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A question of Chvatal and Komldés

Question (Chvatal and Komlés, 1971)

How long an increasing path can one always find in any edge-ordering of
the complete graph K,?
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A question of Chvatal and Komldés

Question (Chvatal and Komlés, 1971)

How long an increasing path can one always find in any edge-ordering of
the complete graph K,?

@ Replace “increasing path” with “increasing trail” (Chvatal, Komlés)
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A question of Chvatal and Komldés

Question (Chvatal and Komlés, 1971)

How long an increasing path can one always find in any edge-ordering of
the complete graph K,?

@ Replace “increasing path” with “increasing trail” (Chvatal, Komlés)
e Solved by Graham and Kleitman
@ What happens for the random ordering (Lavrov, Loh)
e Solved by Martinsson for paths and Angel, Ferber, Sudakov, Tassion for trails
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Increasing paths

Definition

Let f(K,) denote the largest k such that every edge-ordering of K, has an
increasing path of length k.
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Increasing paths
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Let f(K,) denote the largest k such that every edge-ordering of K, has an
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Increasing paths

Definition

Let f(K,) denote the largest k such that every edge-ordering of K, has an
increasing path of length k.

@ Upper bound:
Calderbank, Chung and Sturtevant: f(K,) < (1/2+ o(1))n.
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increasing path of length k.

@ Upper bound:
Calderbank, Chung and Sturtevant: f(K,) < (1/2+ o(1))n.
Improving on previous results by: Graham and Kleitman; Rodl; Alspach,
Heinrich and Graham; Roditty.
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Increasing paths

Definition

Let f(K,) denote the largest k such that every edge-ordering of K, has an
increasing path of length k.

@ Upper bound:
Calderbank, Chung and Sturtevant: f(K,) < (1/2+ o(1))n.
Improving on previous results by: Graham and Kleitman; Rodl; Alspach,
Heinrich and Graham; Roditty.

@ Lower bound:
Milans (2017): f(K,) > n2/3—0(1)
First improvement of the y/n bound by Graham and Kleitman (1973);

Theorem 1 (B., Kwan, Pokrovskiy, Sudakov, Tran, Wagner)

f(Kn) > nt—o),
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Altitude of a graph

Definition

The altitude f(G) of a graph G is defined as the largest k such that every
edge-ordering of G has an increasing path of length k.
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Altitude of a graph

Definition

The altitude f(G) of a graph G is defined as the largest k such that every
edge-ordering of G has an increasing path of length k.

e Radl: 1(G) = Q(\/d(G)).
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Altitude of a graph

Definition

The altitude f(G) of a graph G is defined as the largest k such that every
edge-ordering of G has an increasing path of length k.

o Radl: f(G) = Q(1/d(G)).
e Milans: f(G) = Q(d(G)/(n1/3+0(1)))
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Altitude of a graph

Definition

The altitude f(G) of a graph G is defined as the largest k such that every
edge-ordering of G has an increasing path of length k.

o Radl: f(G) = Q(1/d(G)).
e Milans: f(G) = Q(d(G)/(n1/3+0(1)))

Theorem 2 (B., Kwan, Pokrovskiy, Sudakov, Tran, Wagner)

Let G be a graph with n vertices and average degree d > 2. Then

d
fC) 2 o Vesamsen)
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Height tables

Definition

A height table of an edge ordered graph G with vertex set [n] is a
partially filled array indexed by N x V(G), constructed as follows:
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Height tables
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A height table of an edge ordered graph G with vertex set [n] is a
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Height tables
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Height tables
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A height table of an edge ordered graph G with vertex set [n] is a
partially filled array indexed by N x V(G), constructed as follows:
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Height tables

Definition

A height table of an edge ordered graph G with vertex set [n] is a
partially filled array indexed by N x V(G), constructed as follows:
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Basic properties of height tables

3 Vivo

2 ViVv3 |V V3| V3V V5 Vo

1 (viva|wvova|vava|vavs|vsvg

A vi |l v | v3]| va| vs
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Basic properties of height tables

3 Vivo

2 ViVv3 |V V3| V3V V5 Vo

1 (viva|wvova|vava|vavs|vsvg

A vi |l v | v3]| va| vs

@ There are |E(G)| non-empty positions.
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Basic properties of height tables

3 Vivo

2 ViVv3 |V V3| V3V V5 Vo
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@ There are |E(G)| non-empty positions.
@ The height of e, denoted by hg(e), is the row index of its position
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Basic properties of height tables

3 Vivo

2 ViVv3 |V V3| V3V V5 Vo

1 (viva|wvova|vava|vavs|vsvg

A vi |l v | v3]| va| vs

@ There are |E(G)| non-empty positions.
@ The height of e, denoted by hg(e), is the row index of its position

@ Any edge v;v; is entered into column v; or column v;
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Basic properties of height tables
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@ There are |E(G)| non-empty positions.
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Basic properties of height tables
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Basic properties of height tables

3 Vivo

2 ViVv3 |V V3| V3V V5 Vo

1 (viva|wvova|vava|vavs|vsvg

A vi |l v | v3]| va| vs

@ There are |E(G)| non-empty positions.

