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Active Hydrodynamics:

Active Hydrodynamics
@ with active constituent particles that have collective motion
@ maintained out of equilibrium by internal energy sources

= Passive ones that maintained out of equilibrium by the external
force applied at the boundary of the system
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Applications

In biophysics, synthetic chemistry, colloidal physics, and materials

science:
@ microtubule bundles, cytoskeletal filaments, actin filaments
@ dense suspensions of microswimmers, bacteria, catalytic
motors
@ nonliving analogues, such as monolayers of vibrated granular
rods
o ...
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Liquid-crystalline order in a myxobacterial flock

Developmental Biology).

Image courtesy of Gregory Velicer (Indiana University Bloomington) and Juergen Bergen (Max-Planck Institute for
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Sardine school

Image courtesy of Jon Bertsch, from underwater images form the Sea of Cortez:

http://www.thalassagraphics.com/blog/?p=167
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Soft active systems:

(Image courtesy of David Saintillan (University of California) and Michael J. Shelley (New York University))

(a) collective motion in a suspension of swimming Bacillus subtilis, where arrows show the velocity field; (b)
dynamic clusters in swarms of bacteria, where arrows show the direction of motion of the particles; (c) spontaneous
motion in a suspension of microtubules and kinesin motors confined at a two-dimensional interface; (d) large-scale
swirling motion in a suspension of actin filaments transported by wall-tethered myosin molecular motors; (e)
swarming of self-propelling liquid droplets in a Hele-Shaw cell; (f) long-range order of vibrated polar disks on a

two-dimensional substrate.
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Active Liquid Crystals

@ Active Hydrodynamics + Liquid Crystal model =Active Liquid
Crystals

@ Nematic Liquid Crystal model theories: Doi-Onsager theory
(86"), Oseen-Frank theory (33', 58'), Ericksen-Leslie theory
(61', 68"), Landau - de Gennes theory (95’).
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Properties of the Q-tensor

@ 3 x 3 symmetric and traceless matrix
isotropic, if @ =0

@ the Q-tensor is < uniaxial, if it has two equal eigenvalues
biaxial, otherwise
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Modeling and Numerical Simulation

@ Giomi-Mahadevan-Chakraborty-Hagan, 2011, show that active
nematic suspensions behave as excitable media, and relaxation
oscillations is similar to biological pumps.

@ Ravnik-Yeomans, 2012, use numerical modelling to study the
flow patterns of an active nematic confined in a cylindrical
capillary.

@ Giomi-Bowick-Ma-Marchetti, 2013, defects in active liquid
crystals.

@ Saintillan-Shelley, 2013, use continuum kinetic theories to
model active suspension systems.

@ Blow-Thampi-Yeomans, 2014, dynamical simulations of a 2D
active nematic fluid in coexistence with an isotropic fluid.

@ Marchetti-Joanny-Ramaswamy-Liverpool-Prost-Rao-Simha,
Ahmadi, Lau-Lubensky, Calderer- - -
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Active Liquid Crystal System

a+(u-V)e=V-f(c,Ve,Q,V-Q),

pe+ V- (pu) =0,

(pu)e +V - (pu®@u)+VP—Lu=V -7+V -0,
Qi+ (u-V)Q + S(Vu, Q) — \|Q|D = TH[Q, cl,

c: concentration, p: density, u: velocity, Q: nematic tensor order
parameter, P = p7: pressure

Lu=pAu+ (v+ p)Vdivu : Lamé operator
H[Q, c] : molecular tensor
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Active Liquid Crystal System

¢+ (u-V)e=V-f(c,Ve,Q,V - Q),
pe+ V- (pu) =0,

(p): + V- (puu)+ VP —Lu=V -7+ V o0,
Qr+ (u-V)Q+ S5(Vu,Q) — M\Q|D =TH[Q, ¢],

stress tensor

S5(Vu, Q) =QQ — QQ

T==-VQoOVQ
o= —MQIH[Q,c]+ QHI[Q,c] — H[Q,c]Q + 0.c%Q
——"
elastic stress tensor active contribution
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Active Liquid Crystal System

