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Gene trees vs species trees

M W Mitchell et al, Nature Education Knowledge 4(2):1



Standard approach
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Reconciliation map φ for a gene tree G and a species tree S:
• φ : V (G)→ V (S)
• Duplication: there exists at least one child v ′ of v such

that φ(v) is above φ(v ′)



Optimization problem

Task: Assume a list of allowed evolutionary processes and a
cost for each of them and find a reconciliation mapping that is
optimal (among potentially many optimal ones!).
• parsimony framework: Doyon et al (2009), Bansal et al

(2012), Tofigh et al (2011), Jacox et al (2016) etc.
• Bayesian framework: Baudet et al (2015) etc.
• likelihood framework: Goreki et al (2011) etc.

Drawback: They all depend on the quality of the trees which
is not guaranteed.



Alternative approach

Hellmuth et al., PNAS, 2015, 112(7)



A formalization
Given a set X of species, a set E of events (e.g. speciation,
duplication, etc) and a symbolic map δ :

(
X
2

)
→ E , can we

construct a phylogenetic tree T on X and a labeling
t : Vint(T )→ E that represents δ, that is, δ(x , y) equals the
label of lca(x , y) under t?

Example: X = {1, . . . , 5}, E = {•,�} and
δ(1, 2) = δ(3, 5) = δ(4, 5) = �, and δ(x , y) = • otherwise.
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A characterization

Theorem (Böcker and Dress, 1998)
Let δ :

(
X
2

)
→ E be a symbolic map. Then there exists a

labelled phylogenetic tree on X representing δ if and only if δ
is a symbolic ultrametric that is, δ satisfies
(C1) For all three elements x , y , z ∈ X, at least two of δ(x , y),

δ(y , z) and δ(x , z) are the same.
(C2) δ is symmetric.
(C3) There exist no four elements a, b, c , d ∈ X such that:



Bottom-Up (Hellmuth, Hernandez-Rosales, H.,
Moulton, Stadler, Wieseke, 2011)

Input: Sets X and E and a symbolic map δ :
(

X
2

)
→ E .

Output: A unique labelled phylogenetic tree (T , t) that
represents δ or the statement "δ is not a symbolic
ultrametric".
(1) Construct a forest F consisting of singleton trees labelled

by the elements in X .
(2) Iteratively look for pseudo-cherries (i.e. maximal subsets

of X that have the same parent in the tree thus far
constructed). In each iteration, collapse the found
pseudo-cherries into a vertex and adjust δ accordingly.



A characterization

Corollary (Hellmuth, Hernandez-Rosales, H.,
Moulton, Stadler, Wieseke, 2011)
Suppose δ :

(
X
2

)
→ {�, •} is a symbolic map. Then the

following are equivalent:
(i) Bottom-Up completes when given δ.
(ii) δ is a symbolic ultrametric.
(iii) The graph with vertex set X and any two x , y ∈ X joined

by an edge if δ(x , y) = � is a co-graph, that is, no four
vertices induce a subgraph that is a path of length 3.

(iii’) The graph with vertex set X and any two x , y ∈ X joined
by an edge if δ(x , y) = • is a co-graph.



Exploiting link with co-graphs

Corollary (Hellmuth, Hernandez-Rosales, H.,
Moulton, Stadler, Wieseke, 2011)
Let δ : X × X → E = {�, •} be a symbolic map, and let K be
a positive integer. Then the problem of deciding if there is a
map δ∗ : X × X → E such that δ∗ is a symbolic ultrametric
and differs from δ in fewer than K values is NP-complete.



Furthermore, ...

WABI 2015: Algorithms in Bioinformatics pp 66-79



From trees to networks

Figure: Marcussen et al, Science, 2014, 345:250092

A phylogenetic network on a set X is a rooted directed acyclic
graph with leaf set X such that the root has indegree 0, the
leaves have indegree 1 and all other vertices have degree three.



Two main problems

• non-uniqueness of lca

• non-identifiability using lca
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We use level-1 networks

A level-1 network on X is a phylogenetic network on X such
that when ignoring directions no two cycles share a vertex.

Note: Last common ancestor lcaN(x , y) of any two leaves x
and y in a level-1 network N is unique!



We use trivariate symbolic maps
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Figure: Label of lca(1, 2, 3) is different in all 3 cases.

symbolic 3-dissimilarities i.e. maps δ :
(

X
≤3

)
→ E .

Note: This definition generalizes the concept of a symbolic
2-dissimilarity.
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level-1 representations

Figure: A level-1 representation of δ :
(X

3
)
→ {•,�,×} given by

δ(x , y) = •, δ(2, 3) = × and δ(1, 3) = δ(1, 2, 3) = � .

Suppose δ :
(

X
≤3

)
→ E is a symbolic 3-dissimilarity, N is a

level-1 network on X , and t : Vint(N)− → E is a labelling from
the set Vint(N)− of all interior vertices of N excluding those
with indegree 2 in terms of E . Then (N , t) is called a level-1
representation of δ if δ(x , y , z) = t(lcaN(x , y , z)), for all
x , y , z ∈ X .



Network-Popping (H., Scholz, 2016)

Input: A symbolic 3-dissimilarity δ :
(

X
≤3

)
→ E

Output: level-1 representation of δ or statement "δ does not
have a level-1 representation".
(1) Find and build cycles supported by δ.
(2) Recurse:
(2a) Associate to δ and X a 2-dissimilarity δ′ on a partitioning

X ′ of X induced by the found cycles.
(2b) Apply Bottom-Up algorithm (Hellmuth et. al., 2011)

to δ′ and X ′ to obtain a rooted phylogenetic tree T ′.
(2c) Replace a leaf of T ′ with a cycle (if appropriate).



Theorem (H., Scholz, 2016)
Let δ :

(
X
3

)
→ M be a symbolic 3-dissimilarity. Then the

following statements are equivalent:
(i) There exists a level-1 network that represents δ.
(ii) For input δ, Network-Popping returns a labelled
level-1 network which represents δ and which is unique up to
isomorphism.



Theorem (H., Scholz, 2016)
Let δ :

(
X
3

)
→ M be a symbolic map, |X | ≥ 6. Then δ can be

represented by a labelled level-1 network if and only if for all
subsets Y ⊆ X of size |X | − 1, the restriction δ|Y of δ to Y is
representable by a level-1 network.



Future directions

• Make the evolutionary scenario more realistic by
(i) including more events such as e.g. loss;
(ii) considering other classes of phylogenetic networks. This

might involve going from a 3-dissimilarity to a
k-dissimilarity, k ≥ 4.

• Implement a divide an conquer version of our algorithm.
– Runtime of Network-Popping is O(|X |6).
• Is there a co-graph result analogue for level-1 networks?
• etc.