@ The height of e, denoted by hg(e), is the row index of its position

@ Any edge v;v; is entered into column v; or column v; - column vertex.

o If edge e = v;v; is entered at position (h,v;) all positions (a, v;), (a, v;)
for a < h are non-empty
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Basic properties of height tables
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Basic properties of height tables
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Basic properties of height tables

3 ViVvo

2 ViVv3| W V3|V3Vs V5 Vo

1 (viva|wvova|vava|vavs|vsvg

A vi |l v | v3]| va| vs

@ There are |E(G)| non-empty positions.

@ The height of e, denoted by hg(e), is the row index of its position

@ Any edge v;v; is entered into column v; or column v; - column vertex.
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Basic properties of height tables

3 ViVvo

N

V1V3|VaV3|V3Vy V5 Vo

1 |viva|vova|vava|vavs|vsvy

@ There are |E(G)| non-empty positions.
@ The height of e, denoted by hg(e), is the row index of its position
@ Any edge v;v; is entered into column v; or column v; - column vertex.
o If edge e = v;v; is entered at position (h, v;) all positions (a, v;), (a, v})
for a < h are non-empty and contain edges larger than e.
Any such position was considered before (h, v;).
At that point edge v;v; was unused.
Since v;vj was not entered, there had to be a larger edge available.
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Basic properties of height tables

3 ViVvo

2 lvivz|wovs|vavs Vs Vo

1 |viva|vova|vava|vavs|vsvy

vl v | v3]| va| vs

@ There are |E(G)| non-empty positions.
@ The height of e, denoted by hg(e), is the row index of its position
@ Any edge v;v; is entered into column v; or column v; - column vertex.

o If edge e = v;v; is entered at position (h, v;) all positions (a, v;), (a, v})
for a < h are non-empty and contain edges larger than e.

Definition

A vertex w is called an extender of an edge vu, entered at position (h,v),
if uw is an edge entered at position (a, u) for some a < h.
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Basic properties of height tables
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@ There are |E(G)| non-empty positions.
@ The height of e, denoted by hg(e), is the row index of its position
@ Any edge v;v; is entered into column v; or column v; - column vertex.

o If edge e = v;v; is entered at position (h, v;) all positions (a, v;), (a, v})
for a < h are non-empty and contain edges larger than e.

Definition

A vertex w is called an extender of an edge vu, entered at position (h,v),
if uw is an edge entered at position (a, u) for some a < h.
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Basic properties of height tables
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@ There are |E(G)| non-empty positions.
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for a < h are non-empty and contain edges larger than e.
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if uw is an edge entered at position (a, u) for some a < h.
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Basic properties of height tables
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@ There are |E(G)| non-empty positions.
@ The height of e, denoted by hg(e), is the row index of its position
@ Any edge v;v; is entered into column v; or column v; - column vertex.

o If edge e = v;v; is entered at position (h, v;) all positions (a, v;), (a, v})
for a < h are non-empty and contain edges larger than e.

Definition

A vertex w is called an extender of an edge vu, entered at position (h,v),
if uw is an edge entered at position (a, u) for some a < h.
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Application of height tables

5 ViVs

4 ViV4| Vo Vg V5 Vo

3 lviva|wvovy VaV7| Vs Ve

2 |V1V3|VaV3|V3Vy|Va V5| Vs V3 %4%!
1 |v1ve|VaVve|V3Ve|vaVe| Vs Ve | VeVr| V7 v3
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Application of height tables

Theorem (Raodl)
In any edge ordered graph there is an increasing path of length \/d(G).
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Application of height tables

5 ViVs

4 ViV4| Vo Vg V5 Vo

3 lviva|wvovy VaV7| Vs Ve

2 |V1V3|VaV3|V3Vy|Va V5| Vs V3 74%]
1 |vive|vaVe|vaVe|VaVe|VsVe|Vevr|vrva

Theorem (Raodl)
In any edge ordered graph there is an increasing path of length \/d(G).

DJ
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Application of height tables

5 ViVs

4 ViV4| Vo Vg V5 Vo

3 lviva|wvovy VaV7| Vs Ve

2 |V1V3|VaV3|V3Vy|Va V5| Vs V3 74%]
1 |vive|vaVe|vaVe|VaVe|VsVe|Vevr|vrva

Theorem (Raodl)
In any edge ordered graph there is an increasing path of length \/d(G).

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
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Application of height tables

Vs
Vi %
0o o 4

V1Vs

ViV4| Vo Vg V5 Vo
ViV |VvaVvy Va V7| V5 V7
V1V3|VoV3|V3V4|VaV5|V5V3 (7441
V1Ve|V2Ve|V3Ve|VaVe|V5Ve | VEVT7|VTV3
A vi | v |lvs|va| vs| e

vr @ V3

HIN W A~

Vi L 2%
Theorem (Raodl)
In any edge ordered graph there is an increasing path of length \/d(G).