¢+ (u-V)e=V-£f(c,Ve,Q,V-Q),
pr+ V- (pu) =0,
(PU)t-f-V ( ®U)—|—VP—£L1:V.7-+V.O_7

Qi+ (u-V)Q+ S(Vu, Q) — M\Q|D =TH[Q, ¢],

stress tensor

T=-VQOoVQ
o= —MQIHIQ d + QHIQ,d] - H[Q,c]Q + 7.2Q
——
elastic stress tensor active contribution

0.c?Q describes the contractile or extensile stress exerted by the active
particles. o, > 0: contractile case; o, < 0: extensile case
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Fr>0pu>0v+31>0 b AER,
@ [, V: viscosity constants
o v > %: adiabatic constant
e I 1: rotational viscosity
@ \: nematic alignment parameter
o

b : material-dependent elastic constants
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Main Difficulties

@ c-equation: Too complicated

0 \V - (|QIH[Q,c]), 0.V - (?Q)

involves interaction of @ and ¢

@ Q-equation: A\|Q|D = tr Q@ =07 (trD =divu =0, if
divu = 0)
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Incompressible Active Liquid Crystal system

hQ+ (u-V)Q+ QQ—QQ — A\Q|D =TH[Q],

oru+ (u-V)u+ VP — pAu=-V-(VQo VQ)
AV - (IQIH[Q]) + V- (QAQ — AQQ) + £V - Q,

V-u=0.

r(Q?)

HIQ] = AQ — aQ + b[@* — T ld] - cQtr(Q?).
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Inhomogeneous Active Liquid Crystal system

pt+ V- (pu) =0,
(pu)e + V- (pu@u)+ VP — pAu=-V - (VRO VQ)

—AV-([QIHIQ) + V- (QRAQR — AQQ) + £V - Q,
0:Q+ (u-V)Q+ QQ—QQ — \Q|D =THI[Q],
V-u=0.

2
HIQL = 8@ — 2@ + 5@ — 1) — cqu(@?),
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Compressible Active Liquid Crystals with concentration

¢ +u-Ve= DyAc,

pt +V - (pu) =0,

(pu)H—V (pu®@u)+Vp' —Lu=V-(F(QLz—VQOVQ)
V- (QAQ — AQQ) + 0.V - (c*Q),

Qt+(u V)IQ+ QQ —QQ =TH|[Q, c].

13] — . Qtr(Q?)

1 *
F(Q) = 5|vo\2 +56(Q%) + Su(QF )

Lu=pAu+ (v+ p)Vdivu
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Previous Results

e Ball-Majumdar, 2009, define Ball-Majumdar bulk potential.

@ Paicu-Zarnescu, 2011, 2012, existence of global weak
solutions in 2D, 3D, strong solutions in 2D.

e Wilkinson, 2012, existence and regularity of weak solutions on
the d—dimensional torus over a certain singular potential.

@ Feireisl-Rocca-Schimperna-Zarnescu, 2012, global-in-time
weak solutions in case of Ball-Majumdar’s singular free energy
bulk potential.

@ Wang-Xu-Yu, 2015, existence and long time dynamics of
globally defined weak solutions, compressible case.

@ Guilln-Gonzlez-Rodrguez-Bellido, 2015, existence of weak
solutions and a uniqueness criterion for an initial-boundary
problem in a bounded domain.

@ De Anna-Zarnescu, 2016, the uniqueness of weak solutions in
2D.

