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Liquid crystals
Solid: ordered
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Rigid molecules
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Rod-like molecules (achiral) Bent-core molecules
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Nematic: only uniaxial Uniaxial, Biaxial & modulated nematic phases
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Smectic A & C Polar & chiral structure




Features of bent-core molecules

Phase behaviors could vary with minor change on molecular architecture.
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Goal of Modeling: Microscopic interaction — Macroscopic phases & properties



Rods: models at different level

» Molecular model: f(x, m), m € S2.
Flf) _
kgT

MD/Monte-Carlo: time-consuming; small systems.

/dmflogf—l—g/dmdm’f(m)G(m7 m’) f(m’).

> Tensor model: Q = [dm (mm —1/3)f(m) = (mm — 1/3). Sketch of f.
Landau-de Gennes.

FlQ) = / dz astr(Q?) — aztr(Q%) + aa(tr(Q?))?

+ L1|VQP + L20:Q;10;Qik + L39iQir0;Qjk + L1Qi;0iQr10; Q.-
Connection between phenomenological coefficients and molecular interaction?

> Vector model: uniaxial Q@ = s(nn — I/3). Oseen-Frank.
1
Fln] = 3 /dm Ki1(V-n)2 + Ka(n-(V xn))? + Ksln x (V xn)2

K;: measurable elastic constants.

Elasticity for the uniaxial nematic phase.



Systematic modeling

Molecular model Molecular model
flx,m), me S? f(z,P), P € SO(3)

Taylor expansion
Bingham Closure

Expansion in SO(3)

Order parameters?
3 Closure T paras s

flensorgmodel New tensor model

Q()
Uniaxial - I Multiple phases ) e
phase symmetry Q= s(nn - g) & phase symmetry LModulatedivhases
Vector model Orientational elasticity
n(x) T(x) € SO(3)

> Molecular symmetry — Order parameters & Form of tensor model
> Phase symmetry — Form of orientational elasticity

> Molecular parameters — Coefficients in tensor model — Elastic constants

J. Han, Y. Luo, W. Wang, P. Zhang and Z. Zhang, ARMA(2015).
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Representation of orientation

> Body-fixed frame: (O;m;). Density: f(x, P).

mi1 m21 M3l
1P = (ml,mg,mg) = mi2 MM22 M32 S 50(3)

mi3 MM23 M33

> Representation by Euler angles:

cos —sin acosy sin a sin 7y
sinacos B cosacosfcosy—sinfsiny —cosacosSsiny — sin 8 cosy
sinasin83  cosasinfcosy + cosBsiny  — cosasinSsin~y + cos B cosy

1
dP = — sinadadBdy.
82



Order parameters: intuitive

> Body-fixed frame: (O;m;). Density: f(x, P).

mi1 m21 M3l
P = (mi,mga,m3) = | mi2 ma2 m3o € 50(3).

mi13 M23 M33

> Tensors for bent-core molecules: Mo — —1ma symmetry.
First order: p = (m1). Necessary for polar order.
Second order: Q1 = (m1m1), Q2 = (mams2). Need both for biaxial nematic
phase.

(Qs = (mgmgz) =1 - Q1 —Q2)



Molecular model

Let r = ' — .
F[f] _ 1 ’ ’ ’ ’ /
T = de:cflogf+§ dPdzdP'dz’ f(x, P)G(r, P, P") f(x’, P').
B

Concentration: ¢(z) = [dPf(z, P) = co.

Orientational density: p(x, P) = f(x, P)/c(x).
» Kernel function: G(r, P,P') =1 —exp(-U(r, P, P")/ksT).
» U(r, P, P'): pairwise molecular interaction.

Hardcore:
U— { 400, if two molecules touch,

0, elsewhere.

Lennard-Jones; Electromagnetics, . ..



Spatial and orientational expansion

» Expand f about » = &’ — . Spatial moments

M® (P, P = /G(r,P, PYr...rdr.
N——
k times

% :/dewflongrZ T /dmdeP f(e, PYM™ (P, PV f(z, P').

» Expand M(k)(P, P’). Determined by molecular symmetry & truncation.
Relative orientation: P = P™'P’' = (p;;)3x3 = (m; - m}).
MO = Coo + Co1P11 + Cozpfl + c03p§2 + co4(p§2 + p§1)7
MY = —cio(m1 —m}) — ciipii(ma — m)) — cia(paima — pramd),
M® =— (020 + ca1p11 + c22pT1 + C23p32 + 024(1)?2 + pgl)) I
— cas(mimy + mim)) — cos(Mmams + moms)
— (co7 + cosp11) (Mam + mima) — cagpaa(mamiy + mymo)

— 2,10 [pr2(mamy + mbma) + pa1(mam + mims)].