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
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Application of height tables
Vs
Vﬁo 0V4

V1Vs

ViV4| Vo Vg V5 Vo
ViV |VvaVvy Va V7| V5 V7
V1V3|VoV3|V3V4|VaV5|V5V3 (7441
ViVe|V2Ve|V3Ve|VaVe|V5Ve | Ve V7| VT V3

vr @ V3

Tl ol w| & o

Vi L 2%

Theorem (Raodl)

In any edge ordered graph there is an increasing path of length \/d(G).

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.
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V1Vs
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Theorem (Raodl)

In any edge ordered graph there is an increasing path of length \/d(G).

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.
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Application of height tables

%
V6. ° .V4 5 |vivs
4 ViV4| Vo Vg V5 Vo
3 lviva|wvovy VaV7| Vs Ve
2 |V1V3|VaV3|V3Vy|Va V5| Vs V3 74%]
1 |v1ve|VaVve|V3Ve|vaVe| Vs Ve | VeVr| V7 v3
/ \ i v | v | vs|val|vs | v | vy

Theorem (Radl)

In any edge ordered graph there is an increasing path of length \/d(G).

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.
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Application of height tables

V5
V6. .V4 V1Vs
V1V4|Vo Va4 V5 Vo
ViV |VvaVvy Va V7| V5 V7

V1V3|VoV3|V3V4|VaV5|V5V3 (7441

/ \ i v | v | vs|val|vs | vg | vy

V1 Ve | V2 V| V3Ve| VaVe| Vs Ve| Ve V7| V7 V3
Theorem (Radl)

In any edge ordered graph there is an increasing path of length \/d(G).

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.

HIN W A~

@ Repeat, let ujy1 be the highest extender of uj_ju;

Matija Buci¢ (ETH Ziirich) Nearly-linear increasing paths in edge-ordered graphs Banff, September 2019 7/14



Application of height tables

V5
V6. .V4 V1Vs
V1V4|Vo Va4 V5 Vo
ViV |VaVvy Va V7| V5 V7

V1V3|VoV3|V3V4|VaV5|V5V3 (7441

/ \ i wvi | v | vs|val|vs | v | vy

V1 Ve | V2 V| V3Ve| VaVe| Vs Ve| Ve V7| V7 V3
Theorem (Radl)

In any edge ordered graph there is an increasing path of length \/d(G).

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.

HIN W A~

@ Repeat, let ujy1 be the highest extender of uj_ju;

Matija Buci¢ (ETH Ziirich) Nearly-linear increasing paths in edge-ordered graphs Banff, September 2019 7/14



Application of height tables

V5
V6. .V4 5 vivs
4 V1V4|Vo Va4 V5 Vo
£ 3 |viva|Vavy V4 V7| V5 V7
W\/ oy 2 |viv3|vav3|v3Vva|vaVvs| Vs Vs Za%!
S 1 |v1ve|vave|V3Ve|vave| Vs ve|veVvr|vrva
vi j Vo vl vi V2 V3 V4 V5 Ve

Theorem (Raodl)
In any edge ordered graph there is an increasing path of length \/d(G).

v

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.

@ Repeat, let ujy1 be the highest extender of uj_ju;
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Application of height tables

Vi
V6. ° .V4 5 |vivs
4 V1V4|Vo Va4 V5 Vo
Y 3 |viva|Vavy V4 V7| V5 V7
W\/ oy 2 |viv3|vav3|v3Vva|vaVvs| Vs Vs Za%!
S 1 |v1ve|vave|V3Ve|vave| Vs ve|veVvr|vrva
Vi j v i wvi|lwm|vs| vl v | v

Theorem (Raodl)
In any edge ordered graph there is an increasing path of length \/d(G).

v

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.
@ Repeat, let ujy1 be the highest extender of uj_ju;

o After d/2 iterations we obtain an increasing path v ... Uq /2.
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Application of height tables

Vi
V6. ° .V4 5 |vivs
4 V1V4|Vo Va4 V5 Vo
Y 3 |viva|Vavy V4 V7| V5 V7
W\/ oy 2 |viv3|vav3|v3Vva|vaVvs| Vs Vs Za%!
1 |vive|vave|vave|vave|vsve|vevr | vrv3

7
Vlj Vo LV vi | v | vg | va| v

Theorem (Raodl)

In any edge ordered graph there is an increasing path of length \/d(G).

v

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.

o Let w3 be its highest extender.

@ Repeat, let ujy1 be the highest extender of uj_ju;

o After d/2 iterations we obtain an increasing path vy . .. uq/2. Not quite.