@ Abels-Dolzmann-Liu, Wang-Zhang-Zhang, - - -
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Incompressible Active Liquid Crystal System

9:Q + (u-V)Q + QQ — QQ — \[Q|D = TH,

ou+ (u-V)u+ VP —pAu=-V-(VQOVQ)
“AV - (|QIH) + V- (QAQ — AQQ) + xV - Q,

V-u=0.

tr(Qz)
d

H=AQ - aQ+ b[Q* - I] — cQtr(Q?).
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A priori Estimates

= 1p 1 2, 2p2_b 3y Sin4
E0i= [ JlPaxe [ (GIV0F+ 3107 - @)+ £la) o

kinetic energy free energy of the molecules

d :
—E Vul? r H)dx =1,
p (t)—l—,u/Rd\ uldx + /Rdtr( )dx ;

i=1

I =(u-VQ,AQ)— (V- (VQ®VQ),u)

L =(2Q - QQ,AQ) — (V- (QRAR — AQQ),u)
I3 = M|Q|H,Vu) — A(|Q|D, H)

Iy =k(V-Q,u)
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A priori Estimates

1 1 a b c
E(t) := ~ulPdx + /(v 2+Q2—t’Q3+Q4>d
(1) /Rd2|“| <+, SIVQIT+51QI7 = 50(Q%) + 4 [QI" | dx

kinetic energy free energy of the molecules

d 4
—E Vul? r H)dx =1,
™ (1) +M/Rd\ u|dx + /Rd tr(H*)dx 2

Ii=(u-VQ,AQ)— (V- (VR®VQ),u)=0

T, =(2Q - Q2 AQ) — (V- (QAQ — AQQ),u) =0
s = N|Q|H,Vu) — A(|Q|D,H) =0

Iy = K(V - Q u) < C(IIVQIIE + [lull?=)
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A priori Estimates

E(t) = / L updx+ / <;|vo|2 +21QP - gtr(Q3) + ZQ|4> d
R RY

kinetic energy free energy of the molecules
d
—E(t) + u/ |Vul?dx + F/ tr(H?)dx < C(|V Q|7 + ||ul?2)
dt R R

Ti=(u-VQ,AQ) — (V- (VQOVQ),u) =0

T =(2Q - QQ,AQ) — (V- (QAQ — AQQ),u) =0
T3 = M(|Q|H, Vu) — A(|Q|D, H) =0

Iy = &(V - Qu) < C(IIVQIE + [lull?2)
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A priori Estimates

1 1 a b c
E(t) := ~|ul?d = 24 21Q)P — Ztr(@) + -|Q|* ) d
= [ jlPaxe [ (5I90R+ 3108 Su(@) + flal) o
kinetic energy free energy of the molecules

0+ [ [VuPdrT / te(H2)dx < C(IV QI + [lull?)

dt
(Q%) < 510l + Z0P
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A priori Estimates

1 1 a b c
E(t) := ~|ul?d SIVRP + 21QP — —tr(@) +—1Q* ) d
= [ Pt [ (5IvR+ 3108 Su(@)+ flal) o
kinetic energy free energy of the molecules

0+ 1 / Vul2dx+T / tr(H2)dx < C(|V QI + lul%)

dt
(Q%) < 1l + Z0p

a 2_9 3y, 4 M 2, €4
(M+2)IQF - 26(@%) + £1Q1* > T1Q + £1Q* 2 0
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A priori Estimates

1 1 a b c
E(t) := ~ulPdx + /(VQ2+02t Q3+Q4>d
(= [ Fllaxs [ (FIV0F+ 3107 - 5u(@) + FlQ") o

kinetic energy free energy of the molecules

d
EE(t) + u/ \Vu|2dx + F/ tr(H2)dx < C(||VQ||%2 + ||u||fz)
R RY
r(Q%) < Z[QI* + Llop
— 4 €

a 5 b 3 Coa M 5 ¢ .
(M+ 2P ~ 26(Q%) + §1QI* = 101 + £[QI* > 0
EM(t) := E(t) + M|| Q7. = 0
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A priori Estimates

