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Relativistic perturbative QFT in Minkowski spacetime

§ Wightman and Green functions:

WpB1px1q, . . . , Bmpxmqq “ pΩ|B1,intpx1q . . . Bm,intpxmqΩq P S 1pR4m
qJeK,

GpB1px1q, . . . , Bmpxmqq “ pΩ|TpB1,intpx1q, . . . , Bm,intpxmqqΩq P S 1pR4m
qJeK

(Ω – the vacuum state, B1, . . . , Bm – polynomials in the basic fields and their
derivatives, e – the coupling constant).

§ Scattering operator: S “ Texp
`

ie
ş

d4xLpxq
˘

P LpDqJeK, D Ă H.

S-matrix elements: pΨ1|SΨ2q P CJeK for Ψ1,Ψ2 P D Ă H.

§ Differential cross section:

σpp1, . . . , pk; p11, . . . , p
1
lq “ p2πq

4δpp1 ` . . .` pk ´ p
1
1 ´ . . .´ p

1
lq

ˆ (kinematical factor)ˆ |Mconnectedpp1, . . . , pk; p11, . . . , p
1
lq|

2,

where the invariant matrix element Mpp1, . . . , pk; p11, . . . , p
1
lq is given by

pp1, . . . , pk|S|p
1
1, . . . , p

1
lq

“ p2πq4δpp1`. . .`pk´p
1
1´ . . .´p

1
lq
`

1` iMpp1, . . . , pk; p11, . . . , p
1
lq
˘

.

§ Interacting field operators: Bintpxq P S 1pR4, LpDqqJeK, D Ă H.

§ Algebra of interacting fields: an abstract algebra F over the ring CJeK.

§ Vacuum state: Poinacré-invariant real, normalized and positive functionals FÑ CJeK.
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Relativistic perturbative QFT in Minkowski spacetime

Ultraviolet problem (short distance/large energy)

§ Difficulties in defining the time-ordered products.

§ Completely solved by renormalization techniques.

Infrared problem (large distance/small energy)

§ Standard solution: Introduce some infrared regularization and show that the
regularization can be removed.

Infrared regularizations
§ Green functions:

Bogoliubov, Parasiuk, Hepp: 1
k2´m2`i0

ù 1
k2´m2`iε

, ε ą 0.

Zimmerman, Lowenstein: 1
k2´m2`i0

ù 1

k2´m2`iεp~k2`m2q
, ε ą 0.

§ Inclusive cross sections:

Yennie, Frautschi, Sura: give photons a positive mass.

Weinberg: introduce a lower bound on the photon momenta.

§ S-matrix, interacting fields, Wightman and Green functions:

Bogoliubov, Epstein, Glaser: e ù egpxq, where g P SpR4
q.

The function g is called the switching function and the above infrared regularization
is called the adiabatic cutoff.
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Theory with adiabatic cutoff
§ Scattering operator:

Spgq “ Texp

ˆ

ie

ż

d4x gpxqLpxq
˙

“

8
ÿ

n“0

inen

n!

ż

d4x1 . . .d
4xn gpx1q . . . gpxnq TpLpx1q, . . . ,Lpxnqq. (1)

§ Retarded interacting field operators:

Bretpg;xq “ p´iq
δ

δhpxq
Spgq´1Spg;hq, (2)

where

Spg;hq “ Texp

ˆ

ie

ż

d4x gpxqLpxq ` i

ż

d4xhpxqBpxq

˙

. (3)

§ Time-ordered products of interacting fields:

TpB1,retpg;x1q, . . . , Bm,retpg;xmqq“p´iqm
δ

δh1px1q
. . .

δ

δhmpxmq
Spgq´1Spg;hq

ˇ

ˇ

ˇ

ˇ

h“0,

(4)

where

Spg;hq “ Texp

˜

ie

ż

d4x gpxqLpxq ` i

ż

d4x
m
ÿ

j“1

hjpxqBjpxq

¸

. (5)

§ Wightman and Green functions:

Wpg;B1px1q, . . . , Bmpxmqq “ pΩ|B1,retpg;x1q . . . Bm,retpg;xmqΩq, (6)

Gpg;B1px1q, . . . , Bmpxmqq “ pΩ|TpB1,retpg;x1q, . . . , Bm,retpg;xmqqΩq. (7)
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I. Algebraic adiabatic limit:
construction of the algebra of interacting fields

II. Weak adiabatic limit:
construction of the Wightman and Green functions

and the vacuum state on the algebra of interacting fields

III. Strong adiabatic limit:
construction of the S-matrix and interacting fields



Algebraic adiabatic limit – abstract algebra of interacting fields

§ The construction of the net of local abstract algebras of interacting fields [Brunetti,
Fredenhagen (2000)].