O]

v
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Application of height tables

Vi
V6. ° .V4 5 |vivs
4 V1V4|Vo Va4 V5 Vo
Y 3 |viva|Vavy V4 V7| V5 V7
W\/ oy 2 |viv3|vav3|v3Vva|vaVvs| Vs Vs Za%!
1 |vive|vave|vave|vave|vsve|vevr | vrv3

7
Vlj Vo LV vi | v | vg | va| v

Theorem (Raodl)

In any edge ordered graph there is an increasing path of length \/d(G).

v

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.

o Let w3 be its highest extender.

@ Repeat, let ujy1 be the highest extender of uj_ju;

o After d/2 iterations we obtain an increasing path vy . .. uq/2. Not quite.

O]

v
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Application of height tables

%
V6. ° .V4 5 |vivs
4 V1V4|Vo Va4 V5 Vo
3 |viva|Vavy V4 V7| V5 V7
W\/ 2 |v1v3|VvaVv3|V3Va|VaVs|V5V3 v7vi
1 |vive|vave|vave|vave|vsve|vevr|vrv3
A wvi v |3l va|vs | v | vr

Theorem (Radl)

In any edge ordered graph there is an increasing path of length \/d(G).

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.

@ Repeat, let ujy1 be the highest extender of uj_ju;

o After d/2 iterations we obtain an increasing path vy . .. uq/2. Not quite.

O]

v
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Application of height tables

%
V6. ° .V4 5 |vivs
4 V1V4|Vo Va4 V5 Vo
3 |viva|Vavy V4 V7| V5 V7
W\/ 2 |v1v3|VvaVv3|V3Va|VaVs|V5V3 v7vi
1 |vive|vave|vave|vave|vsve|vevr|vrv3
i v | v | vs|val|vs | vg | vy

Theorem (Radl)

In any edge ordered graph there is an increasing path of length \/d(G).

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.

@ Repeat, let ujy1 be the highest extender of uj_ju;

o After d/2 iterations we obtain an increasing trail v ... Uq/2-
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Application of height tables

Vi
V6. ° .V4 5 |vivs
4 V1V4|Vo Va4 V5 Vo
Y 3 |viva|Vavy V4 V7| V5 V7
W\/ oy 2 |viv3|vav3|v3Vva|vaVvs| Vs Vs Za%!
S 1 |v1ve|vave|V3Ve|vave| Vs ve|veVvr|vrva
Vi j v i wvi|lwm|vs| vl v | v

Theorem (Raodl)
In any edge ordered graph there is an increasing path of length \/d(G).

v

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.

@ Repeat, let ujy1 be the highest extender of u;_ju; distinct to all u;
o
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Application of height tables

Vi
V6. ° .V4 5 |vivs
4 V1V4|Vo Va4 V5 Vo
Y 3 |viva|Vavy V4 V7| V5 V7
W\/ oy 2 |viv3|vav3|v3Vva|vaVvs| Vs Vs Za%!
S 1 |v1ve|vave|V3Ve|vave| Vs Ve|veVvr|v7va
Vi j v i wvi|lwm|vs| vl v | v

Theorem (Raodl)
In any edge ordered graph there is an increasing path of length \/d(G).

v

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.

@ Repeat, let ujy1 be the highest extender of w;_ju; distinct to all u;
o
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Application of height tables

Vs

V1Vs

V4 V.
6o o4
V1V4|Vo Va4 V5 Vo
Vivo Vo Vvy V4 V7| V5 V7
V1V3|VoV3|V3V4|VaV5|V5V3 (7441

1 2
Wle V3
V] V6| V2 Ve | V3 Ve |VaVe| V5 Ve | Ve V7 |V7V3

7
Vlj v LV vi | v | va | val| vs | v

Theorem (Raodl)

HIN W A~

In any edge ordered graph there is an increasing path of length \/d(G).

Proof.
@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.

v

@ Repeat, let ujy1 be the highest extender of w;_ju; distinct to all u;
o
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Application of height tables

Vs

V1Vs

V4 V.
6o o4
V1V4|Vo Va4 V5 Vo
Vivo Vo Vvy V4 V7| V5 V7
V1V3|VoV3|V3V4|VaV5|V5V3 (7441

1 2
Wle V3
V] V6| V2 Ve | V3 Ve |VaVe| V5 Ve | Ve V7 |V7V3

7
Vlj v LV vi | v | va | val| vs | v

Theorem (Raodl)

HIN W A~

In any edge ordered graph there is an increasing path of length \/d(G).

Proof.
@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.
o Let w3 be its highest extender.

v

@ Repeat, let ujy1 be the highest extender of w;_ju; distinct to all u;
o hg(u,'u;_H) > hc;(u,'_lu,-) —
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Application of height tables

V5
V6. .V4 5 vivs
4 V1V4|Vo Va4 V5 Vo
£ 3 |viva|Vavy V4 V7| V5 V7
Ve le V3 2 |v1v3|VvaVv3|V3Va|VaVs|V5V3 v7vi
1 |vave|vove|vave|vave|vsve|ve V7| V7 V3

7
Vlj v i vi| v va| vq| v
Theorem (Raodl)

In any edge ordered graph there is an increasing path of length \/d(G).

v

Proof.

