Efficient non-Markovian quantum dynamics using time-evolving
matrix product operators
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@ Born + Markov + Secular > Strong coupling to bath
» Ultra-strong coupling:

— Lindblad Master equation: need J(w < 0) = 0 e.g. [Ciuti and
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@ Born + Markov + Secular > Strong coupling to bath
» Ultra-strong coupling:

— Lindblad Master equation: need J(w < 0) = 0 e.g. [Ciuti and
Carusotto, PRA '06]
1 » Structured baths
8“0 = Z /s;,-E[X,-], E[X] = XPXT—E[XTX, p]+ * Vibrational resonances
i * Spatial structure

. , » Information return from bath
@ Markov good at optical frequencies » Unknown system eigenstates
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non-Markovian master equations: HOW: see [de Vega & Alonso, RMP *17]
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non-Markovian master equations: HOw: see [de Vega & Alonso, RMP '17]
@ Exactly soluble problems ...
> e.g. Bosonic: H = W M;w; + > Gk + 1) (bE + br) + Hoarn,
ik
» Independent Boson model, H = 0,(A+ >, fk(bf( + bk)) + Hbath
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@ Exactly soluble problems ...

> e.g. Bosonic: H = W M;w; + Z & k(i + )b + br) + Hoarn,
ik
» Independent Boson model, H = 0,(A+ >, fk(bf( + bk)) + Hbatn
@ Polaron master equation

H e*VHeV, V= ng (b — Xsys » Renormalize system parameters

» Perturbative remaining coupling
[Jang, J. Chem. Phys 09, McCutcheon et al. PRB ’11, Roy and Hughes PRB ’12]
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non-Markovian master equations: HOw: see [de Vega & Alonso, RMP '17]
@ Exactly soluble problems ...

» e.g. Bosonic: H = \U}M,-j\l!,- + Z &i k(i + ¢,'T)(b;t + bk) + Hoath,
ik
» Independent Boson model, H = 0,(A+ >, fk(bf( + bk)) + Hbatn

@ Polaron master equation

H e*VHeV, V= ng (b — Xsys » Renormalize system parameters

» Perturbative remaining coupling
[Jang, J. Chem. Phys 09, McCutcheon et al. PRB ’11, Roy and Hughes PRB ’12]

@ Re-sum perturbation theory: | [Chen et al. J. Chem. Phys. *17]
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non-Markovian master equations: augmentation

@ Increase no. coupled EOM
[Tanimura & Kubo, JPSJ ’89]
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non-Markovian master equations: augmentation

@ Increase no. coupled EOM
[Tanimura & Kubo, JPSJ ’89]
@ Increase system — include resonant modes

System A Bath

[Garraway PRA '97, lles-Smith et al. PRA ’14, Schrdder et al. '17]
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non-Markovian master equations: augmentation

@ Increase no. coupled EOM
[Tanimura & Kubo, JPSJ ’89]

@ Increase system — include resonant modes
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non-Markovian master equations: augmentation

@ Increase no. coupled EOM
[Tanimura & Kubo, JPSJ ’89]
@ Increase system — include resonant modes

System A Bath

= |

[Garraway PRA '97, lles-Smith et al. PRA ’14, Schrdder et al. '17]
» Include bath — chain mapping (TEDOPA — previous talk)

KR

[Woods et al. , J. Math. Phys. ’'14]
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non-Markovian master equations: augmentation
@ Increase no. coupled EOM
[Tanimura & Kubo, JPSJ ’89]
@ Increase system — include resonant modes
System AW Bath

o=

[Garraway PRA '97, lles-Smith et al. PRA ’14, Schrdder et al. '17]
» Include bath — chain mapping (TEDOPA — previous talk)

KR

[Woods et al. , J. Math. Phys. '14]
@ Augment state space/history: QUAPI

[Makri and Makarov, J. Chem Phys ’95]
Jonathan Keeling TEMPO
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0 Why Non-Markovian problems
@ Introduction to MPS