1 1 a b c
E(t) == Z|ul*d SIVQP+ Z|QP — str(@%) + - |Q[* ) d
= [ jlPaxe [ (5I90R+ 3108 Su(@)+ §lal) o
kinetic energy free energy of the molecules

0+ [ [VuPdrT / tr(H)de < C(IVQR: + [l

dt
(Q%) < 51l + 2P

(M+ 2)IQPR — 2(@%) + SIQr* = T10P + Sl@l* > 0
EM () == E(t) + M QI > 0

dEM(t )
dt

*IIV 12 + *HAQHfz - IIQIIm
< C(Jlullz + ||Q||L2 +IVQIE + Q%)
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Existence of Weak Solutions for d = 2,3

Theorem (Chen-Majumdar-Wang-Z., '17)

Suppose d = 2,3. There exists a weak solution (Q, u) to the
incompressible active LCs, subject to the initial conditions

Qli—o = Qo(x) € HY(RY), u|t—o = up(x) € L2(RY),V - up = 0,

in D'(RY).
Moreover, the solution satisfies,

Q € L%OC(R+; Hl) N leoc(R+; HQ)’ uc L?OOC(R‘F; LQ) N LIZOC(R+; Hl)'
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Approximation Scheme

Regularized System

0:Q + (Reu) - VQ + Q(R-Q) — (R-Q)Q — M|Q|(R-D) =TH,

O+ P(Rou-Vu) — pAu = ePV - R.(VR.u|VR.ul?)
—€PR:(9a Qpy(Reu - VQs4)|Reu - VQ))
—PV-RA(VQ®VQ)— AV - -PR|QIH)
+PV - R(QAQ — AQQ) + kPV - R.Q,

(Q, u)|t=0 = (R-Qo, R-up).

@ R.: convolution operator with kernel e =9y (¢71.). x € C§° is a
radial positive function, with fRd x(y)dy = 1.

o P:L%(Q) = {we (L3(Q): V- -w=0}
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Approximation Scheme

Friedrichs' Scheme

3:QM + Jn((PIpRet" - V) Jp Q) — Jp(PInR-Q"J, Q)
+Jn(Jn Q@M P I R.Q") — An(|Jn QM |PJ,R.D") = TH),

et + PIp((PIyRot” - V)P Jpu") — AP Jyu”
= P UpR(00In Q) (ReJntr” - V Iy Q)| Redpu™ - ¥ 1, Q7))
+PV - JyR(V IyRt" |V JpRet"?) + KPV - J,R- Q™)
—~PV - JoR(V I QM & VI, QM) — NPV - J,R.(|Jn QM |HM)
+PV - JoR(Jn Q@M AL, QM — AJ,QM J,Q(")

(QM, u")|t=o = (JnR-Qo, JnR-up).

o HM = AJ,QM — 2y QM 4 bJy[(J,QM)? — HhQ™1p 1
cIn(4nQMtr(J,Q(M)?).
@ J,: the mollifying operator, F(J,f)(§) := 1p—n 20 (I€])F(F)(§).
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Bernstein-Type Inequalities

Forany 1< p<qg<oo, and w e LP(Rd),
DX ullp = supja—x |[0%ul| e

° C2”kHJnWHLp < \|DkJ,,W||Lp < C2”k\|JnW|]Lp.
1 1
o [|D*Jywl|re < C25FIG= 1w |0,
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@ Cauchy-Lipschitz theorem
= local existence of unique solution

(QM, u™) € CY([0, T,); L2(RY; RI*9) x [2(RY, RY)).

o (PJn)? =Py J2=Jy
= (J,,Q("),PJ,,U”) is also a solution.
o Uniqueness = (J,Q", PJ,u") = (Q(M, u").

Rongfang Zhang Banff International Research Station
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Simplified Approximation System

9:QM + Jp((Reu" - V)QM) — Jp(R-Q"Q" — QIM(R.Q"))
2 (]QM \R D”) =TH",

Oru" + PJy((R: ) ) uAu
:—ePJnRE(aaom( " VQY)R.u" - VQ™|)

+ePV - JnRE(VREu”\VR u"|?)