@ There is an edge ujuy of height at least |[E(G)|/n = d(G)/2.

o Let w3 be its highest extender.

@ Repeat, let ujy1 be the highest extender of w;_ju; distinct to all u;

o hg(ujuip1) > he(uji—yui) —i

o Repeataslongasd/2—1—...—i=d/2—(}) >0&Vd > i m)
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Our new ingredients

5 ViVvs

4 lviva|vovy V5 V2

3 |viva|vavy vaV7|Vsvy

2 |viv3|vav3|v3vy|vavs|VsV3 v7vi
1 |vave|vave|v3ve|vave| Vs ve| vevr|vrvs
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Our new ingredients

5 vivs 5

4 |\viva|vovy V5 V2 4 \viva|vova

3 |viva|vavy vaV7|Vsvy 3 |viva|vavy vav7

2 |v1v3|Vvav3|vava|vaVs|vsvs vrvi 2 (vivz|vov3 V4 Vs 124%!

1 |v1ve|VvaVve|V3Ve|vaVe|VsVe|VeVr|vrVvs 1 |\vivg|vave V4 Ve VeV7|V7V3
i v Vo V3 Vs | V5 Ve | V7 iV %1 %) V3 Vs | Vs Ve | V7
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Our new ingredients

5 vivs 5
4 |\viva|vovy V5 V2 4 \viva|vovy
3 |viva|vavy vaV7|Vsvy 3 |viva|vavy vav7
2 |viv3|vavs|vava|vavs |V V3 v7vi 2 v7vi
1 |v1ve|VvaVve|V3Ve|vaVe|VsVe|VeVr|vrVvs 1 |\vivg|vave V4 Ve Ve V7
i v Vo V3 Vs | V5 Ve | V7 iV %1 %) V3 Vs | Vs Ve | V7
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Our new ingredients

5 vivs 5

4 V1V4|VoVy V5 Vo 4

3 |viva|vavy vavy|Vsvy 3 |viva|vavy

2 |viv3|vavs|vava|vavs |V V3 vivi 2 |viva|vavy vavy

1 |v1ve|VvaVve|V3Ve|vaVe|VsVe|VeVr|vrVvs 1 |\vivg|vave V4 Ve Ve V7 V7V
i v Vo V3 Vs | V5 Ve | V7 iV %1 %) V3 Vs | Vs Ve | V7
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Our new ingredients

5 vivs 5

4 lviva|vovy V5 Vo 4

3 lviva|vavy V4 V7| V5 V7 3 (vivg|vovg

2 |viv3|vav3|vavy|vavs|vsv3 vivi 2 |viva|vavy vavy

1 |v1ve|VvaVve|V3Ve|vaVe|VsVe|VeVr|vrVvs 1 |\vivg|vave V4 Ve %40 %A%]
LAV vi | va| v |va| Vs | V6| vy Vv | vo |l v3|va|vs| Ve | vy

Lemma (Dropping lemma)

Let G be an ordered graph, U C V(G), xy € E(G): hg(xy) > m = /A(G)|U|.
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Our new ingredients

5 vivs 5

4 lviva|vovy V5 Vo 4

3 lviva|vavy V4 V7| V5 V7 3 (vivg|vovg

2 |viv3|vav3|vavy|vavs|vsv3 vivi 2 |viva|vavy vavy

1 |v1ve|VvaVve|V3Ve|vaVe|VsVe|VeVr|vrVvs 1 |\vivg|vave V4 Ve %40 %A%]
LAV vi | va| v |va| Vs | V6| vy Vv | vo |l v3|va|vs| Ve | vy

Lemma (Dropping lemma)

Let G be an ordered graph, U C V(G), xy € E(G): hg(xy) > m = /A(G)|U|.
Then 3z, w € V(G) \ U: xyzw is an increasing path
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Our new ingredients

5 vivs 5

4 lviva|vovy V5 Vo 4

3 lviva|vavy V4 V7| V5 V7 3 (vivg|vovg

2 |viv3|vav3|vavy|vavs|vsv3 vivi 2 |viva|vavy vavy

1 |v1ve|VvaVve|V3Ve|vaVe|VsVe|VeVr|vrVvs 1 |\vivg|vave V4 Ve %40 %A%]
LAV vi | va| v |va| Vs | V6| vy Vv | vo |l v3|va|vs| Ve | vy

Lemma (Dropping lemma)

Let G be an ordered graph, U C V(G), xy € E(G): hg(xy) > m = /A(G)|U|.
Then 3z, w € V(G) \ U: xyzw is an increasing path and

he_y(zw) > hg(xy) — m.
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Regularisation lemma

Given a graph G with average degree d can we find an almost regular
subgraph whose degree is only slightly smaller than d?
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Regularisation lemma

Given a graph G with average degree d can we find an almost regular
subgraph whose degree is only slightly smaller than d?