Separate variables

The term —p?,1 in M®) generates V(cQ1) : V(cQs2).

/dmdeP' — (my-mb)’I: f(x, P)V>f(a, P)

=— /dm (c(m)/deumUp(:c,P)) Okk (C(m)/dp/méimgjp(m,])/))
—— [ de (c(@) (mamy)) O (cla) (maims;))

=(integration by parts, boundary terms discarded)

:/dw(‘)k (c(x)Q1ij) Ok (c(2)Qa2ij) -



Free energy

Nematic phases: ¢ = ¢p.

Flp(z), Q1(x), Q2(x)]
kgT

:/da:{c(b “p+B1: Q1+ B2:Q2—1logZ) — Quasiequilibrium Closure

2
2
+ 2(c1100i Q14 + 120585 Qai5)

+ —(co1|pI? + co2|Q11* + co3|Q2* + 2¢04Q1 : Q2)
C2
+ vy [c21|VD|? + c22|VQ1|? + c23|VQ2|* + 2¢240:Q1 10 Q2
+ 2c270;pi05p; + 2¢280; Q151,05 Q1
+ 2¢200iQ2:1 05 Qajk + 4c2,100:Q1:10; Q2] }
Ckj: those in M®),

Coupling of p and 9;Q«i; = Modulated phases

Jie Xu and Pingwen Zhang. Sci. China Math.(2014).
Jie Xu, Fangfu Ye and Pingwen Zhang, MMS, in revision, arXiv:1408:3722v2.



Coefficients

> Minimize
dP(|M® (P, P's {1, D,6}) = M® (P, P'; {ews D[,
SO3
» Functions of molecular parameters: c; = I*T3¢;;(n, 0), n = D/I.

» Nondimensionalization: & — a/I, ¢ — o = 7c(l + l2)D? /4.
Dimensionless molecular parameters: volume fraction «, thickness 7,

bending angle 0, and l2/I.



Quasiequilibrium Closure Approximation
Minimize the entropy term with given value of (p, Q1,Q2).
1
p(P) = P exp(b-mi + By : mimi + By : mams).

(P, Q1,Q2) = %/dP p(P)(m1,mimy, mams).

Approximation: shared eigenframe T'(x) € SO(3) (proved for homogeneous phases*),

pP= T(5707 0)T7 b: T’(bl,O,O)T7
Q1 = Tdiag(q11, q12, q13)T7, B1 = Tdiag(b11,b12,0)T7T,
Q2 = Tdiag(g21, 22, ¢23)T7, Bo = Tdiag(ba1, baz, 0)T7T.

Physical range of eigenvalues:
aj > 0,8% < qu1,
q11 + q12,q11 + q21,q12 + q22,921 + 22 < 1,
q11 + q12 +q21 + q22 > 1.

Bijection: (s, qij) <> (b1,b;j) = p(P) is determined by the tensors.

*Jie Xu and Pingwen Zhang, Comm. Math. Sci.(2017)



Reduce to rod-like molecules

When 6 = 7.
> Pairwise interaction: coefficients involving p and Q1 are zero.
» Entropy: Bingham closure.

> Free energy:
2
—log Z) + =
kBT /d:c 1 Q2 —log Z) + 2003\Q2|

+ = (c23|VQ2|* + 2¢200: Q21 0; Q2 ) }

e
4
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Nematic phases (restrained to 1D periodic)

> Isotropic phase (I): p=0, Q1 = Q2 = é
» Uniaxial nematic phase (N): p=0. Q3 = (msms3) =1 — Q1 — Q2.

Q; = si(nn — g) o é,

i=1,2,3.
Only one s; positive. s; > 0 — N;.
» Biaxial nematic phase (B): p=0; qi; > qi; (j # 1).

> Twist-bend phase (Ny). (s,qi;) constant, p # 0. Chiral.

0 cos 7y sin y
_ _ —27x . i —27x i —27x
T(z) = (n1,m2,n3) = | cos =2 —sinysin =2"%  cos y sin —2*%
i —27x . —27x —27x
sin = sin 7y cos = — €08y cos =

L: pitch; : cone angle.

Red: n1; Blue: nas.

MDD DE DE DF



Phases diagram w.r.t molecular parameters

Include all the nematic phases confirmed experimentally.

05 0.6 0.7 0.8 0.9 1 0 005 01 015 02 025 03
B/l

Figure : Bent-core molecules (n = 1/40) and star molecules (n = 1/40, 6 = 2x/3).

L
ey

Figure : Cone angle and pitch of bent-core molecules (n = 1/40, cv.= 0.7).



