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1 Introduction

The first topic of the workshop, Diophantine approximation, has at its core the study of rational numbers
which closely approximate a given real number. This topic has an ancient history, going back at least to
the first rational approximations for 7. The adjective Diophantine comes from the third century Hellenistic
mathematician Diophantus, who wrote an influential text solving various equations in integers and rational
numbers (and whose name is now also attached to such “Diophantine equations”). The subject rose to promi-
nence in the last century beginning with the seminal work of Thue, and it has been the source of a large
number of deep and influential results, including far-reaching work of Siegel, Roth, Baker, Schmidt, and
Faltings, among others. It remains a highly active area at the forefront of number theory and mathematics.

The second topic of the workshop, algebraic curves, has long been implicit and in the background of
Diophantine problems. In this direction, the fundamental role of algebraic curves was cemented in the in-
fluential 1922 conjecture of Mordell that an algebraic curve of genus at least two possesses only finitely
many rational points. The interplay between geometry and arithmetic has increased rapidly since that time,
and the use of increasingly advanced tools from algebraic and arithmetic geometry has led to the solution of
many outstanding and previously inaccessible problems, including the resolution of Mordell’s conjecture (by
Faltings).

The workshop centered on the interplay between Diophantine approximation and algebraic curves, with
interconnections to a diverse array of topics in algebra, geometry, analysis, and logic, among others.

2 Overview of the Field

A foundational topic in Diophantine approximation is the study of rational numbers which closely approxi-
mate a given real number. Naively, since the rational numbers are dense in the real numbers, one may approx-
imate a real number arbitrarily well by a rational number. Diophantine approximation studies the closeness
of this approximation in terms of the “size” of the rational number (e.g., the denominator). Specifically, if o
is a real number, one can study the rational solutions % to an inequality of the form
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where c(«) and 0 are positive real numbers.



If 6 = 2, then an elementary result of Dirichlet shows that for any irrational real number «, the set of
rational solutions £ to (1) is infinite when c(a) = 1 (or even c(a) = %, due to Hurwitz). The theory of
continued fractions provides a method for explicitly calculating such good approximations.

In a complementary direction, Liouville (1844) showed that if « is an algebraic number of degree d > 2,
then there exists an explicit positive constant c¢(«) such that (1) has no solutions for § > d. Liouville’s
result is already sufficient to show that numbers such as Y .-, 10~ are transcendental, giving a first link
between Diophantine approximation and transcendence problems. On the other hand, Liouville’s inequality
is typically too weak to obtain interesting consequences for Diophantine equations.

A breakthrough occurred in 1909 when Thue [53] improved the exponent in Liouville’s result to 6 >
%d + 1. As an application, Thue proved the finiteness of integer solutions z,y € Z to equations (now called
Thue equations) of the form F(z,y) = a, where a € Z and F € Z[x,y] is an irreducible binary form of
degree d > 3.

Siegel [50], in 1921, expanded on Thue’s method to prove finiteness for exponents § > 2v/d. The
improvement to an exponent ¢ of order o(d) proved essential when, in 1929, Siegel [52] proved his famous
theorem on integral points on curves: if C' C A" is an affine curve defined over a number field £ with
positive geometric genus or possessing at least 3 (geometric) points at infinity, then the set of points of C'
with coordinates in the ring of integers of k, C'(Oy,), is finite. More generally, in this case finiteness holds for
any set of S-integral points C(O,s), where Oy, g (S finite) is a ring of S-integers of k. Siegel’s theorem on
integral points provides a basic link between the two topics of the workshop, and more generally, represents
an early instance of the deep and fundamental interplay between geometry and arithmetic. In the case of
rational affine curves, Siegel’s theorem is equivalent to the finiteness of solutions to the so-called S-unit
equation

au+bv=c, wu,ve;g, 2)

where a, b, ¢ € k* are nonzero constants. This equation had been studied earlier by Siegel (when O} ¢ = Of)
and in the above generality by Mahler. In fact, one can study the S-unit equation (and Siegel’s theorem) in
far more general contexts (e.g., when u, v lie in a finitely generated subgroup of C*).