—PV - JyRe(VQ™M © VQ) — APV - J,R.(|QM|HM)

+PV - JRA(QMAQM — AQM QM) + kPV - J,R-Q",
(QM, u™)|e—o = (JnR=Qo, JnR: o),

where (Q("), u™) € CH[0, T,); H(RY) x H>*(R%)) and

tr(Jn( QM2

A" = AQ™ —aQ™ +bJ,[(QM)2— . ) )Id]—an(Q(")tr(Q(”))2).
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Global Existence for (1", Q™)

[0, T,) = [0, T7]

d M n r n C2r n n
SEN() + LIV + SIAQWIE, + SHIM(QMIQP),

9 9
+ SR VOO + S [VRu"|

<) (11QIR: + 11QWE + 14712 + IVQ™|2.)
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Global Existence for (1", Q™)

[0, T,) = [0, T7]

d M n r n C2r n n

SEN() + EIVanIR + S80I, + S (QMIQM PR,
9 9

+ SIIRu" - VW + 2|V R

<) (11QIR: + 11QWE + 14712 + IVQ™|2.)

[0, T*] = [0, T]

Rongfang Zhang Banff International Research Station  Nov 27, 2017



Global Existence for (u”, Q")

SL{;PHRaU” VR 30,7,3) < C(e),
SlipHVRsunHL“(O,T;L“) < C(e),

sup Q™| 120, 7:12)r1 (0, T-Hir14) < C(E),
Sl;')p||Jn(Q(n)’Q(n)|2)||L2(0,T;L2) < C(e),
SI;P|HVQ(")||Q(")|||L2(0,T;L2) < C(e),

sup |[u"]] Lo 0, T:12)12(0, :H1) < C(€),
n
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Convergence Result n — oo

@ O0:(u", QM) is bounded in L*(0, T; H=V(R9))

@ by the classical Aubin-Lions compactness Lemma,

QM —~ Q. in L0, T;H?),

QW — Q. in L0, T;HZ%), VY3e(0,2+ N)

QU(t) = Q.(t) in H' VteR,,

QU (t) — Q. in LP(0, T; HY),

QMW = Q. inLP(0,T;HL®) V6e(0,1+N),pel[2 ]
u" —u. in L%(0,T;HY,

u" = u. in L2(0, T; HEZ%) W8 € (0,14 N),

u"(t) = u(t) in L? VteR,.

QE € L(/ZOC(R+; Hl) N L2 (R+; Hz)v us € L?C?C(RJF; L2) N leoc(R+; Hl)

loc
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For any compactly supported ¢» € C*([0,00) x RY;RY), with V- ) = 0,

A / / PIR-(|QM|A") - Vipdxdt
0 Rd
=A / |Q|H™ . J,R.Vipdxdt
0 Rd

o (n))2
:)\/ / (AQ(") —aQ™ 4+ b[(Q(n))2 + WI‘#] _ CQ(n)tr(Q(”))2)
0 R4

| Q" |JaR-Vpdxdt

—A / |Q-|H. - VR.9pdxdt.
0 Rd
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Convergence Result n — oo

Let n — oo, obtain a weak solution (u., Q:) to the regularized
system

9:Q + (Reu) - VQ + Q(R-Q) — (R-Q2)Q — M\ Q|(R-D) =TH,
O:u+ P(Rou - Vu) — ulu = ePV - R(VR.u|VR-ul?)
—ePR(9aQpy(Reu - VQgy)|Reu - VQ))
—PV - R(VQ®VQ) — AV - PR(|Q|H)
+PV - R(QAQ — AQQ) + PV - R-Q,
(@, u)lt=0 = (R-Qo, R-uo)-