Every graph G has a (possibly non-induced) subgraph whose all degrees lie
in the range [d’,2d"], where d’ ~ d(G)/ log n.
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Regularisation lemma

Given a graph G with average degree d can we find an almost regular
subgraph whose degree is only slightly smaller than d?

Every graph G has a (possibly non-induced) subgraph whose all degrees lie
in the range [d’,2d"], where d’ ~ d(G)/ log n.

Remark: Let € > 0, then there exists an n vertex graph G with average
degree d(G) = n® for which this result is tight up to a constant factor.
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Proof strategy

Theorem

Let G be an ordered graph, e € E(G) an edge with hg(e) > a. Then
there is an increasing path P starting with e, having length at least

a1/t /(1og n)?,

such that hg(f) > hg(e) — a for every f € E(P).

Matija Buci¢ (ETH Ziirich)
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Proof strategy

Let G be an ordered graph, e € E(G) an edge with hg(e) > a. Then
there is an increasing path P starting with e, having length at least

a*/*/(log n)?,

such that hg(f) > hg(e) — a for every f € E(P).
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Proof strategy

Theorem

Let G be an ordered graph, e € E(G) an edge with hg(e) > a. Then
there is an increasing path P starting with e, having length at least

a*/*/(log n)?,

such that hg(f) > hg(e) — a for every f € E(P).

@ We assume the theorem is true with paths of length a%/3.
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Proof strategy

Theorem
Let G be an ordered graph, e € E(G) an edge with hg(e) > a. Then
there is an increasing path P starting with e, having length at least

a*/*/(log n)?,

such that hg(f) > hg(e) — a for every f € E(P).

@ We assume the theorem is true with paths of length a%/3.

@ We find a dense almost regular subgraph H of G among extenders of e.

Banff, September 2019 10/14

Nearly-linear increasing paths in edge-ordered graphs
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Proof strategy

Theorem
Let G be an ordered graph, e € E(G) an edge with hg(e) > a. Then
there is an increasing path P starting with e, having length at least

a*/*/(log n)?,

such that hg(f) > hg(e) — a for every f € E(P).

@ We assume the theorem is true with paths of length a%/3.

@ We find a dense almost regular subgraph H of G among extenders of e.

@ We find a long increasing path within H.

Banff, September 2019 10/14

Nearly-linear increasing paths in edge-ordered graphs
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Finding a dense almost regular subgraph of extenders
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Finding a dense almost regular subgraph of extenders

@ Let S; be the set of a/log n highest extenders of e.
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Finding a dense almost regular subgraph of extenders
€
s,

C

@ Let S; be the set of a/log n highest extenders of e.

Matija Buci¢ (ETH Ziirich) Nearly-linear increasing paths in edge-ordered graphs Banff, September 2019 11/14



Finding a dense almost regular subgraph of extenders
€
s,

C

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
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Finding a dense almost regular subgraph of extenders
€
s,

C )2

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
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Finding a dense almost regular subgraph of extenders

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
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Finding a dense almost regular subgraph of extenders
N

C S0
N s,

N

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
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Finding a dense almost regular subgraph of extenders
N

G W VL
AN AN ¢
T D 2

N

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
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Finding a dense almost regular subgraph of extenders

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
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Finding a dense almost regular subgraph of extenders

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
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Finding a dense almost regular subgraph of extenders

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
o Let k be the smallest index such that |S;| < 2|S;_1].
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Finding a dense almost regular subgraph of extenders

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
o Let k be the smallest index such that |S;| < 2|S;_1].
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Finding a dense almost regular subgraph of extenders

Sk—1
(N )
7\ 7\ Sk |Sk| < 2[Sk—1]

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
o Let k be the smallest index such that |S;| < 2|S;_1].
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Finding a dense almost regular subgraph of extenders

Sk—1
(N )
7\ 7\ Sk |Sk| < 2[Sk—1]

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1
@ Let k be the smallest index such that |S;] < 2|S;_1]. Notice that k < log n.
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Finding a dense almost regular subgraph of extenders

Sk—1
(N )
7\ 7\ Sk |Sk| < 2[Sk—1]

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1

@ Let k be the smallest index such that |S;] < 2|S;_1]. Notice that k < log n.

o Consider the subgraph G’ of G induced by S,_1 U 5.
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Finding a dense almost regular subgraph of extenders

Sk—1
(N )
7\ 7\ Sk |Sk| < 2[Sk—1]

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1

@ Let k be the smallest index such that |S;| < 2|S;_1]. Notice that k < log n.

o Consider the subgraph G’ of G induced by Sx_1 U Sk. By construction every
vertex in Sx_1 has degree at least a/lognin G'.
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Finding a dense almost regular subgraph of extenders