Siegel’s result was improved to § > 1/2d by Gelfand and Dyson (1947) (independently), and finally, the
optimal result § > 2 was obtained in 1955 by Roth [43]: If « is an algebraic number, € > 0, and C' > 0, then
there are only finitely many rational numbers g € Q satisfying
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Beginning with work of Mahler, Roth’s theorem was subsequently generalized by Ridout and Lang [33,
42] to an arbitrary fixed number field & (in place of Q) and to allow for finite sets of absolute values (including
non-archimedean ones).

In contrast to Liouville’s result, Roth’s theorem is ineffective. That is, given « an algebraic number, the
method of proof does not yield a way, in general, to compute the finitely many solutions to (3). In fact, this
defect is already present in all of the results on the inequality (1) beginning with Thue (consequently, Siegel’s
theorem on integral points is also ineffective). This problem of effectivity remains a major open problem. On
the other hand, it is possible to derive an upper bound on the number of solutions to Roth’s inequality (3) and
related problems. For instance, beginning with work of Evertse [25], many authors have studied the problem
of producing bounds for the number of solutions to the S-unit equation (2) that, remarkably, depend only on
the cardinality |.S|. For example, Beukers and Schlickewei [7] have proven the bound 216151

In the 1960’s, in a series of papers, Alan Baker [3] revolutionized the subject by producing effective lower
bounds for linear combinations of logarithms of algebraic numbers. Baker’s results found numerous applica-
tions, including effective bounds for solutions to the unit equation (2) (from which many other Diophantine
equations may be effectively solved). Analogous lower bounds for linear forms in p-adic logarithms were
obtained by van der Poorten [40], Yu [59], and others.

In a different direction, Schmidt [48] proved a deep higher-dimensional generalization of Roth’s theo-
rem to the setting of hyperplanes in projective space. Schmidt’s Subspace Theorem, as it is known, has found
numerous applications to Diophantine problems (more precisely, the version typically applied includes subse-
quent improvements due to Schlickewei [45], analogous to Ridout-Lang’s generalization of Roth’s theorem).



Among the many applications is the fundamental result of Evertse [24] and van der Poorten and Schlickewei
[41] on the n-term unit equation: all but finitely many solutions of the unit equation

up Uz + .ot Uy =1, ur,..u, € O g, )

satisfy an equation of the form } ,_; u; = 0, where I is a nonempty subset of {1,...,n}.

In 1983, another leap forward occurred when Faltings [27] proved Mordell’s conjecture dating from 1922:
for any number field k£ and any smooth projective curve C of genus at least two, the set of rational points C'(k)
is finite. Thus, the qualitative behavior of rational points on algebraic curves is completely determined by
the crudest geometric invariant of a curve, the genus. Although Faltings’ original proof avoided Diophantine
approximation, Vojta [55] subsequently found a new and influential proof of the Mordell conjecture based in
Diophantine approximation. Building on this work, Faltings [28] proved a conjecture of Lang classifying the
subvarieties of an abelian variety which contain a Zariski dense set of rational points, and another conjecture
of Lang generalizing Siegel’s theorem to affine open subsets of an abelian variety. Even more generally, Vojta
[56, 57] extended Faltings’ results to subvarieties of semi-abelian varieties.

Generalizing Mordell’s conjecture, Bombieri and Lang conjectured that if X is a variety of general type,
over a number field k, then the set of rational points X (k) is not Zariski dense in X. In fact, the conjecture
can be extended to include integral points and varieties of log general type. In this form, the Bombieri-Lang
conjecture unifies all of the aforementioned qualitative results on integral and rational points. In particular, it
contains as special cases the results of Siegel and Faltings for curves, and the results of Faltings and Vojta for
integral and rational points on subvarieties of semi-abelian varieties.