© QuAPI and TEMPO algorithm

e Applications
@ Spin-Boson problem
@ Information backflow: Revivals
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Introduction to matrix product states
@ Matrix product state:
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» Local dimension: iy = 1...d, Bond dimension ay = 1...x3.
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Introduction to matrix product states
@ Matrix product state:

7-,‘17,'27,'37”. frd ZA[Iﬂh A[2]IZ A[N_1]iN—1 A[N]IN

o tag,ap o PIAN—2,00N—1 QN_1 N
{ey}
A A A Af--- A
i] i2 i3 i4 iN

» Local dimension: iy = 1...d, Bond dimension ay = 1...x3.
» Size 3, dx? vs dN

@ Uses:
> Wavefunction: (W) = 3=y Ti ... 1) @ Ji2) ...
» Density matrix (o1, 02, ...|plo},05...) = Z{,/} Ty s,
» Classical probabilities
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Manipulating matrix product states

@ Singular value decomposition

Jonathan Keeling TEMPO
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Manipulating matrix product states

@ Singular value decomposition
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Manipulating matrix product states

@ Singular value decomposition

Al T 2—N

T = UM M [V(1)T]

Iy,001 70

7-/1,...iN = aq,l”

TTT = UNUT,  TIT = VA2VI Get: AL/ = UL") /L)

,0
» Repeat on each leg
» Truncation: Keep |A| > A¢ or |oj| < x
» Bond dimension x,: Storage Ndx? vs aV
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© QuAPI and TEMPO algorithm
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QUAPI [Makri and Makarov, J. Chem Phys ’95]

@ System + harmonic bath

*

H=Hs+0 &(bl+bi)+Hs
k
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QUAPI [Makri and Makarov, J. Chem Phys ’95]
@ System + harmonic bath

*

H=Hs+0 &(bl+bi)+Hs
k

@ Write p;(t) as path sum/integral

» Discrete sum for system
1= Z )l

> Coordlnate path integral for
bath

]]. == an‘Xn> <Xn|
» Discretize times, ty = NA
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QUAPI [Makri and Makarov, J. Chem Phys '95]
@ System + harmonic bath

@ Path sum (doubled indices) j = (j, jp):
:Eh /;ﬂ; >>

H=Hs+0 &(bl+bi)+Hs N
‘ piv(tn) = 37 (H

b
j1~~~jN—1 n=1k=0

n—1

I, (¢
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QUAPI [Makri and Makarov, J. Chem Phys '95]
@ System + harmonic bath

;§: @ Path sum (doubled indices) j = (¢, jp):
:Eh /;lrﬂe

f

ij(tN Z AINAIN=1 -1
J1e-dN=1

@ ADT,; products — Growth.

H=Hs+0 &(bl+bi)+Hs
k
@ Write p;(t) as path sum/integral

» Discrete sum for system

1= Z |f <f| A/4,/3,/2,l1 _ B/4’/3’/2’/1 A/3,/2,/1
13,12,11
> Coordlnate path integral for y ; n—1 ; n—1
bath B = | IL o ) 1T ikl jn).
1= / | Xo) (| P .

» Discretize times, ty = NA
@ Integrate out bath.
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QUAPI [Makri and Makarov, J. Chem Phys '95]
@ System + harmonic bath

D

:«é: @ Path sum (doubled indices) j = (¢, jp):
:Eh /tlrﬂe

S

ij(tN Z AINAIN=1 -1
J1e-dN=1

@ ADT; products — Growth.