Q. € L (Ry; HYNLE (Ry; H?), ue € LS (Ry; L2)NLE (R ; HY).

loc loc
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Uniform Bounds for Regularized System

e (Q, u:) smooth.
@ Uniform bounds w.r.t. €

sup HQE’|L2(0,T;H2)ﬂL°°(O,T;H1QL4)DL6(0,T;L6) <C,
g

sup ||ue|[ o (0, 7:2)n2(0, T;H1) < €
13

ellReu- V@[30, 713 < C,

€| |VR€U‘ |t4(O,T;L4) < C

@ 0:(Q:, u.) is bounded in L1(0, T: H‘2),
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Convergence Result ¢ — 0

Again by Aubin-Lions Lemma, on a subsequence,

Q- — Q in L0, T;H?),

Q- — Q in L*0,T;H2°) V5€(0,4),

Q:(t) — Q(t) in H' VteRy,

Q. — Q in LP(0, T; HY),

Q- — Q inlLP(0, T;HL %) Vo€ (0,3),p€ [2,00],
u. —u in L30, T;HY),

ue —u in L2(0, T;HE®) V6 €(0,3),

u(t) = u(t) in [* VteR,.

Q € L (Ry; HYN L2 _(Ry; H2),u € L2 (Ry; [2) N L2

loc loc loc

(Ry; HY)
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Higher Regularity of Solutions for d = 2

Theorem (Chen-Majumdar-Wang-Z., '17)

Let s > 0 and (Qo, up) € HSTL(R?) x H5(R?). There exists a pair
of global solution (Q(t, x), u(t, x)) of the incompressible active
LCs, subject to initial conditions, Q(0, x) = Qu(x),

u(0, x) = up(x), and

Q € Lo (Ryi H2(RY) N L (Ry; H L (R?)),

loc
ue L (Ry; 1 (R2)) N LS (Ry; HE(R2)).

loc

Moreover, we have:

eCt
IVQ(t, [ + [u(t, )l < Ce

where the constant C depends on Qq, ug, a, b, c,T.
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Sobolev Space and Bony's Paraproduct
e Dyadic Partition of Unity

VE R X(€)+ D w(277¢) =1,

jz1

where x € D(B(0, %)) and ¢ € D(C) are radial, valued in the
interval [0,1], with C:={¢ e RY|3 < [¢| < §}
@ Homogeneous dyadic blocks A; and low-frequency cut-off operators

5

Bju=F (29 Fu) =27 [ (FRe)@y)ux - )dy
Rd

Su=F L2 F0) =2 | (FI@y)utx - y)dy

Rd
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@ Sobolev norm of the space H*:

1
[l e = (SoullZ2 + > 2°%[|Aqul[72)2
qeN

@ Bony's paraproduct decomposition
Aj(uv) = Sj_qul\jv
+ Z [Aj,Sjlflu]Aj/v

li—j'I<5

+ Z (Sy_qu—Sj—1u)AjAyv
li—j'1<5

+ Z Aj(Sy ovA )
J'>j=5

Rongfang Zhang Banff International Research Station  Nov 27, 2017



@ Sobolev norm of the space H*:

[[ulls = (|1Soul 72 + > 22%[|Aqul32)?.
qeEN
@ Bony's paraproduct decomposition
Aj(uv) = Sj_quljv
+ Z [Aj, Sy _yu]Ay v commutator inequality

li—J'1<5

+ Z _1u—Sj—1u)AjA v Bernstein inequality
li—j'1<5

+ Z Aj(SyovAyu)  Young inequality
i'>j-5
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@ estimates of high frequencies, apply Ay, g € N
@ estimates of low frequencies, apply So

@ high regularity of the solution (Gronwall's inequality)
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Weak-Strong Uniqueness for d = 2

Theorem (Chen-Majumdar-Wang-Z., '17)