§ Let FgpOq be the algebra generated by

tBretpg;hq : B P F , h P DpR4
q, supph Ă Ou. (8)

§ For any bounded region O in the Minkowski space we set

GO “ tg P DpR4
q : g ” 1 on a neighborhood of J`pOq X J´pOqu. (9)

§ If g, g1 P GO, then the algebras FgpOq and Fg1pOq are unitarily equivalent.
ñ There is a unique abstract algebra FpOq of interacting fields localized in O.

§ The net O ÞÑ FpOq satisfies the Haag-Kastler axioms in the sense of formal power
series [Fredenhagen, Rejzner (2015)].

§ The generalization to models with gauge symmetries: construction of the algebras of
interacting observables in QED [Dütsch, Fredenhagen (1999)] and non-abelian
Yang-Mills theories [Hollands (2008)].
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Weak adiabatic limit – Wightman and Green functions

Adiabatic limit

For any g P SpRN q such that gp0q “ 1 we define a one-parameter family of switching
functions:

gεpxq “ gpεxq for ε ą 0. (10)

We have limεŒ0 gεpxq “ 1 pointwise.

In the limit εŒ 0 the interaction is turned on/off adiabatically.

Weak adiabatic limit

WpB1px1q, . . . , Bmpxmqq “ lim
εŒ0

pΩ|B1,retpgε;x1q . . . Bm,retpgε;xmqΩq, (11)

GpB1px1q, . . . , Bmpxmqq “ lim
εŒ0

pΩ|TpB1,retpgε;x1q, . . . , Bm,retpgε;xmqqΩq. (12)

Existence of the weak adiabatic limit:

§ purely massive models [Epstein, Glaser (1973)],

§ QED and the massless ϕ4 theory [Blanchard, Seneor (1975)],

§ all models with interaction vertices of dimension 4 [Duch (2018)].
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Weak adiabatic limit – Wightman and Green functions

Properties of the Wightman functions

§ Poincaré covariance,

§ relativistic spectral condition:

supp WpB̃1pp1q, . . . , B̃mppmqq Ă
!

řm
j“1 pj “ 0, @k

řk
j“1 pj P V

`
)

, (13)

§ Hermiticity: WpB1px1q, . . . , Bmpxmqq “ WpB˚mpxmq, . . . , B
˚
1 px1qq,

§ local (anti)commutativity: if xk and xk`1 are spatially-separated, then

Wp. . . , Bkpxkq, Bk`1pxk`1q, . . .q “ ˘Wp. . . , Bk`1pxk`1q, Bkpxkq, . . .q. (14)

§ positive definiteness condition (in models without vector fields),

§ interacting field equations: e.g. in the massless ϕ4 theory it holds

2x Wp. . . , ϕpxq, . . .q “
λ

3!
Wp. . . , ϕ3

pxq, . . .q. (15)

Properties of the Green functions

§ Poincaré covariance,

§ symmetry (or graded-symmetry in the presence of fermionic fields) under permutations
of the arguments,

§ causality: for non-coinciding points the Green functions are expressed in terms of the
Wightman functions.
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Weak adiabatic limit – vacuum state

Algebra of interacting fields

§ Retarded field Bretpg; fq in the algebraic adiabatic limit are denoted by Bretp¨; fq.

§ Abstract algebra F of interacting fields is generated by Bretp¨; fq.

§ An arbitrary element of F will be denoted by Bp¨q.

States in perturbative algebraic QFT

A linear functional σ : FÑ CJeK which satisfies the following conditions:
§ normalized: σp1q “ 1,
§ real: σpBp¨q˚q “ σpBp¨qq,
§ positive: σpBp¨q˚Bp¨qq ě 0.

A formal power series a P CJeK is non-negative iff there exists b P CJeK such that a “ bb.

An example of a state: FpOq Q Bp¨q ÞÑ σΨpBp¨qq “ pΨ|BpgqΨq P CJeK, where O Ă R4 is
bounded, g P GO and Ψ P D0. States of this type can be also defined in QED [Dütsch,
Fredenhagen (1999)] and non-abelian Yang-Mills theories [Hollands (2008)].

