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Introduction to dispersion

I van der Waals (two-body) forces: multipole - multipole
(electrostatic), induced multipole - multipole (induction) and induced
multipole - induced multipole interactions (dispersion).

I The first dispersion term between neutral atoms and molecules goes
as R−6, where R is the intermolecular distance.

I London [1] showed that it results from second-order perturbation
theory, still standard treatment.

I Lieb and Thirring [2] proved its universal nature:

EA+B(R) < E 0
A + E 0

B −
C6

R6
, R →∞ (1)

(Note: For atoms and certain orientations of molecules)
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H2 Hamiltonian

Ĥ = ĤA + ĤB + Ĥint (2)

I Expand:

Ĥint =
∞∑
n=1

R−nĤint,n (3)

I We find Ĥint,1 = Ĥint,2 = 0 (neutral systems).

Ĥint,3 =x1x2 + y1y2 − 2z1z2 (4)

Interesting note: interaction is the attractive/repulsive harmonic one. In
general all terms are separable (termwise!).
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I Expand:
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Dispersion without marginal change
Two one-particle systems:

ΨR(r1, r2) = φA0 (r1)φB0 (r2)
√

1 + JR(r1, r2) (5)

(|JR(r1, r2)| << 1) Conserve monomer marginal (fixes Vext):∫
dr2|ΨR(r1, r2)|2 = |φA0 (r1)|2,

∫
dr1|ΨR(r1, r2)|2 = |φB0 (r2)|2 ∀ R (6)

∫
dr1|φA0 (r1)|2JR(r1, r2) =

∫
dr2|φB0 (r2)|2JR(r1, r2) = 0 (7)

Parametrize:

JR(r1, r2) =
∑
ij

cij ,Rb
A
i (r1)bBj (r) =

∑
ij

cij ,R(f Ai (r1)− pAi )(f Bj (r2)− pBj )

(8)

pi =
1

N

∫
dr|φ0(r)|2fi (r) =

1

N

∫
drρ0(r)fi (r) (9)
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Results H2

In the end we get Cn[φA0 , φ
B
0 ] ≡ Cn[ρA0 , ρ

B
0 ]. Choose basis for fi :

fi (r) = x si y ti zui ∨ rnii Yli ,mi
(θ, φ) (10)

Coe�cient Thakkar [3] This work (20 terms) This work (30 terms)
6 6.4990267054058405 ⇥ 100 6.4990267054058366 ⇥ 100 6.4990267054058393 ⇥ 100

8 1.2439908358362235 ⇥ 102 1.2439908358362233 ⇥ 102 1.2439908358362234 ⇥ 102

10 3.2858284149674217 ⇥ 103 3.2858284149674216 ⇥ 103 3.2858284149674217 ⇥ 103

12 1.2148602089686110 ⇥ 105 1.2148602089686110 ⇥ 105 ibid.
14 6.0607726891921249 ⇥ 106 6.0607726891921249 ⇥ 106 ibid.
16 3.9375063939991797 ⇥ 108 3.9375063939991797 ⇥ 108 ibid.
18 3.2342187158493778 ⇥ 1010 3.2342187158493778 ⇥ 1010 ibid.
20 3.2785734404166217 ⇥ 1012 3.2785734404166217 ⇥ 1012 ibid.
22 4.0210828476853598 ⇥ 1014 4.0210828476853598 ⇥ 1014 ibid.
24 5.8689963345599573 ⇥ 1016 5.8689963345599573 ⇥ 1016 ibid.
26 1.0052949933362942 ⇥ 1019 1.0052949933362942 ⇥ 1019 ibid.
28 1.9969449408875758 ⇥ 1021 1.9969449408875758 ⇥ 1021 ibid.
30 4.5532888666347351 ⇥ 1023 4.5532888666347351 ⇥ 1023 ibid.