Let (Qo, up) € H*1(IR?) x H*(R?) with s > 0 be the initial data.
By the first theorem, there exists a weak solution (Qy, u1) of the
incompressible active LCs, such that

Q1 € Lo(Ry HY) N L2 (Rys HY),  uy € LS (Ry: 12) N L3 (R HY).

loc

The second theorem gives the existence of a strong solution
(@2, u) such that
Q2 € L;):C(R"‘; HS+1)lezoc(R+; HS+2)7 up € L?OOC(RJF; HS)mLZ (R+; HS+1)'

loc

Then (Q1, u1) = (@2, u2).
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Weak-Strong Uniqueness for d = 2

By denoting dQ = Q1 — Q2 and du = uy — up, then (0Q, du)
satisfies the following system:

0r0Q + (0u-V)IQ —QQ + QL+ du - V@,
Fup - VIQ + Qa6Q + 0Q% — 00QQr — 220Q
= AQ1[6D + A(|Q1| = [Q2) D2
+M{AQ — a0 Q — c(6QtrQf + Qatr(Q16Q + §QQ2))},
Orou+ P(0u-Vou) = pAdu —P(V - (VIQ ©®ViQ))
+P(V - (0QAIQ — AdQIQ)) — P(uz - Vou + du - Vup)
+P(V - (6QAQ: + QAIQ — AJQQR, — ARHQ))
—P(V-(VIQOVQ+V@ 6o ViQ))
—AP(V - (|Qi(A6Q — adQ))) + AcP(V - (|Q:[6Qtr Q7))
—AP(V - (| Q1] = [Q2[)(AQ: — aQ2))
+ACP(V - (|Q1] Qatr(Q10Q + 6 QQ2)))
FACP(V - (| Q1| — |Q2]) @trQ3)) + kP(V - 6Q).
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Weak-Strong Uniqueness for d = 2

e multiply 6 @—equation by —AIQ + 5Q

@ multiply du—equation by du
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Inhomogeneous Active Liquid Crystals

pe+ V- (pu) =

(pu): +V - (pu@u)+ VP —plAu=-V-(VQe VQ)
AV (|QIH)+ V- (RAQ — AQQ) ++V - Q,

Qi+ (u-V)Q + Q- QQ-\QID = H,

V-u=0,

where VQ © VQ = 0; Q0 Qu, D = W%Wv Q= VU%W'

H=AQ—aQ+ b[@*> — (5 )Id] cQtr(Q?).
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Initial and Boundary Conditions

@ Initial conditions

(p,pu, Q)’tzo = (po(X), mO(X)7 QO(X))’ x €0,

with
Q € HY(O), QeSd ae inO,

@ Boundary conditions
oQ
u|80 - 05 %’8(’) - 07

o Compatibility conditions

mol

e 1Y0),
Po ()

po € L®(0), po>0; moe L*0),

mo:O, if ,00:0.
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Existence of Global Weak Solutions

Theorem (Wang-Z., Submitted)

The inhomogeneous active liquid crystal system admits a weak
solution (p, u, @) with the initial and boundary conditions.

Galerkin approximation
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Main Difficulties

@ po > O(vacuum): Hodge-de Rham type decomposition due to
Lions

@ higher nonlinear terms \V - (|Q|H)
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Global Weak Solutions

Regularity

p=0,p€L>(07),pe C([0,T];LP(0)), 1 < p < o0,
u € 12(0, T; HI(O)), and plul? € L=(0, T: L1(0)),
Q € L>=(0, T; HY(O)) N L%(0, T; H*(0)), and Q € S a.e. in [0, T] x O;

Energy inequality

d
SEEW+ BITulE+T [ (i< QU
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Global Weak Solutions

]
[ [ 0o+ pu-Te)axde = [ poc(o.x)dx
0 (@] O

-
/o /O(—,ou 20 — (pu@ u) : Vi + pVu : Vip)dxdt — / mg(x) - (0, x)dx

(@

c
:/ /V-(—VQ@VQ—MQ\H[Q]+QAQ—AQQ+KQ)~wdxdt;
0 (@)

