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Stochastic Reaction-coupling Equations
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Stochastic Coupling Equation

Stochastic coupling equation:

dtYj(t) = −Yj(t)dt + MYj(t)dt + σdWj(t)

where
Mξj(t) = c

∑
m(i − j)ξj(t),

m(x) = b1 exp

[
−
(

x

d1

)2]
− b2 exp

[
−
(

x

d2

)2]
, b1 > b2, d2 > d1.
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Stochastic Coupling Equation

σ=0	 σ=0.5	 σ=2.0	

Priscilla E. Greenwood, Lawrence M. Ward (Universities of Somewhere and Elsewhere)Quasi-patterns of phase synchronization 4 / 19



Stochastic Reaction-coupling Equations

Stochastic reaction equation:

dtYj(t) = AYj(t)dt + dWj(t)

A =

(
−λ ω
−ω −λ

)
Stochastic coupling equation:

dtYj(t) = −Yj(t)dt + MYj(t)dt + dWj(t)

Stochastic reaction-coupling equation:

dtYj(t) = AYj(t)dt + MYj(t)dt + dWj(t)

Yj(t) =
( uj (t)
vj (t)

)
, θj = arctan(vj/uj), Zj = (u2j + v2j )1/2
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Stochastic Reaction-coupling Equations

Stochastic equations for phase and amplitude:

dθj = ωjdt +

[
N∑
l=1

Zl(t)

Zj(t)
Mjl sin(θj(t)− θl(t))

]
dt +

db(t)

Zj(t)
,

dZj =

(
1

2Zj(t)
− λZj(t)

)
dt +

[ N∑
l=1

MjlZjcos(θj(t)− θl(t))

]
dt + dWj(t),
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Stochastic Reaction-coupling Equations
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Stochastic Reaction-coupling Equations
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Stochastic Reaction-coupling Equations
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Stochastic Reaction-coupling Equations
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Stochastic Reaction-coupling Equations
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Stochastic Reaction-coupling Equations
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Approximate Factorization of Stochastic Reaction-coupling
Process

dtY(t) = AY(t)dt + dW(t)

Theorem of Baxendale and Greenwood (2011): If λ/ω is small

Y(t) ≈ Ỹ(t) :=
σ√
λ
R−ωtU(λt),

where

Rs =

(
cos (s) − sin (s)
sin (s) cos (s)

)
U(t) is a pair of independent Ornstein-Uhlenbeck processes

dU(t) = −U(t)dt + dW (t)
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Approximate Factorization of Stochastic Reaction-coupling
Process

The phase and amplitude processes of

Ỹ(t) =
σ√
λ
R−ωtU(λt)

are
θ = −ωt + φ(λt)

where φ satisfies

dφ(t) =
db(t)

Z (t)
,

and
Z (t) =

σ√
λ
Z̄ (λt)

where Z̄ satisfies

dZ̄ (t) =

(
1

2Z̄ (t)
− Z̄ (t)

)
dt + dW (t).
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Approximate Factorization of Stochastic Reaction-coupling
Process

Stochastic reaction-coupling with balanced terms:

dtYj(t) = AYj(t)dt +
λ

ω
MYj(t)dt + dWj(t).

New approximate factorization:

Yj(t) ≈ Ỹj(t) =
σ√
λ
R−ωtU∗

j (λt),

where U∗
j satisfies

dtU∗
j (t) = −U∗

j (t)dt + MU∗
j (t)dt + dWj(t),

i.e., U∗
j is a field of coupled O.U. processes.

Priscilla E. Greenwood, Lawrence M. Ward (Universities of Somewhere and Elsewhere)Quasi-patterns of phase synchronization 15 / 19



Approximate Factorization of Stochastic Reaction-coupling
Process

The phase and amplitude processes of

Ỹj(t) =
σ√
λ
R−ωtU∗

j (λt),

are
θj(t) = −ωt + φj(λt),

where φ(t) satisfies

dφj(t) =

[
N∑
l=1

Zl(t)

Zj(t)
Mjl sin(φj(t)− φl(t))

]
dt +

db(t)

Zj(t)
,

Zj(t) =
σ√
λ
Z̄ (λt)

and where Z̄ (t) satisfies

dZ̄j =

(
1

2Zj(t)
− Zj(t)

)
dt +

[ N∑
l=1

MjlZjcos(φj(t)− φl(t))

]
dt + dWj(t).
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Approximate Factorization of Stochastic Reaction-coupling
Process
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Thank you!
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