Orientational elasticity
Phase symmetry = elasticity.

» Uniaxial nematic phase: Oseen-Frank.
1
For = /dm 3 [K1(V - n)® + Ka(n-V xn)? + Ksn x (V x n)|’].
> Derivatives of T'(x) = (n1(x), n2(x), n3(x)): nine degrees of freedom.
D11 = n1inz;0inzj, D12 = niins;jodiniy, Diz = niini;0ingj,
Do1 = n2inz;0inzj, Daa = nains;jOinij, Dez = naini;0inagg,
D31 = n3ing;0inzj, D3z = nainz;jdini;, Daz = nzini;0ing;.
» Biaxial nematic phase: n; — —n; symmetry.
1
Fg,[T(x)] :/dm 5 [K1111D§1 + K2200D3, + K3333D35 — T

+Ki1212D%5 + K2121 D31 + Ka323D35
+K3232 D39 + K3131 D31 + K1313D35

+ Ki1221D12 D21 + Ka2332D23D32 + K1331D13D31] .

— SZ‘BJ‘



Elastic constants

Patterns:
Twist: D;; # 0, Splay & Bend: Dj; # 0,

< )
<>
NN ’

» Twelve elastic constants.

> If Q; uniaxial: Biaxial elasticity = Oseen-Frank.
If we set n = n;.

Ko323 = K323z = K1, Koo = K333z = Ko, Ki212 = K313 = K3,
Kaszo = 2(K2 — K1), K111 = Ka121 = K3131 = Ki201 = Ki331 = 0.



Elastic constants

» For uniaxial & biaxial nematics: p = 0, Q; = T'diag(qi1, ¢i2, ¢:i3)T7T.
Let q;; be equilibrium values = Elasticity of T'

> K = K(qij,car)- Solve q;j = qij(cor) = K = K(cor(a,n,0),car(a,n,0))

Figure : Elastic constants with n = 1/20, cI2D = 20.0 and 6 = 27/3 (star molecules).

Jie Xu and Pingwen Zhang. Liquid Crystals, online.
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Molecular model

» Differential operators on SO(3)

L; = Ox: derivative along infinitesimal rotation about m;.
J

0

L1 = —

1 6’77
_ sy (09N L0
Loy = Sna (85 Cosaary)qtsmwaa,

L _ siny i—cosaﬁ + cos 2
>~ sina \ 9B oy Yoo

L = (L1, Lo, L3): 'gradient’ in SO(3).

» Smoluchowski equation:

A+ (o) =V (I + L (DFLw) — L&), 1= 57

Navier-Stokes:

ot
V-v=0.

Ps <@+v-Vv> =-Vp+vAv+V - (e + 1) + Fo,



Molecular model

» Molecule consists of spheres.
Rotational convection g
Sphere—fluid friction Diffusion coefficients
> F = (v = | D=DoI*
Molecular architecture J = ij’lmjmj
viscous stress T,

» Moment of inertia: I = diag([11, I22, I33)
bent-core: oc I°diag(4sin® &, cos® 4,1 + 3sin” £);
star: depend on [, 12, 0.

» Rotation: x = Vw.

g =(k : mamsz)m; — (k : mim3z)mo

1
—+ m([ggli tmime — [11K : m2m1)m3.



Molecular model

» Viscous stress:

Ty =C(K : [122 (mimimim,) + I (mamamame)

Il
2 ((mima + mamy ) (mimz + mam,)) ] .
Iy + I
> Principle of virtual work = Elastic stress 7. & Body force F,

Elastic stress: 7&° = ckpT <o¢?6Lm>,

a1 = Mams, Q2 = —M1Mg3,
1

T I+ I

Body force: F. = —cksT (V).

Depend on I;; & p.

asg (122m1m2 *Iumzml)-

w=0F/§f determined by molecular architecture.

Jie Xu and Pingwen Zhang, JNNFM, online.



Tensor model

» Multiply the Smoluchowski equation with mi, mimi, mams and

integrate over SO3, assume c is constant,

0A
E‘f"lPVA:NA"‘MA"‘VAa Ae{p,Q1,Q2}.

Na: spatial diffusion; M 4: rotational diffusion; V4: rotational convection.
> Mua, Va, Te, Tv, Fe: functions of tensors up to 4th order.
Na: functions of tensors up to 6th order.

Express high-order tensors: quasiequilibrium closure approximation.

1
p(P) = E exp(b -mq+ B1:mimqi + Bs mgmg).