-
/ / Q:0:p+TAQ : o+ Q: (uVxp) — (R —QQ — \Q|D) : gp)dxdt

= I'/ / aQ —b(Q (02) )-i—cQtr(QQ)) : pdxdt
—/OQOX)3SDOaX X
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Compressible Active Liquid Crystals with concentration

¢ +u-Ve= DyAc,

pe+ V- (pu) =0,

(pu)e —|—V (pu@u)+Vp?'—Lu=V-(F(QIz-VQROVQ)
V- (QAQ - AQQ) + 0.V - (2Q),

Qt+(u V)Q + QQ—QQ =TH[Q,c].

1] - . Qtr(Q?)

_ (@)
H[Q,c] = 3

1 1 «
F(Q) = 5IVQP + 5tr(Q%) + S (@)

Lu=pAu+ (v+ p)Vdivu
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Initial and Boundary Conditions

@ Initial conditions

(¢, p, pu, Q)le=0 = (co(x), po(x), mo(x), Qo(x)), x € O,
coeHl((’)), 0<c<e<E<oo,
Q € HY0), Q€S ae inO,

@ Boundary conditions
oQ
U|80 - 05 ﬁ’@(’) - 07

o Compatibility conditions

2
po € L(O), po>0; moe lHO), |’"p°‘ e 11(0),
0

m0:0, if poZO.
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A priori estimates

Multiplying the concentration equation by ¢, momentum equation
by u, Q tenor equation by —(AQ — Q — C*Q|Q\2)

dE(t) Dy [ . r ar
s S Vel + SVl + (v + plidivulfz + S1AQIE + =51 QII%s

< C(llullZ + IVQIE + 1QlI7 + 1QI1%).

where

1 1 o1 1 c
E(t) = - 2 - 2 L - 2 - 2 el 4d.
(0):= [ (Glel? + golul + 5+ 5108 + 51V QI + S1Qr)ax
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Existence of Finite Energy Weak Solution

Theorem (Chen-Majumdar-Wang-Z., Submitted)

Let v > 3 and the initial data (co(x), po(x), mo(x), Qo(x)) satisfies
the compatibility conditions. Then for any T > 0, the compressible
active liquid crystal system admits a finite energy weak solution

(c,p,u, Q) on Or.
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Finite Energy Weak Solution

Q c < L>(0,T;L%(0))NL%0, T; H(0)),
p>0,p€L>(0,T;L(0)), ue L?0, T;H}0O)),
Q € L°°(0, T; HY(0)) N L%(0, T; H*(0)), and Q € S a. e. in
Or =0 x [0, T]

@ Equations are valid in D'(0, T; O)

© Energy inequality

dE(t D, ) r
() B0 ye2, 4 B a2 + (v + p)lldiv % + L) AQIR:
dt 2 2 2
cfl'
SN0 < C(lul + IVQIE + QI + Q%)

2

Q Vg e CY(R),g'(z) =0, for all z> M, where M is a sufficiently
large constant

9:g(p) + div(g(p)u) + (g (p)p — g(p))divu = 0
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Approximation System

¢ +u-Ve= DyAc,
pt + V- (pu) = clp,
(pu)e + V- (pu® u) + V' +6Vp® +cVu-Vp
=ﬁU+V-( (Q)Iz -VQoVQ)
V- (QAQ — AQQ) + 0.V - (c*Q),
8tQ+(u-V)Q+QQ—QQ:rH[Q,C]

Faedo-Galerkin approximation, artificial viscosity, artificial pressure,
as well as the weak convergence methods
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Open Problems

The original system coupled with complicated Concentration,
Inviscid limit,
Uniqueness of weak solutions for incompressible case,

Weak-strong uniqueness for compressible case,
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Thank Youl
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