Sk—1
(N )
7\ 7\ Sk |Sk| < 2[Sk—1]

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1

@ Let k be the smallest index such that |S;| < 2|S;_1]. Notice that k < log n.

o Consider the subgraph G’ of G induced by Sx_1 U Sk. By construction every
vertex in Sx_1 has degree at least a/log nin G’. Therefore,

d(G') > a/(6log n).
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Finding a dense almost regular subgraph of extenders

Sk—1
(N )
7\ 7\ Sk |Sk| < 2[Sk—1]

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1

@ Let k be the smallest index such that |S;| < 2|S;_1]. Notice that k < log n.

o Consider the subgraph G’ of G induced by Sx_1 U Sk. By construction every
vertex in Sk_1 has degree at least a/logn in G'. Therefore,

d(G') > a/(6log n).
@ Apply regularisation lemma to get an almost regular subgraph H of G”:
a/(6l0g n)® < d(H) < A(H) < 2d(H)
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Finding a dense almost regular subgraph of extenders

( I I N
Sk—1
Ca A
. N MEITI /A Sk |Sk| < 2|Sk—1]

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1

@ Let k be the smallest index such that |S;| < 2|S;_1]. Notice that k < log n.

o Consider the subgraph G’ of G induced by Sx_1 U Sk. By construction every
vertex in Sk_1 has degree at least a/logn in G'. Therefore,

d(G') > a/(6log n).
@ Apply regularisation lemma to get an almost regular subgraph H of G”:
a/(6l0g n)® < d(H) < A(H) < 2d(H)
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Finding a dense almost regular subgraph of extenders

e aEn WYL
ZAANANEANANNES
7Y RARRIDE
.".. ' Sk_1
CA B LTI N
. TN ST /A Sk |Sk| < 2|Sk—1]

@ Let S; be the set of a/log n highest extenders of e. Let S; be the collection of
a/ log n highest extenders of any edge in S;_1

@ Let k be the smallest index such that |S;| < 2|S;_1]. Notice that k < log n.

o Consider the subgraph G’ of G induced by Sx_1 U Sk. By construction every
vertex in Sk_1 has degree at least a/logn in G'. Therefore,

d(G') > a/(6log n).
@ Apply regularisation lemma to get an almost regular subgraph H of G”:
a/(6l0g n)® < d(H) < A(H) < 2d(H)
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Finding long increasing paths in almost regular dense graphs

..... e i h>a
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Finding long increasing paths in almost regular dense graphs

..... e i h>a

@ Apply induction within H
using only top a%/* rows.
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Finding long increasing paths in almost regular dense graphs

..... e i h>a

e Apply induction within H a3/* rows
using only top 33/ FOWS. e
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Finding long increasing paths in almost regular dense graphs

..... e i h>a

e Apply induction within H a3/* rows
using only top 33/ FOWS. e

We get an increasing path of
length (a%/4)2/3 = a%/2.
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Finding long increasing paths in almost regular dense graphs

..... O i h>a

e Apply induction within H ' a3/* rows
using onIy top 33/4 FOWS. e o

We get an increasing path of
length (a%/4)2/3 = a%/2.
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Finding long increasing paths in almost regular dense graphs

h>a

@ Apply induction within H ! a*/* rows
using onIy top 33/4 FOWS. e @
We get an increasing path of
length (a%/4)2/3 = a%/2.

@ Remove all but its last two
vertices.
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Finding long increasing paths in almost regular dense graphs

h>a

@ Apply induction within H a*/* rows
using onIy top 33/4 FOWS. e @@
We get an increasing path of
length (a%/4)2/3 = a%/2.

@ Remove all but its last two
vertices.
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Finding long increasing paths in almost regular dense graphs

h>a

@ Apply induction within H a*/* rows
using onIy top 33/4 FOWS. e @@ e
We get an increasing path of
length (a%/4)2/3 = a%/2.

@ Remove all but its last two
vertices.
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Finding long increasing paths in almost regular dense graphs

................................................... h>a
@ Apply induction within H a*/* rows
using onIy top 33/4 FOWS. e e
We get an increasing path of } /% rows
length (a%/4)?/3 =22 | S

@ Remove all but its last two
vertices. Dropping lemma
shows the last edge falls
at most a%/4,
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Finding long increasing paths in almost regular dense graphs

................................................... h>a
@ Apply induction within H a*/* rows
using onIy top 33/4 FOWS. e e
We get an increasing path of } /% rows
length (a%/4)?/3 =22 | S

@ Remove all but its last two
vertices. Dropping lemma
shows the last edge falls
at most a®/4, it applies as

(a**)? > |P|A(H)

— g2 5= 32
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Finding long increasing paths in almost regular dense graphs

................................................... h>a
@ Apply induction within H a*/* rows
using onIy top 33/4 FOWS. e e
We get an increasing path of } /% rows
length (a%/4)?/3 =22 | S