> Advantage: keep energy dissipation.
Energy dissipation of molecular model:

d P2
= (/da:2|v| +kBT/d1/flogf+FT)

:/dwduf [kaT<(L/A)TD0171LH* (W)TJW)

f<¢—|—f<¢T H+I€T
—2n 5 g 2 — K Tuf| -




Shear flow problem

> Assume k12 = Oyv, = k constant, (p, Q1,Q2) spatially homogeneous.
Solve Smochulowski equation only.
» Rescale { = (¢I1?/48kpT)'t, & = x/I.
Dimensionless parameters: k, o = mcD?*(1 +12)/4, 6, 12/1, n = D/I.
» Choose n = 1/40, o = 0.33,0.39.
Alter 6, l2/l: No—B—N3 transition.

1

0.8

05 06 07 08 09 1 0 005 01 015 02 025 03
™ L/l

> Classification of flow modes: motion of the principal eigenvectors q1, q2.

In equilibrium g1 L g2; In shear flow, they are approximately vertical.



Flow modes

> Steady states.

> Log-rolling (LR): g2 along z (vortex), g1 in z-y (shear plane).
> Flow-aligning (FA): g2 in -y near z, g1 may be in z-y near y (FA-y) or
along z (FA-2).

» Periodic modes.

Tumbling (T) Wagging-alternating (W-A) Wagging-wagging (W-W)



Flow mode sequences when k increases

Molecular model:

> N region: LR — K-Q2 — T — W-A — W-W — FA-y — FA-z.
Some may be missing. No switch.

Look at g2: similar to rod-like molecules.
> N3 region: FA-z.
Tensor model:
> N> region: part of the sequence at lower shear rates.
> N3 region: FA-z.

B region: star molecules with 6 = 27/3. Only molecular model.
Let l2/1 vary. Delicately dependent on shape.

> 0.125: LR — K-Q2 — W-W — FA-y — FA-z;

> 0.15, 0.175: LR — K-Q2 — W-W — FA-y — K-Q1 — FA-z;
> 0.2: LR —W-W — FA-y — K-Q2 — K-Q1 — FA-z;

> 0.225: K-Q2 — W-W — FA-y — K-Q2 — LR — FA-z;
0.25: K-Q2 — W-W — FA-y — LR — FA-z;

0.275: DS — FA-y — LR — FA-z.

v

v
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Fast algorithm for Bingham closure

Smoluchowski equation for rods: @ = (mm), R = (mmmm),

(Qe)ij = [—G(Qij—%)-Fa(Qikaj—kaRijkl)]+K«z‘kaj+Qiklikj—sz : Rijkt-

» Bingham distribution f5 = £ exp(B : mm), such that
Q= (mm|fp), R= (mmmm|fg).

Compute R = R(B(Q)).

» Polynomial fitting. Error ~ 107%.

Rijki =B15(0:0k1) + B25(0:5Qrt) + B35(Qi; Q)
+ B45(0i QemQmi) + B55(Qij QrmQmi) + B6.S(QimQmjQrnQni).

M. Grosso, P. L. Maffettone, F. Dupret, Rheol. Acta(2000).



Fast algorithm for Bingham closure

Sometimes need to compute B <> Q.

» Diagonalize: f = 5 L exp(bim? +bam3), b, be <O0.
qi(b1,b2) = /dmexp(blml + bgmz) 2,

» Direct computation: 2D integration.

> Piecewise rational approximation: 'integration free'
B — Q, (mmmm) , (mmmmmm,) ,
Absolute error < 5 x 1078 & 10* times faster than numerical integration.

Yixiang Luo, Jie Xu and Pingwen Zhang. J. Sci. Comput., online.
Package: https://github.com/yixiangLuo/Bingham-moment-function/



Application: Defects of rod-like molecules in a sphere

Free energy
I 1 5 1 )
F= [ dedydz [(B: (Q+3) —log2) — o1 QP + 502 |VQP| + Fy,
Q 3 2 2
Surface energy: let Q = A(r)(rr — I/3).

F, = / dS [Quizy — Qi2(2? — 1)]2 + [Q122 — Qu3y)?
a0 3

+ [Q222y — Qu2(y* — %)]2 + [Q127 — Qa37)?,

08
05

02

02
04

o5 o o5 T

(a) Radial hedgehog (b) Ring disclination (c) Sphere ring band

Typically take 1 hour. Would take >1 year without fast algorithm.



Summary & Future works

From molecular theory to tensor model:
Molecular symmetry — Order parameters & Form of free energy
Molecular parameters — Coefficients

Nematic phase diagram & Elasticity

Dynamic model; shear flow problem

Fast algorithm for Bingham closure
» High-dimensional structures; Defects; Fast closure approximation for

bent-core molecules.

» Same molecular symmetry, Different shape & interactions

Same Model, Different coefficients

m;

» Include concentration variation = Extend to smectics.
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