H=Hs+0 &(bl+bi)+Hs
K
@ Write p;(t) as path sum/integral

» Discrete sum for system
1= Z ) Ul Alliledt — Btz plsilosiy

13,12,1
> Coordlnate path integral for

n—1 n—1
'n’/‘nf 7"'7j _ ./n H /
sa ot = (T4t ) Tkt
k=0

1= /dxn\xn>(xn| k=1
» Discretize times, ty = NA

@ Integrate out bath.
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QUAPI as tensor network: TEMPO

Sofar...: pp(tn)= > AvIN-tohp (), A B-A
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QUAPI as tensor network: TEMPO

Sofar...:  p;(tn) = Z ANt (1)),

J1+-IN—1

2
0 . .n7jn— 7"'7!‘ ',7
® Bis tensor network: B"""" ' — [bo], <H[bk]

Grow ——»

Input state
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QUAPI as tensor network: TEMPO

Sofar...: pp(tn)= > AvIN-tohp (), A B-A

Jtdn=1

n-2
@ Bis tensor network: Bf”’/" b ’/' — [bo} <H[bk]% Jq—k> ] 1,11

Qk415In—k
k=1

@ Finite memory approx — neglect correlations K steps ago

Grow ——»
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QUAPI as tensor network: TEMPO

Sofar...: pp(tn)= > AvIN-tohp (), A B-A
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e Applications

@ Spin-Boson problem

@ Information backflow: Revivals
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@ Spin-Boson problem
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spin Boson model

@ Archetypal non-Markovian model:

H=QS, + Z S:(giai + g,?‘a,T) + w,-a,Ta,-,
i
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spin Boson model

@ Archetypal non-Markovian model:

H=QS, + Z S:(giai + g,?‘a,T) + w,-a,Ta,-,
i

@ Ohmic Bath density of states:

J(w) = Z 19iP3(w — wi) = 20w exp(—w/we)
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spin Boson model

@ Archetypal non-Markovian model:

H=QS, + Z S:(giai + g,?‘a;-f) + w,-a;fa,-,
i

@ Ohmic Bath density of states:

J(w) = Z 19i%6(w — wi) = 20w exp(—w/wo)

@ Known behaviour, initially excited [Leggett et al. RMP '87] for w¢ > Q:

0 < a < 1/2 Decaying oscillations, (S,) ~ e«“=!
1/2 < a < 1 Overdamped decay, (S;) ~ e
1 < «a Localization, (S;) finite at t — oc.
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spin Boson model

@ Archetypal non-Markovian model:

H=QS+> S:ga+ga)+wala
i

@ Ohmic Bath density of states:

Jw) = 3 1918w ~ wi) = 200 exp(-w /o)

@ Known behaviour, initially excited [Leggett et al. RMP '87] for w¢ > Q:

0 < o < 1/2 Decaying oscillations, (S;) ~ ewi=1
1/2 < a < 1 Overdamped decay, (S;) ~ e
1 < « Localization, (S;) finite at t — oc.

@ Challenge for QUAPI — finite K = 7./A — non-zero ~ for Vo
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TEMPO spin Boson results
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TEMPO spin Boson results
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TEMPO spin Boson results
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e Applications

@ Information backflow: Revivals
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Environment induced revivals

@ Two spins in common environment
H=QS,- Sb+2w,a a+ > Y S:.ulgi.a+9;,4a])

v=ab i
R|

o~
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Environment induced revivals

@ Two spins in common environment
H=QS,- Sb+2w,a a+ Y, > S:u(givat+g;,a) - i :

v=ab i
RI

@ Phase factors, g;,, = gie”™®™, w; = |ki|
@ Propagation: revivals att = R, 2R, ... ;,:
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Environment induced revivals

@ Two spins in common environment

H=0QS, sb+2w,a ai+ Y > S:(9ai+95,a)) :‘f
v=ab i
@ Phase factors, g;, = gie i, wi = |kj| RI ;&: > !<

@ Propagation: revivals att = R, 2R, ...
@ Spin Boson, J(w) = Jp(w)(1 — cos(wR))

Jonathan Keeling TEMPO BIRS, August 2019 17



Environment induced revivals

@ Two spins in common environment

H=QS,- Sb+2w,a a+ > Y S:.ulgi.a+9;,4a]) ST
v=ab i 1L L LAY
@ Phase factors, g;,, = gie”™®™, w; = |ki| RI ;&: = :%: i N
- R=40