Returning to Diophantine approximation, and ending the overview, we mention Vojta’s conjectures [54],
which posit a precise inequality for algebraic points on a variety, at once quantifying the Bombieri-Lang
conjecture and generalizing the Diophantine approximation inequalities of Roth and Schmidt. Vojta’s con-
jectures came as the result of the surprising discovery of analogies between Diophantine approximation and
Nevanlinna theory, the quantitative theory that grew out of Picard’s classical theorem in complex analysis on
entire functions omitting two values. This has led to the development of strong ties and analogies between
arithmetic and complex geometry, in addition to the more classical analogies between number fields and
function fields.

3 Recent Developments and Presentation Highlights

In this section we discuss select recent developments, with a view towards the presentations given at the
workshop, and give a description of some of the presentation highlights.

3.1 Schmidt’s Subspace Theorem and Its Generalizations

Schmidt’s Subspace Theorem remains one of the most powerful Diophantine approximation results avail-
able, and constitutes the central tool in a diverse and increasingly large number of applications (e.g., see
Bilu’s survey article [8]). Generalizing the Subspace Theorem to other contexts began with work of Faltings
and Wusthdlz [29], and more recently, Corvaja and Zannier [22] and Evertse and Ferretti [26] have proven
generalizations to higher-degree hypersurfaces in projective space and to more general projective varieties.
Closely related techniques have been used to study integral points on varieties, beginning with a new proof
of Siegel’s theorem by Corvaja and Zannier [21], and continuing in their work [23] and work of Levin [34],
Corvaja, Levin, and Zannier [19], and Autissier [2].

Continuing this line of research, Paul Vojta (University of California, Berkeley) spoke on joint work with
Min Ru on birational Nevanlinna constants. In earlier work of Ru, a new invariant, the Nevanlinna constant,
was introduced to clarify and unify the Diophantine approximation method (and analogues in Nevanlinna
theory) developed in the previous work. Vojta spoke on variants of this constant, and corresponding general-
izations of the Subspace Theorem, which go further by incorporating the filtrations introduced in Autissier’s
work, in addition to other novel ideas.



3.2 Unit equations and other related equations

The unit equation (2) (and more generally (4)) is ubiquitous in number theory, and many other famous Dio-
phantine equations (e.g., Thue-Mabhler equations, Mordell equations, hyperelliptic equations) can be reduced
to it. Such an observation goes back to at least the 1926 work of Siegel [51] (written under the pseudonym X),
who used the unit equation to study integral points on affine hyperelliptic curves. The groundbreaking work
of Baker led to effective height bounds for solutions to the unit equation (and a host of other Diophantine
equations) and the possibility of practical general algorithms. We can (loosely) organize a number of the
presentations around these core themes.

3.2.1 Height bounds and algorithmic aspects

The classical approach to producing effective height bounds for solutions to the unit equation (and related
Diophantine equations) comes from the theory of linear forms in logarithms (including p-adic and elliptic
versions). Since the bounds produced by this method are typically too large to admit a naive exhaustive
search, finding practical algorithms for the resolution of such Diophantine equations has been intensively
studied, with key developments going back to Baker and Davenport [4] and the introduction of the LLL-
algorithm by de Weger [58].

Building on observations of Frey [30] and the proof of the Taniyama-Shimura conjecture [14], recently
“modular” approaches to the unit equation, and related equations, have been developed (over the rational
numbers). Work in this direction includes results of Murty and Pasten [37], Bennett and Billerey [5], and
Benjamin Matschke (University of Bordeaux), in joint work with Rafael von Kinel, who spoke on solving .S-
unit, Mordell, Thue, Thue-Mabhler, and generalized Ramanujan-Nagell equations via the Taniyama-Shimura
conjecture. There are close relations between all of these classical Diophantine equations, and Matschke
focused on the Mordell equation y? = 23+a, where a € Z is fixed and x and y lie in a ring of S-integers Zg =
Z[1/Ng], where S is a given set of rational primes and N = [ 5 p. Several improvements to the theory and
practical resolution of the Mordell equation were given, including improved height bounds for the solutions
(using an approach based on the Taniyama-Shimura conjecture, as opposed to linear forms in logarithms) and
improvements to the known algorithms for solving the Mordell equation, including novel sieving techniques.
Applications to elliptic curve databases were discussed, including the explicit computation of all elliptic
curves (up to isomorphism) with good reduction outside a set of of sufficiently small primes.

