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HL families

Tree is a perfect initial subtree of 2<% with no leaves.

The set of trees is denoted S.

(S, C) ordered by inclusion forms the Sacks forcing (S, <)
ForACwandp e Swedenotep]A={tecpi|tjc A}

Theorem (Halpern—Lauchli), weak version

Letpe Sandc: p— 2. Thereexistsg€ S, ¢ C pand A € [w]¥
such that g[ A is c-monochromatic.
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HL families

Tree is a perfect initial subtree of 2<% with no leaves.

The set of trees is denoted S.

(S, C) ordered by inclusion forms the Sacks forcing (S, <)
ForACwandp e Swedenotep]A={tecpi|tjc A}
Theorem (Halpern—Lauchli), weak version

Letpe Sandc: p— 2. Thereexistsg€ S, ¢ C pand A € [w]¥
such that g[ A is c-monochromatic.

Definition
R C P (w) is HL if for every ¢: 2<% — 2 existsg€ Sand A€ R
such that g[ A is c-monochromatic.

> [w]” is HL.
> If R is HL, then R is reaping.

R is a reaping family if foreach A C wexist RER
suchthat RC Aor RNA={.
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Sacks indestructibility

Theorem (Baumgartner—Laver, Miller, Yiparaki)
The following are equivalent for R C P (w):

R is HL,

R is S-reaping indestructible,

R is reaping in a generic extension via forcing S,

R is a reaping family in some extension containing a new real,

o L=

foreverype S,c: p— 2thereisqC pand Ae R
such that g[ A is c-monochromatic,

6. forevery p € SthereisqC pand Ac R
such that A C ([g] or ANJ[q] = 0.

Proposition
Let R be a reaping family. If |R| < ¢, then R is HL.



Terminology

» 7 C P (w) is an ideal if closed under finite unions and subsets.
> It =P(w)\Z - a co-ideal.
Every co-ideal is a reaping family.

» F C P (w) is a filter if closed under finite intersections and
supersets.

» U C P (w) is an ultrafilter if it is a reaping filter.
Equivalently, a maximal filter.
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Definition
Let Z C P (w) be an ideal. Z is an HL-ideal if Z" is HL.

» Anideal Z is P if for every sequence { X, € Zt in€w}
there exists Y = { y, € [X,]"“ in€w } such that JY € T+.

Proposition
Every P* ideal is an HL-ideal.

Example

Every Ramsey ultrafilter is an HL family.

> Ultrafilter U is Ramsey if U — (U);



Katétov order

Definition
For (ideals) X', Y C P (w) we define X <x ) if there exists
fi: w — wsuch that i '[X] € Y for every X € X.

Observation
LetZ,J C P (w) be ideals, Z <y J.
If J is an HL-ideal, then Z is also an HL-ideal.



Katétov order

Definition
For (ideals) X', Y C P (w) we define X <x ) if there exists
fi: w — wsuch that i '[X] € Y for every X € X.

Observation
LetZ,J C P (w) be ideals, Z <y J.
If J is an HL-ideal, then Z is also an HL-ideal.

Forc: 2<% — 2and p € S let
Heo(p) ={n€wip[{n}isc-monochromatic }.
Let Z, be the ideal generated by { H.(p) 1p € S }.

Observation
J is an HL-ideal iff Z, £x J for each c: 2<% — 2.
Equivalently iff Z. € J for each ¢: 2<% — 2.



Examples of HL-ideals

Theorem
The following are examples of HL-ideals.
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PT ideals, F, ideals, extendible to F,, ...
nwd; the ideal of nowhere dense subsets of Q,

Ge; an ideal on [w]?, graphs which do not contain an infinite
complete subgraph,

Gre; an ideal on [w]Z, graphs with finite chromatic number,
T/, the ideal of summable sets on w (is Fy),

SC, the ideal generated by SC-sets

A={a,1n€w} CwisanSC-set if lim(a,+1 — a,) = oo,
tr(null) =

{Ac2¥ {xe2¥ I*®ncw:xIn€ A} €null}.



Examples of HL-ideals

Theorem
The following are examples of HL-ideals.

> PT ideals, F, ideals, extendible to F, ...
» nwd; the ideal of nowhere dense subsets of Q,

» G.; an ideal on [w]?, graphs which do not contain an infinite
complete subgraph,

» G an ideal on [w]Z, graphs with finite chromatic number,

v

T/, the ideal of summable sets on w (is Fy),
» SC, the ideal generated by SC-sets
A={a,1n€w} CwisanSC-set if lim(a,+1 — a,) = oo,
> tr(null) =
{Ac2¥ {xe2¥ I*®ncw:xIn€ A} €null}.

Theorem
Z = {A Cwilim,ss Ann| _ 0} is not HL.
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Problems

Question

Is it consistent with ZFC that there are no HL-ultrafilters?
(l.e. no S-indestructible ultrafilters)?
What about Z -ultrafilters? Property (s) ultrafilters?

Question
Let bl = min{ cof(Z) 1 Z is an ideal, not HL-ideal }
Ishl =07 (We know thatd < bl < cof V)

Question
What about products of trees?