@ Propagation: revivals at t = R, 2R, ... TR
@ Spin Boson, J(w) = Jp(w)(1 — cos(wR))
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Environment induced revivals

@ Two spins in common environment

H=QS,- Sb+2w,a a+ > Y S:.ulgi.a+9;,4a]) ST
v=ab i OJWEVW? ,
@ Phase factors, g;,, = gie”™®™, w; = |ki| RI ;&: = :%: i N
~--- R=40

@ Propagation: revivals at t = R, 2R, ... TR
@ Spin Boson, J(w) = Jp(w)(1 — cos(wR))
1.0

.51

. 1D . R=40-"
- —— R =205 v <
o 06_ 0 2’0 t 4b 60

. w

’-
0.4 1 T T T T T
0 10 20 30 40 50 60
t

Jonathan Keeling TEMPO BIRS, August 2019 17



Acknowledgements

FUNDING:

EPSRC

Engineering and Physical Sciences
Research Council

Polaritonics

u]
]
I
w
It
ihi
ut
<
P
¢

Jonathan Keeling TEMPO



Summary

e TEMPO AIgorlthm for general non-Markovian problems

° Capable to handllng oscnlatlng DoS.

- e = -
“h R =205
R R R R R

@ Code publlcly available at DOI:10.5281/zenodo.1322407

[Strathearn, Kirton, Kilda, Keeling & Lovett, Nat. Comm. (2018)]
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© Protected coherence
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Protected coherence: Two coupled spins

@ Coupled electron + nucleus

nuclear spin electron spin Bosonic bath
I(®)

- «——» T |T>e o\ Yo
Q C/ "/ (J‘)
L
h | )e ®
(DC

H= %ag +90Zoi+ > & (o bk + H.e.) + Hp
k

[Cammack et al. PRA ’18]
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Protected coherence: Two coupled spins

@ Coupled electron + nucleus

nuclear spin electron spin Bosonic bath
J(®)

_ ——> _—lT)c o ~AaTo
|T)n:|'J')n g0, 0, | ®,
— | .

,

te

H = %ag +90goi+ > &k (0g bk +H.c.) + Hp
P

@ Electron spin flip — effect on nuclear coherence

|
E [0
=W 1T2¢g
01=0y—2g
Y
Y i*))

[Cammack et al. PRA ’18]

Jonathan Keeling TEMPO BIRS, August 2019 21



Protected coherence: Two coupled spins

@ Coupled electron + nucleus

nuclear spin electron spin Bosonic bath
I(®)

_ ——> _—lT)c o ~AaTo
|T)n:|'J')n g0, 0, | ®,
— | .

,

te

H= %ag +90goi+ > &k (0g bk +H.c.) + Hp
p

@ Electron spin flip — effect on nuclear coherence

<<
. 5 | TT) E<<Yo

Y

[Cammack et al. PRA ’18]
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Protected coherence: Two coupled spins

@ Coupled electron + nucleus

nuclear spin electron spin Bosonic bath
I(®)

_ ——> _—lT)c o ~AaTo
|T)n:|'J')n g0, 0, | ®,
— | .

mc

H= ?Ue + gogor + ka (cdbx+H.c.) + Hg
k

@ Electron spin flip — effect on nuclear coherence

|T.D g<<Y0 g>>Y0
E 7#” iy
=W 1T2¢g
;= a)o 2g
A4
K7

[Cammack et al. PRA 18]
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Protected coherence: Two coupled spins

@ Coupled electron + nucleus

nuclear spin electron spin Bosonic bath
J()
_ «——>» T |T)c o ~AaTo
NN g0, Oy ®,
19, .
@,

te

H= ?Ue + gogor + Z{k (cdbx+H.c.) + Hg
k

@ Electron spin flip — effect on nuclear coherence

5 |TT) g<<YO g>>Y0
E|Z 1)
=W 1T2¢g
0= 000 2g
v
Y

[Cammack et al. PRA 18]
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@ T = 0 — single emission, final
coherence:
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Protected coherence: Finite temperature