Beth Malmskog (Villanova University) discussed implementing a solver for S-unit equations in Sage and
applications to algebraic curves (joint work with Alejandra Alvarado, Angelos Koutsianas, Christopher Ras-
mussen, Christelle Vincent, and Mckenzie West). In contrast to Matschke’s talk, a key focus of the algorithm
was handling S-unit equations over arbitrary number fields. As an application, all 63 Q-isomorphism classes
of Picard curves with good reduction away from 3 were computed (by a result of Borner-Bouw-Wewers, all
Picard curves over Q have bad reduction at 3).

Adela Gherga (University of British Columbia) spoke on implementing algorithms to compute elliptic
curves over Q. Specifically, she discussed difficulties with implementing the algorithms of de Weger and
Tzanakis, particularly with respect to performing p-adic computations. This is an area where many current
computer algebra packages are rather lacking.

3.2.2 Closely related inequalities and equations

Jan-Hendrik Evertse (Universiteit Leiden) discussed joint work with Yann Bugeaud and Kédlman Gyory on
S-parts of values of binary forms and decomposable forms. If S = {p1,...,p,} is a finite set of primes,
a € Z, a # 0, and we have a factorization a = pzf -+~ pina’ with p; 1 @', 1 < i < n, then the S-part of a is
defined to be [a]s = p'' - - - pir. For a decomposable form F € Z[X1, ..., X,,], let

a(F) = inf{a | VS, 3c > 0 such that [F(x)]s < ¢|F(x)|* forall x € Z™, ged(z1, . .., xm) = 1, F(x) # 0}.

If F is a binary form (m = 2) of degree n > 3 and nonzero discriminant, then it is proven that a(F) = %
More generally, they prove results for decomposable forms under certain conditions, and give quantitative
results counting the number of solutions to related inequalities.

Yann Bugeaud (University of Strasbourg) discussed the binary representation of smooth numbers. He
proved a series of results all with the general theme that a large integer cannot simultaneously have only very



small prime divisors and very few nonzero binary digits. The given new results are effective, and rely on
estimates for linear forms in complex and p-adic logarithms of algebraic numbers.

Shabnam Akhtari (University of Oregon) discussed joint work with Jeffrey Vaaler on finding height in-
equalities for units in the ring of S-integers of a number field. More specifically, if h(-) denotes the (absolute)
Weil height, then Akhtari discussed the problem of finding estimates for the quantity

min{h(87) | 7 € T},

where I is a given subset of a group of S-units OF of k, and § # 0 is a nonzero S-integer. Aside from
intrinsic interest, such height inequalities have applications to Diophantine equations, and in particular, the
relevance to solving norm form equations was discussed.

3.2.3 Unit equations and arithmetic dynamics

The application of unit equations to arithmetic dynamics, and in particular as a tool to study periodic and
preperiodic points of a rational function, goes back to at least Narkiewicz [38], who used unit equations to
study rational periodic points of monic polynomials. In the more general setting of rational functions, recent
works of Canci [15], Canci and Paladino [16], and Canci and Vishkautsan [17] have used unit equations as
an essential tool to study rational preperiodic points and give partial results towards the Morton-Silverman
conjecture in arithmetic dynamics.

Extending this line of results, Sebastian Troncoso (Michigan State University) spoke on rational prepe-
riodic points and hypersurfaces in projective space. In the one-dimensional case, if ¢ : P! — P! is an
endomorphism of degree d > 2 over a number field k, and ¢ has good reduction outside of a set of places
S of k (including archimedean places), then Troncoso shows that the number |PrePer(¢, k)| of k-rational
preperiodic points satisfies

|PrePer(, k)| < 5 2161514° 1 3

A sharper bound is obtained for strictly preperiodic points. In higher dimensions, quantitative results are
obtained for the number of rational preperiodic hypersurfaces satisfying certain conditions. Key ingredients
in the proofs are bounds for the number of solutions to S-unit equations and Thue-Mahler equations.