Definition of vacuum state (in models with gauge symmetry proof of positivity missing)

A unique linear functional σ : FÑ CJeK such that

σpB1,retp¨;h1q . . . Bn,retp¨;hnqq “ WpB1ph1q, . . . , Bnphnqq (16)

for any polynomials B1, . . . , Bn and any h1, . . . , hn P DpR4
q is a Poincaré-invariant state.
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Scattering matrix

Scattering matrix in QM in short-range potentials

S “ w-lim
t1Ñ´8
t2Ñ`8

Ufrp´t2qUpt2 ´ t1qUfrpt1q, (17)

where H “ Hfr ` eHint, Ufrptq “ expp´itHfrq, Uptq “ expp´itHq. We also have

S “ w-lim
t1Ñ´8
t2Ñ`8

Texp

ˆ

´ie

ż t2

t1

dt HI
intptq

˙

, (18)

where HI
intptq “ Ufrp´tqHintUfrptq.

Scattering matrix with adiabatic cutoff in QFT

The standard definition due to Bogoliubov:

Spgq “ Texp

ˆ

ie

ż

d4x gpxqLpxq
˙

“

8
ÿ

n“0

inen

n!

ż

d4x1 . . .d
4xn gpx1q . . . gpxnqTpLpx1q, . . . ,Lpxnqq, (19)

where the switching function g P SpR4
q. The physical scattering matrix is defined as

the adiabatic limit of Spgq if this limit exists.
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Strong adiabatic limit – scattering operator and interacting fields

§ Construction of the physical scattering matrix and the physical interacting fields:

SΨ “ lim
εŒ0

SpgεqΨ, CretpfqΨ “ lim
εŒ0

Cretpgε; fqΨ for all Ψ P D1. (20)

§ Strong adiabatic limit exists in all purely massive theories in which one particles states
are kinematically stable [Epstein, Glaser (1976)], [Duch (in preparation)].

§ Because of the infrared problem the strong adiabatic limit does not exist in the
standard sense in most theories with massless particles, e.g. in QED.

§ In models with long-range interactions the evolution of the system is substantially
different from the free evolution even long after or before the collision of particles.

ñ The standard scattering theory is not applicable.

§ Standard solution: inclusive cross section [Yennie, Frautschi, Suura (1961)],
[Weinberg (1965)].

§ Another solution: modified scattering matrix [Dollard (1964)], [Kulish, Faddeev
(1970)], [Morchio, Strocchi (2016)].

The rest of the talk: rigorous formulation of the modified scattering theory in
perturbative quantum electrodynamics [Duch (in preparation)].
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Quantum electrodynamics

The action:

S “

ż

d4x
´

Lgf
fr pxq ` egpxqLpxq

¯

, (21)

Lgf
fr pxq “ ψpxqpi{B ´mqψpxq ´

1

2
pBµAνpxqqpB

µAνpxqq, (22)

Lpxq “ JµpxqAµpxq, Jµpxq “ ψpxqγµψpxq. (23)

Notation:

§ H – Fock space (which is a Krein space),

§ ψ – Dirac spinor field describing electrons with mass m ą 0,

§ Aµ – real vector field describing massless photons,

§ Fµν “ BµAν ´ BνAµ – the electromagnetic field strength tensor,

§ C, C̄ – ghosts,

§ QBRST – free BRST charge.
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Modified scattering matrix

Modified scattering matrix in QM, long-range potentials (e.g. Coulomb potential)

Smod “ w-lim
t1Ñ´8
t2Ñ`8

UDp0, t2qUpt2 ´ t1qUDpt1, 0q, (24)

where H “ Hfr ` eHint, HDptq “ Hfr ` eHD,intptq. We also have

Smod “ w-lim
t1Ñ´8
t2Ñ`8

Texp

ˆ

`ie

ż t2

0

dt HI
D,intptq

˙

ˆ Texp

ˆ

´ie

ż t2

t1

dt HI
intptq

˙

ˆ Texp

ˆ

`ie

ż 0

t1

dt HI
D,intptq

˙

, (25)

where HI
intptq “ Ufrp´tqHintUfrptq and HI

D,intptq “ Ufrp´tqHD,intUfrptq.