@ T > 0, Born-Markov approx

m &< &>
E|ZX [14) E E
0= t2g
©;=0,2g
W
Y )
[Cammack et al. PRA ’18]
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Protected coherence: Finite temperature

@ T > 0, Born-Markov approx

@ Separation of timescales, Decay rates «-.. gy 2>,
. E|X | E E
@ For1/k_ > t>> 1/k,, quasi-steady state . |“+)2
_ 2~ W28
p=r. =028
W
Y )

[Cammack et al. PRA ’18]
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Protected coherence: Finite temperature

@ T > 0, Born-Markov approx

@ Separation of timescales, Decay rates «-.. It gy 2>,
—
@ For 1/k_ >t > 1/k,, quasi-steady state " |N+)z . :
. 0= T2
p=r. ©=0-2g
06p — Iraul L)
Y )

04}

0.2f

— Irual
=== Re[r_ Jwy)

L G
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o,
-02f
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[Cammack et al. PRA ’18]
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Protected coherence: Finite temperature

@ T > 0, Born-Markov approx

@ Separation of timescales, Decay rates k. 4 It g<Yp gy,
@ For 1/k_ >t > 1/k,, quasi-steady state " . 7('0“1% " -
=W T2E
p=r. ©=0-2g
o8p — lruul W)
Y )

04l — Irnuml

=== Re[r_ Jwy)

02f
-+ Relr /wo]

0.0 ..‘.\ ____Jal.s---_ {0 JkgT
-04f
H
[Cammack et al. PRA ’18]
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@ High T: Large ratio of timescales
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Protected coherence: Finite temperature

@ T > 0, Born-Markov approx

p=r.

0.6}

04}

@ Separation of timescales, Decay rates k. 4 It g<Yp gy,
@ For 1/k_ >t > 1/k,, quasi-steady state " O -
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©;=0,2g
— lruul ' W)
= lruml - W
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=== Re[ky /wo)

0.2f

@ High T: Large ratio of timescales
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[Cammack et al. PRA ’18]

@ High T protects coherence for longer!
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Protected coherence: Finite temperature

@ T > 0, Born-Markov approx

@ Separation of timescales, Decay rates «-.. ~ It gy 2>,
. E K E E
@ For1/k_ > t> 1/k4, quasi-steady state |“+)2
. W= T28
p=r. ©=0-2g
06p — Iruul ' L)
04l — Iruaml B W
=== Re[r_ Jwy)
0.2}
-+ Relr. /o)

@ High T: Large ratio of timescales

0.0}ss;

I . o= e wo/kpT
e ’ @ High T protects coherence for longer!
K @ But: Born-Markov invalid at high T

-0.2¢

~04}

[Cammack et al. PRA ’18]
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Protected coherence: High temperature TEMPO

@ Modify coupling for TEMPO form: H = ?ae + goiof + Z&ka’e‘(bk + b,i) + Hp
k

[Work by A. Dunnett]
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Protected coherence: High temperature TEMPO

@ Modify coupling for TEMPO form: H = %ag + goior + Z&ka’e‘(bk + b,T() + Hp
K

@ Populations — see Markov breakdown

T=0 T=1 T=5
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04t oaf T
02| 02}/
t [ t
10 20 30 40 50 60 70 10 20 30 40 2 4 6 8 10
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1.0} 1.0F 1.0}
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06| 06| N 0|
04t oaf Y
02}/ . o2t/ 02)
t t t
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« nt (TEMPO) — n; (Bloch-Redfield)
« n, (TEMPO) — n. (Bloch-Redfield)

[Work by A. Dunnett]

Jonathan Keeling TEMPO BIRS, August 2019 23



Protected coherence: High temperature TEMPO

@ Modify coupling for TEMPO form: H = %ag + goior + Z&ka’e‘(bk + b,T() + Hp
K

@ Populations — see Markov breakdown @ Longer coherence at high T

T=0 T=1 T=5
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[Work by A. Dunnett]
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