3.3 Runge’s method

An old method of Runge [44], dating from 1887, proves the effective finiteness of the set of integral points
on certain affine curves. In its most basic form, Runge proved that if f € Q[z, y] is an absolutely irreducible
polynomial and the leading term of f factors nontrivially over QQ into nonconstant coprime polynomials, then
the set of solutions to

flz,y) =0, xz,y€Z,

is finite and can be effectively computed. More generally, Runge’s method can be used to prove effective
finiteness of .S-integral points on an affine curve C' when |\S| is small compared to the number of rational
components of C' at infinity. Bombieri [12] proved a uniform version of Runge’s theorem, allowing the
number field K and set of places S to vary.

More recent developments include a generalization of Runge’s method to higher dimensions by Levin
[35], a series of papers by Bilu and Parent [9, 10, 11] applying Runge’s method to modular curves and
solving certain cases of a well-known conjecture of Serre, an application in arithmetic dynamics to integral
points in orbits by Corvaja, Sookdeo, Tucker, and Zannier [20], and an application to the Nagell-Ljunggren
equation by Bennett and Levin [6].

Further developing these themes, Samuel Le Fourn (ENS Lyon) spoke on Runge’s method and its ap-
plication to integral points on Siegel modular varieties. Expanding on Levin’s higher-dimensional version of
Runge’s method, Le Fourn proves a “tubular” version of Runge’s method which permits wider applicability
to higher-dimensional problems on integral points. As an application, Le Fourn proves an explicit finiteness
result for integral points on the Siegel modular variety As(2).



3.4 Unlikely intersections

If X and Y are subvarieties in a space of dimension n > dim X + dim Y, then one usually expects that
the intersection X N Y will be empty (the intersection is “unlikely”). In fact, if X is fixed and Y runs
through an infinite family of suitable subvarieties with dim X + dimY < n, then one still expects that X
has small intersection with the entire family unless X is of a certain special type related to the family. One
may view conjectures of Lang, Manin-Mumford, Zilber, André-Oort, Bombieri-Masser-Zannier, and others
in this general setting. The topic has been developing rapidly, with notable contributions including work of
Bombieri, Masser, and Zannier [13], Maurin [36], Habegger [31, 32], and Pila [39].

Within this framework, Laura Capuano (Oxford University) spoke on joint work with Barroero on un-
likely intersections in families of abelian varieties. In particular, the case where X is a curve in a family
of abelian varieties was studied, and applications were given to the study of families of polynomial Pell
equations.

3.5 Perfectoid spaces and p-adic hyperbolicity

Vojta’s dictionary [54] gives a precise way to “translate” between statements in Diophantine approximation
and statements in (complex) Nevanlinna theory. This analogy between the two subjects has proved very
fruitful and influential, and has led to substantial progress in both subjects. Since at least the 1980’s, a theory
of p-adic (or non-Archimedean) Nevanlinna theory has been developed, and in particular, various notions of
p-adic hyperbolicity were introduced by Cherry [18]. Similar to the classical case, a dictionary between p-
adic Nevanlinna theory and Diophantine approximation over the rational numbers was studied by An, Levin,
and Wang in [1].

The recent theory of perfectoid spaces, due to Scholze [49], has been quickly recognized as a major
advance, and has already found many deep applications in diverse areas. In this context, Ariyan Javan-
peykar (University of Mainz) discussed the notion of p-adic hyperbolicity and its relation to other common
notions of hyperbolicity. Using Scholze’s theory of perfectoid spaces, he presented a proof of a strong p-adic
hyperbolicity statement for moduli spaces of polarized abelian varieties.