Modified scattering matrix with adiabatic cutoff in QFT (preliminary version)

Smodpgq “ Texp

ˆ

´ie

ż

d4x gpxqLoutpxq

˙

ˆ Texp

ˆ

ie

ż

d4x gpxqLpxq
˙

ˆ Texp

ˆ

´ie

ż

d4x gpxqLinpxq

˙

P LpDqJeK (26)

§ Separation of IR and UV problem. UV problem only in defining the Bogolibov S-matrix.
§ Dollard modifiers have to be defined in such a way that:

(1) they are well-defined as elements of LpDqJeK for any g P SpR4
q,

(2) adiabatic limit of Smodpgq exists.
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Asymptotic interaction in QED

The standard interaction vertex:

Lpxq “ JµpxqAµpxq, Jµpxq “:ψγµψpxq:, (27)

where

Aµpxq “

ż

dµ0pkq
`

a˚µpkq exppik ¨ xq ` aµpkq expp´ik ¨ xq
˘

, (28)

ψapxq “
ÿ

σ“1,2

ż

dµmppq
`

b˚pσ, pquapσ, pq exppip ¨ xq ` dpσ, pqvapσ, pq expp´ip ¨ xq
˘

. (29)

Asymptotic interaction vertices [Kulish, Faddeev (1970)]

Lout{inpη;xq “ Jµout{inpη;xqAµpxq, (30)

where the asymptotic currents Jµout{inpη;xq are given by

Jµout{inpη;xq “

ż

dµmppq j
µ
out{inpη, p;xq ρppq. (31)

Charge density in momentum space: ρppq “
ř

σ“1,2pb
˚
pp, σqbpp, σq ´ d˚pp, σqdpp, σqq.

Out/In part of the current of a point particle: jµout{inpp;xq “
pµ

m

ş

R dτ θp˘τq δ
`

x´ τ p
m

˘

.

Charge distribution: η P SpR4
q,
ş

d4x ηpxq “ 1.

UV-regularized current: jµout{inpη, p;xq is the convolution of jµout{inpp;xq with η.
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Asymptotic interaction in QED

§ Let v be future directed unit time-like four-vector and Ψ be a state in the Fock space
whose wave functions belong to the Schwartz space. It holds

lim
λÑ`8

λ3
pΨ|JµpλvqΨq “ lim

λÑ`8
λ3
pΨ|Jµoutpη;λvqΨq, (32)

lim
λÑ´8

λ3
pΨ|JµpλvqΨq “ lim

λÑ´8
λ3
pΨ|Jµinpη;λvqΨq. (33)

§ The Dollard modifiers Sas
out{inpη, gq are given by

Texp

ˆ

ie

ż

d4x gpxqJµout{inpη;xqAµpxq

˙

“ exp

ˆ

ie

ż

d4x gpxq Jµout{inpη;xqAµpxq

˙

ˆ exp

ˆ

i
e2

2

ż

d4xd4y gpxqgpyq gµνD
D
0 px´ yq :Jµout{inpη;xqJνout{inpη; yq:

˙

P LpDqJeK.

§ The first factor is responsible for the generation of clouds of photons which always
surround electrons/positrons.

§ The second factor is the relativistic Coulomb phase.

§ Because in general the asymptotic outgoing and incoming currents are not conserved
(if the total charge is nonzero) the above expression is not formally gauge invariant.
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Dollard modifiers and modified S-matrix with adiabatic cutoff

Definition of modified S-matrix with adiabatic cutoff

Smodpη, v, gq “ Rpη, v, gqSas
outpη, gqSpgqS

as
in pη, gqRpη, v, gq

´1
P LpDqJeK (34)

where Spgq is the Bogoliubov S-matrix, Sas
out{inpη, gq are the Dollard modifiers and

Rpη, v, gq “ exp

ˆ

ie

ż

d4x gpxqQjµinpη,mv;xqAµpxq

˙

. (35)

The modified S-matrix with adiabatic cutoff Smodpη, v, gq

§ is well defined as an element of LpDqJeK,

§ is formally gauge invariant,
§ depends on:

§ v – unit future-directed timelike four-vector – determines charge sector,
§ η P SpR4

q – charge distribution – determines cloud of photons in state b˚pp, σqΩ,
§ g P SpR4

q – switching function – infrared regularization.

15 / 19



Modified S matrix in QED

Domain in Fock space

D “ spanC

"
ż

dµmpp1q . . .dµmppnqdµ0pk1q . . .dµ0pkmq

hp~p1, . . . , ~pn, k
0
1, k̂1, . . . , k

0
m, k̂mq b

˚
pp1q . . . b

˚
ppnqa

˚
pk1q . . . a

˚
pkmqΩ

*

, (36)

where h P SpR3n
ˆ pRˆ S2

q
m
q and h vanishes if the momenta of charged particles are

close to each other.

