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Saturated Fusion Systems

Main Example. The fusion system F = Fs(G), where G is a
finite group, S € Syl,(G). This is the following category:
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Saturated Fusion Systems

Main Example. The fusion system F = Fs(G), where G is a
finite group, S € Syl,(G). This is the following category:

@ Set of objects = set of all subgroups of S.
@ For P,Q < S, we have

Homz(P,Q) :={cz : P— Q| g€ G,P% < Q}.

From now on, let 7 be a saturated fusion system over S.
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Known concepts

@ Subsystems of F, generation.
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Known concepts

@ Subsystems of F, generation.
e ForP<S
o P7 :={P¢: ¢ € Homz(P,S)} — F-conjugates of P;
o Nz(P) — subsystem over Ns(P), saturated if P is fully
normalized , i.e. |[Ns(P)| > [Ns(Q)| for all Q € PT;

o Cx(P) — subsystem over Cs(P), saturated if P is fully
centralized, i.e. |Cs(P)| > |Cs(Q)| for all Q € PF.

® Op(F)<Sand Z(F)<S.

@ Normal subsystems, subnormal subsystems (Puig, Aschbacher
2010).

o OP(F), OP (F) (Puig, Broto—Castellana—Grodal-Levi-Oliver
2007).

@ Simple fusion systems, quasisimple fusion systems
(Aschbacher 2011).
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2013);
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Known concepts

e Components, E(F), F*(F) (Aschbacher 2011).
E-balance. If P < S is fully normalized, then

E(Nx(P)) C E(F).

o If £&1,& < F, then a product £;& is defined (special case
Aschbacher 2011; general case Chermak-H. preprint 2018).
o If £ A F, then
o EX is defined for all X < S (Aschbacher 2011, revisited H.
2013);
o Cr(&) is defined (Aschbacher 2011; revisited H. 2018);
o Ng(P) is defined if P < S is fully normalized (Aschbacher
2011, revisited H.-G. preprint 2018).
e If C is a component of F, then Cx(C), Nx(C) are defined
(Aschbacher 2019).

e If D is a product of components, then Cx(D), Nz (D) are
defined (H. preprint 2019).
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Constrained fusion systems, subcentric subgroups

Definition
@ A finite group G is of characteristic p if
Ce(0p(G)) < 0,(6).
@ F is constrained if Cs(Op(F)) < Op(F).
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Constrained fusion systems, subcentric subgroups

@ A finite group G is of characteristic p if

Cs(0p(6)) < 0p(6).
@ F is constrained if Cs(Op(F)) < Op(F).

\

Theorem (Broto—Castellana—Grodal-Levi—Oliver 2005)

If F is constrained, then there exists a unique finite group G of
characteristic p such that S € Syl,(G) and F = Fs(G).
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@ A finite group G is of characteristic p if

Cs(0p(6)) < 0p(6).
@ F is constrained if Cs(Op(F)) < Op(F).

\

Theorem (Broto—Castellana—Grodal-Levi—Oliver 2005)

If F is constrained, then there exists a unique finite group G of
characteristic p such that S € Syl,(G) and F = Fs(G).

In particular, if P < S is fully normalized and Nz(P) is
constrained, then we can realize Nz(P) by a group of
characteristic p.
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Constrained fusion systems, subcentric subgroups

@ A finite group G is of characteristic p if

Cs(0p(6)) < 0p(6).
@ F is constrained if Cs(Op(F)) < Op(F).

\

Theorem (Broto—Castellana—Grodal-Levi—Oliver 2005)

If F is constrained, then there exists a unique finite group G of
characteristic p such that S € Syl,(G) and F = Fs(G).

In particular, if P < S is fully normalized and Nz(P) is
constrained, then we can realize Nz(P) by a group of
characteristic p.

Subcentric subgroups:
F?° := {F-conjugates of such subgroups P < S}
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Partial groups

“Definition” (Chermak)

A partial group is a set L together with
e D C W(L), where W(L) is the set of words in L;
e : D — L (“partial product”);
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A partial group is a set L together with
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e an involutory bijection £ — L, f — f~1 (“inversion”)

such that certain axioms hold.
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A partial group is a set L together with
e D C W(L), where W(L) is the set of words in L;
e : D — L (“partial product”);

e an involutory bijection £ — L, f — f~1 (“inversion”)
such that certain axioms hold.
Eg LCD,N|z=idg, 0 € L, “associativity”, inverses
well-behaved with respect to 1 := T(0).
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Partial groups

“Definition” (Chermak)

A partial group is a set L together with
e D C W(L), where W(L) is the set of words in L;
e : D — L (“partial product”);

e an involutory bijection £ — L, f — f~1 (“inversion”)
such that certain axioms hold.
Eg LCD,N|z=idg, 0 € L, “associativity”, inverses
well-behaved with respect to 1 := T(0).

o If f,g € L such that (f~1,g,f) € D, set gl :=N(f1,g,f).
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Partial groups

“Definition” (Chermak)

A partial group is a set L together with
e D CW(L), where W(L) is the set of words in L;

e : D — L (“partial product”);
@ an involutory bijection £ — L, f — f~1

“inversion”)

such that certain axioms hold.
Eg LCD,N|z=idg, 0 € L, “associativity”, inverses

well-behaved with respect to 1 := T(0).

o If f,g € L such that (f~1,g,f) € D, set gl :=N(f1,g,f).
e lffel, PCL, set Pf .= {xf: x € P} if this is defined.
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Partial subgroups etc.