3.6 Transcendence Theory

Michael Coons (University of Newcastle) spoke on joint work with Yohei Tachiya on problems in the tran-
scendence theory of functions of one complex variable. The talk centered on proving generalizations and ex-
tensions of a result of Duffin and Schaeffer. A primary result yielded the transcendence, over the field of mero-
morphic functions, of complex functions with a finite (positive) bounded radius of convergence satisfying
certain radial unboundedness conditions. As an application, one obtains that the field C(z)(e*, 3", o, 2%")
has transcendence degree two over C(z), answering a function-theoretic analogue of a question of Nishioka
on the algebraic independence of e and the number >°, -, 272",

Noriko Hirata-Kohno (Nihon University) discussed the independence of values of the polylogarithm
function and a generalized polylogarithm function with periodic coefficients. The method of proof relies on

the construction of new Padé approximations built on earlier (unpublished) work of Nishimoto.

3.7 Further Presentation Highlights

Richard Guy (University of Calgary) spoke on some relations between number theory and the Euclidean
geometry of triangles. He discussed some classical geometric configurations of lines and circles associated
to triangles, including configurations arising from the Simson line theorem, and raised some open problems
about the structure of a related graph.

Lajos Hajdu (University of Debrecen) discussed the problem of finding well approximating lattices for a
finite set of points (joint work with Andrds Hajdu and Robert Tijdeman). After giving some motivation for the
problem coming from medical image processing, Hajdu defined an appropriate measure for the approximation
of alattice to a finite set of points. Under this notion, results on finding well-approximating lattices were given
in all dimensions, with more complete results in the one-dimensional case. The techniques used include the
LLL algorithm and techniques from simultaneous Diophantine approximation.



Fabien Pazuki (University of Copenhagen) spoke on inequalities for the j-invariants of isogenous elliptic
curves. Specifically, Pazuki showed that if h denotes the absolute logarithmic Weil height, F; and E» are
elliptic curves over Q with j-invariants j; and js, respectively, and ¢ : E; — FEj5 is an isogeny, then the
following two inequalities hold:

|h(j1) — h(j2)|] < 9.204 4 12]og deg ¢,
h(j1) — h(j2) < 10.68 + 6logdeg ¢ + 6log(1 + h(j1))-

Some applications of the inequalities were discussed, including the problem of bounding the coefficients of
modular polynomials.

Cameron Stewart (University of Waterloo) spoke on joint work with Stanley Xiao on the representation
of integers by binary forms. Let I’ be a binary form with integer coefficients, non-zero discriminant, and
degree d > 2. Let Rp(Z) denote the number of integers of absolute value at most Z which are represented
by F. Computing R (Z) in the case of binary quadratic forms (d = 2) is classical, and goes back to work of
Fermat, Lagrange, Legendre, and Gauss. The cubic case (d = 3) was studied by Hooley, and many authors
have studied various higher degree classes of binary forms. For d > 3, Stewart and Xiao are able to give
a precise asymptotic result, showing that there is a positive number Cr such that Rg(Z) is asymptotic to
CrZ?/4. The techniques used include Heath-Brown’s p-adic determinant method, as refined by Salberger.

Amos Turchet (University of Washington) discussed joint work with Kenneth Ascher on the uniformity
of integral points on curves and surfaces. A well-known result of Caporaso-Mazur-Harris shows that, as-
suming the Bombieri-Lang-Vojta conjecture, there should exist a uniform bound B(k, g) for the number of
k-rational points on a smooth projective curve C, where B(k, g) depends only on the number field & and
the genus g of C'. Higher-dimensional uniformity results on rational points in the same vein were proven
by Hassett, Abramovich, and Abramovich-Voloch. Turchet discussed partial results towards a program for
proving an integral points analogue of Caporaso-Mazur-Harris’s result, extending results of Abramovich for
integral points on elliptic curves. Geometrically, this involves extending the previous uniformity results from
varieties of general type to varieties of log general type.

4 Outcome of the Meeting
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