Conjecture: existence of adiabatic limit of modified S-matrix in QED

There exists a renormalization scheme such that for all Ψ,Ψ1 P D, all η P SpR4
q, such

that
ş

d4x ηpxq “ 1, and all four-velocities v the limit

pΨ|Smodpη, vqΨ
1
q “ lim

εŒ0
pΨ|Smodpη, v, gεqΨ

1
q (37)

exists in each order of perturbation theory and defines the physical S-matrix
Smodpη, vq P LpD,D#

qJeK. It holds

Smodpη
1, vq “ V pη1, η, vqSmodpη, vqV pη, η

1, vq, (38)

rQBRST, Smodpη, vqs “ 0. (39)

There is explicit formula for the intertwiners V pη1, η, vq.

In sectors with zero total charge Smodpη, vq is v-independent.

Conjecture holds true in the first and the second order of perturbation theory.
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Modified interacting fields in QED

Modified retarded interacting fields with adiabatic cutoff

Bret,modpη, v, g;hq “ Rpη, v, gqSas
in pη, gq

´1 Bretpg;hqSas
in pη, gqRpη, v, gq

´1 (40)

where B is a polynomial in the basic fields and their derivatives, h P SpR4
q, Bretpg;hq is

the Bogoliubov retarded field and Sas
in pη, v, gq is the incoming Dollard modifier.

Conjecture: existence of adiabatic limit of modified interacting fields in QED

There exists a renormalization scheme such that for all Ψ,Ψ1 P D, all η P SpR4
q, such

that
ş

d4x ηpxq “ 1, and all four-velocities v the limit

pΨ|Bret,modpη, v;hqΨ1q “ lim
εŒ0

pΨ|Bret,modpη, v, gε;hqΨ
1
q (41)

exists in each order of the perturbation theory and defines the interacting retarded field
Bret,modpη, v;hq P LpD,D#

qJeK. It holds

Bret,modpη
1, v;hq “ V pη1, η, vqBret,modpη, v;hqV pη, η1, vq. (42)

Moreover, if Bretp¨;hq is in the kernel of the interacting BRST differential, then

rQBRST, Bret,modpη, v;hqs “ 0. (43)

Conjecture holds true for Aµret,mod, Fµνret,mod, ψret,mod, ψret,mod, Jµret,mod in the first order
of perturbation theory.
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Physical interpretation

§ Non-zero asymptotic flux of the electric field in sectors with nonzero electric charge.

Fµνret,modpxq „ eQ
xµvν ´ xνvµ

ppx ¨ vq2 ´ x2q3{2
`Ope2

q as |~x| Ñ 8 (44)

The long-range tail of Fµνret,mod coincides with the electromagnetic field of a particle of
charge eQ moving with the four-velocity v ñ v determines the sector.

§ LSZ limit of the electromagnetic field

FLSZ
µν pxq “ 2i

ż

dµ0pkq
`

krµa
˚
νspη, v, kq exppik ¨ xq ´ h.c.

˘

`Ope2
q, (45)

where a#
µ pη, v, kq “ a#

µ pkq ´ eJµpη, v, kq.

Operators εµpk, sq a#
µ pη, v, kq, s “ 1, 2 are responsible for creation and annihilation

of physical photons (up to possible higher order corrections).

States b˚pp, σqΩ contain irremovable clouds of photons.

§ Modified S-matrix and modified retarded fields are covariant with respect to the
following representation of the translation group Umodpη, v; aq “ V pη, ηa, vqUpaq
which is not unitarily equivalent to the standard Fock representation.

§ Joint spectrum of the energy-momentum operators contains
§ a unique vacuum state Ω,
§ one-particle massless states εµpk, sq a˚µpη, v, kqΩ
§ but no one-particle massive states ñ electrons/positrons are infraparticles.
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Summary

Method of adiabatic switching of the interaction can be used to construct perturbatively
physically relevant objects in QFT:

§ Construction of the Wightman and Green functions in all models with interaction
vertices of dimension 4. pAQFT framework: Definition of the vacuum state.

§ Construction of the scattering operator and the interacting fields in models with only
massive fields.

§ Definition of the matrix elements of the modified scattering operator and modified
interacting fields in QED. Proof of the existence of the adiabatic limit in low orders
of the perturbation theory.
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