@ Remove all but its last two
vertices. Dropping lemma
shows the last edge falls
at most a®/4, it applies as

(a**)? > |P|A(H)

1/2 3/2

=a rd=a

@ Repeat a/a%/* = a'/* times
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Finding long increasing paths in almost regular dense graphs

................................................... h>a
@ Apply induction within H a*/* rows
using onIy top 33/4 FOWS. e e
We get an increasing path of } /% rows
length (a%/4)2/3 =42 | D S
@ Remove all but its last two 3/4
. . a rows
vertices. Dropping lemma

shows the last edge falls
at most a®/4, it applies as

(a**)? > |P|A(H)

1/2 3/2

=a rd=a

@ Repeat a/a%/* = a'/* times
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Finding long increasing paths in almost regular dense graphs

................................................... h>a
@ Apply induction within H a*/* rows
using onIy top 33/4 FOWS. e e
We get an increasing path of } /% rows
length (a%/4)2/3 =a%2. | e
@ Remove all but its last two ‘\\ 3/4
. . a rows
vertices. Dropping lemma | = P

shows the last edge falls
at most a®/4, it applies as

(a**)? > |P|A(H)

1/2 3/2

=a rd=a

@ Repeat a/a%/* = a'/* times
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Finding long increasing paths in almost regular dense graphs

................................................... h>a
e Apply induction within H a3/* rows
using onIy top 33/4 FOWS. e b
We get an increasing path of } 25374 rows
length (a%/4)?/3 = a2 |
@ Remove all but its last two 3/4
. . a rows
vertices. Dropping lemma

shows the last edge falls
at most a®/4, it applies as

(a**)? > |P|A(H)

1/2 3/2

=a rd=a

@ Repeat a/a%/* = a'/* times

Matija Buci¢ (ETH Ziirich) Nearly-linear increasing paths in edge-ordered graphs Banff, September 2019 12/14



Finding long increasing paths in almost regular dense graphs

................................................... h>a
@ Apply induction within H a*/* rows
using onIy top 33/4 FOWS. e b
We get an increasing path of } 25374 rows
length (a¥4)?3 =22 |
@ Remove all but its last two 3/4
. . a rows
vertices. Dropping lemma
......................... m
shows the last edge falls I
at most a%/*, it applies as a>/* rows
......................... B ettt

(a**)? > |P|A(H)

1/2 3/2

=a rd=a

@ Repeat a/a%/* = a'/* times
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We get an increasing path of } 25374 rows
length (a%/4)?/3 = a2 |
@ Remove all but its last two 3/4
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vertices. Dropping lemma |
shows the last edge falls
at most a®/4, it applies as a*/* rows

(a**)? > |P|A(H)

1/2 3/2

=a rd=a

@ Repeat a/a%/* = a'/* times
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Finding long increasing paths in almost regular dense graphs

................................................... h>a
e Apply induction within H a3/* rows
using onIy top 33/4 FOWS. e b
We get an increasing path of } 25374 rows
length (a%/4)?/3 = a2 |
@ Remove all but its last two 3/4
. . a rows
vertices. Dropping lemma |
shows the last edge falls
3/4 ; 3/4
at most a°/%, it applies as a>/” rows
(%) > [P|A(H)
S Vi SR
. T e
@ Repeat a/a at/* times /% rows
................................................ H-
} a/* rows
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Finding long increasing paths in almost regular dense graphs

................................................... h>a
@ Apply induction within H a*/* rows
using onIy top 33/4 FOWS. e b
We get an increasing path of 3/4
length (2423 = al/2. | T
@ Remove all but its last two 23/% rows
vertices. Dropping lemma |
shows the last edge falls
at most a®/4, it applies as a*/* rows
(a%*)? > |PIA(H)
S Vi SR
o Repeat a/a%/* = a'/* times 34 row
to obtain a path of length a ows
31/4.31/2283/4. ................................................ h
Pl } a/* rows
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Concluding remarks

@ Does any edge ordering of K,, permits a linear increasing path, or even
paths of length (1/2 — o(1))n?

Matija Buci¢ (ETH Ziirich) Nearly-linear increasing paths in edge-ordered graphs Banff, September 2019 13/14



Concluding remarks

@ Does any edge ordering of K,, permits a linear increasing path, or even
paths of length (1/2 — o(1))n?

@ Can one improve the bound of Q(\/H) for increasing paths in n vertex
graphs with average degree d when d is very small compared to n?
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Concluding remarks

@ Does any edge ordering of K|, permits a linear increasing path, or even
paths of length (1/2 — o(1))n?

@ Can one improve the bound of Q(\/H) for increasing paths in n vertex
graphs with average degree d when d is very small compared to n?

Proposition

Let G be an edge-ordered graph with average degree d, such that every
set of at most ed vertices induces at most (1/2 — €)d edges. Then G has
an increasing path of length ed.
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