoid integrating the Dirac
structure E on M

q'S ={(x1,3,%) € M x G x M|5(g) = q(x2), t(g) = q(x1)}

Example
M=S*xR,S!OM

q:M—=>M/S'=52xR

(S? x R, 7) Poisson s.t. (S? x {t}, (1 + t?)wg2) symplectic leaves
However, (M, E) is integrable (regular & 7, (S%) vanishes).




P:hx M — E, (u,x) — (um(x),0),

W(bh x {x}) = Ker(E)|x



P:hx M = E, (u,x) = (um(x),0),
(D x {x}) = Ker(E)lx
(9, w) a presymplectic groupoid integrating E
I

Pg:hxh—X(9),  (wv)— W) + (inv(p ()
pg(h x b) = Ker(w)



P:hx M = E, (u,x) = (um(x),0),
(D x {x}) = Ker(E)lx
(9, w) a presymplectic groupoid integrating E
I

Pg:hxh—X(9),  (wv)— W) + (inv(p ()
pg(h x b) = Ker(w)

If 3¥Y: Hx M — G then there exists a (H x H)-action on §

(hi,hp) - g =¥(hy, t(g)) - g- ¥(hy,s(g)) "



Proposition

Let 7t be a Poisson structure on M/H, and let E be its pullback
on M. Let G be a Lie groupoid integrating E as a Lie algebroid
for which the morphism 1 in integrates to ¥: Hx M — G, and
consider the previous (H x H)-actionon G .

(a) The orbit space §/(H x H) is a Lie groupoid (such that the
quotient projection is a groupoid morphism) integrating
the Lie algebroid T*(M/H) defined by .

(b) If H is connected and if w is a multiplicative 2-form on G
such that (G, w) is a presymplectic integration of E as a
Dirac structure, then there is a unique symplectic structure
@won§/(H x H)withp*@w =wand (§/(H x H), @) isa
symplectic groupoid over (M/H, 7).




If (M/H, 7t} is integrable with symplectic groupoid G then
G = q'G is a presymplectic groupoid over M. In addition, the
morphism 1p integrates to the Lie groupoid morphism

Y:HxM — G, Y(h,x)=(hx, Tqx), x),
and the induced H x H action on G is

((hll hZ)/ (Xll g/ XZ)) — (th], gl hZXZ)'

In particular, §/(H x H) = G.




If G is the source-simply connected presymplectic groupoid
integrating E and H is connected

‘I’:ltllxM—>§,

where H is the simply-connected Lie group integrating b.



If G is the source-simply connected presymplectic groupoid
integrating E and H is connected

V:HxM — §,
where H is the simply-connected Lie group integrating b.

If ¥(m; (H) x M) C G is an embedded submanifold, then it is an
normal Lie subgrupoid and

G :=G/¥(m (H) x M)

is a Lie groupoid over M. Moreover, since this image is
isotropic with respect to the presymplectic form w on g implies
that w descends to §, making it into a presymplectic groupoid
integrating E and W descends to a morphism ¥ : HxM — §
integrating 1.



Proposition

Let H be a Lie group, and Hy be its connected component
containing the identity. Let M be a manifold carrying an
H-action that is free and proper. Let 7t be a Poisson structure on
M/H and E the Dirac structure on M obtained by pullback.
Suppose that E is integrable, that G is the source-simply
connected presymplectic groupoid integrating E and that the
image of the map m;(Hp) x M — G is an embedded
submanifold. Then 7t is integrable.
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Integration of Poisson homogeneous spaces

(G, ) Poisson Lie group

m: (G, 7g) x (G, mg) — (G, mg)

Poisson map.
& : g — /\2g is the linearization of g at e (i.e., 5(u) = (Lwr7g)e)
then the dual map

6*: /\2 g* — g*, ((-,/\T] — [(Z—,;T]]g*/

defines a Lie bracket on g*, and (g, 0) becomes a Lie bialgebra,
is a Lie algebra cocycle with values in /\%g



d = g@ g* Lie algebra

[u+& v+nly = [u,vlg+adi v—ad) u+ [ g +adj,n—ad; &,

foru,v € g, §,m € g%, and the bilinear form (-, -) on d given by
(Ut+& v4m) =nlu) +EV),

is ad-invariant with respect to [-, -,
(d, (-,-)) is the double of the Lie bialgebra (g, 5)



d = g@ g* Lie algebra

[u+& v+nly = [u,vlg+adi v—ad) u+ [ g +adj,n—ad; &,

foru,v € g, §,m € g%, and the bilinear form (-, -) on d given by
(Ut+& v4m) =nlu) +EV),

is ad-invariant with respect to [-, -,
(d, (-,-)) is the double of the Lie bialgebra (g, 5)