Let £ be a partial group with product [1: D — L.
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Partial subgroups etc.

Let £ be a partial group with product [1: D — L.
@ H C L is called a partial subgroup if

o feEH=FfLlecH;
o we WH)ND = MN(w) € H.
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Let £ be a partial group with product [1: D — L.
@ H C L is called a partial subgroup if

o feEH=FfLlecH;
o we WH)ND = MN(w) € H.

o If H is a partial subgroup with W(#) C D, then H is called a
subgroup .
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Partial subgroups etc.

Let £ be a partial group with product [1: D — L.
@ H C L is called a partial subgroup if

o feEH=FfLlecH;
o we WH)ND = MN(w) € H.

o If H is a partial subgroup with W(#) C D, then H is called a
subgroup .

@ A partial subgroup N is called a partial normal subgroup if

fel, neN, (finf)eD=nf ecN.

(Write N < L)
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Let's look at the concepts defined in fusion systems mentioned
earlier.
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Theorem A (marked in red).
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Let's look at the concepts defined in fusion systems mentioned
earlier.

Some are needed to prove the one-to-one correspondences given by
Theorem A (marked in red).

Others can be revisited or even newly proved using these
one-to-one correspondences (marked in ).
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Concepts in fusion systems

@ Subsystems of F, generation.
e ForP<S
o P7 :={P¢: ¢ € Homz(P,S)} — F-conjugates of P;
o Nx(P) — subsystem over Ns(P), saturated if P is fully
normalized, i.e. |[Ns(P)| > |Ns(Q)| for all Q € P7;

o Cr(P) — subsystem over Cs(P), saturated if P is fully
centralized, i.e. |Cs(P)| > |Cs(Q)| for all Q € P7.

@ Op(F)<Sand Z(F) LS.

o Normal subsystems, subnormal subsystems (Puig, Aschbacher
2010).

e OP(F), OF(F) (Puig, Broto—Castellana—Grodal-Levi-Oliver
2007).

@ Simple fusion systems, quasisimple fusion systems.
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Concepts in fusion systems

Subsystems of F, generation.
For P< S
o P7 :={P¢: ¢ € Homxz(P,S)} — F-conjugates of P;

o Nz(P) — subsystem over Ns(P), saturated if P is fully
normalized, i.e. [Ns(P)| > |Ns(Q)| for all Q € P7;

o Cr(P) — subsystem over Cs(P), saturated if P is fully
centralized, i.e. |Cs(P)| > |Cs(Q)| for all Q € P7.

Op(F)<Sand Z(F)<S.

@ Normal subsystems, subnormal subsystems (Puig, Aschbacher
2010).

OP(F), Op/(]-") (Puig, Broto—Castellana—Grodal-Levi—Oliver
2007).

@ Simple fusion systems, quasisimple fusion systems.
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Concepts in fusion systems

e Components, E(F), F*(F) (Aschbacher 2011).
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Concepts in fusion systems

e Components, E(F), F*(F) (Aschbacher 2011).
E-balance. If P < S is fully normalized, then

E(Nz(P)) C E(F).

o If £1,& < F, then a product £1&; is defined.
o special case (including central products) due to Aschbacher
2011;

e central products of normal subsystems revisited H. 2018;

Theorem (H. 2015)

Let (L,A,S) be a locality. If N1,N> < L, then
NlNZ = {I—I(X7.y): X eva y EN2}

is a partial normal subgroup of L.
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Known concepts

o If £ I F, then

o EX is defined for all X < S (Aschbacher 2011, revisited H.
2013);
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Known concepts
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o EX is defined for all X < S (Aschbacher 2011, revisited H.
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o Cr(&) is defined (Aschbacher 2011; revisited H. 2018);

° is defined if P < S is fully normalized (Aschbacher
2013, revisited G.-H. preprint).
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Known concepts

o If £ QF, then
o EX is defined for all X < S (Aschbacher 2011, revisited H.
2013);
o Cr(&) is defined (Aschbacher 2011; revisited H. 2018);
° is defined if P < S is fully normalized (Aschbacher
2013, revisited G.-H. preprint).
o If C is a component of F, then are defined
(Aschbacher 2019).
o If D is a product of components, then are

defined (H. preprint 2019).
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Im-partial subgroups

Let £ be a partial group. Then a subset H C L is called an
im-partial subgroup of L if

o fecH—=FflecH.
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Im-partial subgroups

Let £ be a partial group. Then a subset H C L is called an
im-partial subgroup of L if
o feH = flecH.

@ There exists Do C W(#) N D such that M(w) € H for all
w € Dy;
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Im-partial subgroups

Let £ be a partial group. Then a subset H C L is called an
im-partial subgroup of L if
o feH = fleH.
@ There exists Do C W(#) N D such that M(w) € H for all
w € Dy;
o H together with M|p,: Do — H and H — H,f > flisa
partial group.
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