<latexit sha1_base64="AUs50SaJGkHgMdDHNH8rmax+xfM=">AAAHOHicjZXLbtNAFIbdQkIJtxaWbEbUVGUTzd0zu4puWKEi9SYlaTV2Jo0Vx45sB1SZPBYbHoMdYsMChNjyBIyTOHHaQDKRpdGZ7/xzLvaJOwj8JIXw68bmnbuV6r2t+7UHDx89frK98/Q0iYaxp0+8KIjic1clOvBDfZL6aaDPB7FWfTfQZ27vMD8/e6/jxI/C4/R6oFt9dRX6Hd9TqTFd7lTeNl195YdZqtxhoOJR9tGb/k </latexit><latexit sha1_base64="AUs50SaJGkHgMdDHNH8rmax+xfM=">AAAHOHicjZXLbtNAFIbdQkIJtxaWbEbUVGUTzd0zu4puWKEi9SYlaTV2Jo0Vx45sB1SZPBYbHoMdYsMChNjyBIyTOHHaQDKRpdGZ7/xzLvaJOwj8JIXw68bmnbuV6r2t+7UHDx89frK98/Q0iYaxp0+8KIjic1clOvBDfZL6aaDPB7FWfTfQZ27vMD8/e6/jxI/C4/R6oFt9dRX6Hd9TqTFd7lTeNl195YdZqtxhoOJR9tGb/k </latexit><latexit sha1_base64="AUs50SaJGkHgMdDHNH8rmax+xfM=">AAAHOHicjZXLbtNAFIbdQkIJtxaWbEbUVGUTzd0zu4puWKEi9SYlaTV2Jo0Vx45sB1SZPBYbHoMdYsMChNjyBIyTOHHaQDKRpdGZ7/xzLvaJOwj8JIXw68bmnbuV6r2t+7UHDx89frK98/Q0iYaxp0+8KIjic1clOvBDfZL6aaDPB7FWfTfQZ27vMD8/e6/jxI/C4/R6oFt9dRX6Hd9TqTFd7lTeNl195YdZqtxhoOJR9tGb/k </latexit><latexit sha1_base64="AUs50SaJGkHgMdDHNH8rmax+xfM=">AAAHOHicjZXLbtNAFIbdQkIJtxaWbEbUVGUTzd0zu4puWKEi9SYlaTV2Jo0Vx45sB1SZPBYbHoMdYsMChNjyBIyTOHHaQDKRpdGZ7/xzLvaJOwj8JIXw68bmnbuV6r2t+7UHDx89frK98/Q0iYaxp0+8KIjic1clOvBDfZL6aaDPB7FWfTfQZ27vMD8/e6/jxI/C4/R6oFt9dRX6Hd9TqTFd7lTeNl195YdZqtxhoOJR9tGb/k </latexit>

Reference values: Thakkar [3]

Masili et al. [4]: 6.4990267054058393131281946041
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Convergence with respect to Masili et al. [4] Scaling: O(n3
terms).
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Dispersion without density change
Ansatz for NA and NB electron system

ΨR(xA, xB) = ΨA
0 (xA)ΨB

0 (xB)

√
1 +

∑
i∈A,j∈B

J(ri , rj) (11)

Fix the NA and NB -body marginals on both systems (fixing V A
ee + V B

ee):∫
dxB |ΨR(xA, xB)|2 = |ΨA(xA)|2 ∀ xA,A↔ B (12)

Also generated by,∫
dr1AρA(r1A)J(r1A , r1B ) = 0 ∀ r1B , A↔ B (13)

I Result roughly same as for NA = NB = 1, altered expressions
involving PA

2 and PB
2 → Cn[PA

2 ,P
B
2 ]
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Dispersion without density change
C6[PA

2 ,P
B
2 ] for He-He (0.17% error):

� � �� ��

��-�

��-�

�����

�����

������

��-��� �� �������� ����� ���� ������� �� ������=��

P2 from wf of Freund, Huxtable and Morgan. [5] Accurate: Yan [6]
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Dispersion without density change
C6[PA

2 ,P
B
2 ] for Ne-Ne (5.5% error):

●

●

●
●

● ● ● ● ● ●

■

■

■
■ ■ ■ ■ ■ ■ ■

◆

◆

◆
◆ ◆ ◆ ◆ ◆ ◆ ◆

▲

▲

▲
▲ ▲ ▲ ▲ ▲ ▲ ▲

● aug-cc-pVDZ ■ aug-cc-pVTZ

◆ aug-cc-pVQZ ▲ aug-cc-pV5Z

Accurate

5 10 15 20

5.0

5.5

6.0

6.5

7.0

nterms

C
6

P2 from Hartree-Fock. Accurate: Thakkar, et al. [7]
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Mathematical aspects

I What are the properties of the function space in which the bi (or fi )
live?

I We need to demand:

Sij =

∫
ρ(r)bi (r)bj(r)dr <∞ (14)

I bi ∈ weighted L2 space with ρ as weighting factor?

τij =

∫
ρ(r)∇rbi (r) · ∇rbj(r)dr <∞ (15)

I bi ∈ weighted H1 space?

I Which space? Convergence within this space? What constitutes a
complete set of bi (r)? Polynomials complete?

I Does this ensure all other integrals are also finite?
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complete set of bi (r)? Polynomials complete?

I Does this ensure all other integrals are also finite?
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Conclusion and Perspective

I Novel method to treat dispersion (multipole expansion not needed)

I Requires only ground-state properties, bottleneck: pair density
(2-RDM) integrals, method scales as O(nA 3

terms + nB 3
terms)

I Very accurate for atoms, molecules ongoing (and lack reference data)

I Approximations for the ground-state wf to be tried (up to now HF)

I DFT: C6[PA
2 ,P

B
2 ] = C6[ρA, hAxc, ρ

B , hBxc]→ C6[ρA, ρB ]
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Thank you for your attention! Questions?
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