The adjoint action of g on d integrates to an action of G on b, still
denoted by Adg :  — d for g € G, which is given by

Adg(u+&) = Adgutiag e ((rg1)mclg) + Ady 1 &,



Let H be a closed subgroup of G. A (G, 7t )-homogeneous
Poisson structure on G/H is a Poisson bivector field ton G/H,
and the action is Poisson

0: (GITEG) X (G/H/T[) — (G/H/T[)/ (91/ gZH) L glng



Let H be a closed subgroup of G. A (G, 7t )-homogeneous
Poisson structure on G/H is a Poisson bivector field t on G/H,
and the action is Poisson

o: (G mg) x (G/H,m) — (G/H,n), (g1,92H) — g1g2H
HOG (hg)—T,1(g)=gh!

p:hxG—=TG, plu,g)=—ully=—dlgle(u).

Proposition

Homogeneous Poisson structures on G/H are in one-to-one
correspondence, via pullback/pushforward by q: G =+ G/H,
with Dirac structures E on G satisfying:

(i) Eis H-invariant,
(ii) Ker(E) =p(bh x G),
(iii) m: (G,ng) x (G,E) = (G, E) is a (forward) Dirac map.




Dressing action of d =g @ g* on G,
Pr iD= X(G), u+&m —(ul+ng(Eh),
g =0 x G — G Courant algebroid

PppoAdg = dTg—l O Py, geG.

Iidg = TGaTG, I(u+&)=—(u"+mrh(gh), &,

GOG, g~ (rgf1 : G — G), consider its natural lift to TG
g+— (drgfl, (rg)*).

Lemma

(a) Themap I:dg — TG is G-equivariant,

(b) Every lagrangian subalgebra [ C d defines a Dirac structure
[g := [ x G in the Courant algebroid dg whose underlying
Lie algebroid is the action Lie algebroid defined by the
dressing action restricted to .




A Dirac structure E on G is of the form I(Ig) for a lagrangian
subalgebra | C b if and only if the group multiplication

m: (G,mg) x (G, E) = (G, E) is a (forward) Dirac map. In this
case, [ = E|.

In conclusion, we have

Proposition

The map I: dg — TG establishes a one-to-one correspondence
between Dirac structures on G satisfying properties (i), (ii) and
(iii) and lagrangian subalgebras [ C d which are Ad-invariant
and satisfy [N g =b.

[={u+&lueg &eAnn(D),ig(mlg(e)) =u+Db}
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G/H Poisson homogeneous space.

i) q*(Ex) = = G integrable Lie algebroid
i) P:h<G—=1IxG,(u,g)— (u+0,9), ueh
Y(m1(Hp) x G) € § embedded submanifold.



G/H Poisson homogeneous space.

i) q*(Ex) = = G integrable Lie algebroid
i) P:hx G = 1xG, (u,g)— (u+0,g), ueh
Y(m1(Hp) x G) € § embedded submanifold.

Any Poisson homogeneous space (G/H, 7) is integrable.




The complete case: pyli: [ = X(G) is by complete vector fields

§ := L G action Lie groupoid



The complete case: pyli: [ = X(G) is by complete vector fields
§ := L G action Lie groupoid
If H C Lis a closed Lie subgroup then

Y:HxG—LxG, (h,g) — (h,g).

(HxH) x (Lx G) = LxG, (hy,h)-(Lg) = (hylh, !, ghy").

G/(H x H) = G xy (L/H)



D be a connected Lie group integrating d

G* integrating g* is closed in D, G* = D,v— Vv
G—D,g—g

L connected Lie group with Lie algebra, L — D, 1+ 1

H also embeds into L as a closed subgroup such that every
h € H has the same image under L -+ D and G — D.

S(L) ={(v,g1,92,1) € G* x G x G x L|9g; = gol '}
§(L) is a Lie groupoid over G with structure maps
S(VI 91, 92, l) = 02, t(vl g1, 92, l) =91,

and multiplication G(L)@ — g(L),

(vi,91,9,14) - (v2, 9,92, ba) = (vav1, 91,92, i 12).



Proposition

1) The Lie groupoid (L) is an integration of the Lie algebroid
[=<G;
2) With H x H act on §(L) by

(hll hZ) . (V, Jd1, 92, l) - (V, glhl_lr 92h2_1, hllh2_1)/

the quotient §(L)/(H x H) is a Lie groupoid over G/H
integrating the Lie algebroid T*(G/H) defined by the Poisson
structure on G/H.




