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1) What new phenomena appear when viscous 
fluids are coupled to strong gravitational fields?
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What new phenomena appear when viscous 
fluids are coupled to strong gravitational fields?

Fig. from L. Rezzolla’s talk at QM2019
Reference: Most, Papenfort, Dexheimer, Hanauske, Schramm, Stöcker, Rezzolla, PRL (2019)

Neutron Star Mergers
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How does a lump of baryon rich QCD matter flow
under strong gravitational fields?

Viscous fluid dynamics   +   strong gravitational fields?

Viscous effects in neutron star mergers?
Duez et al PRD (2004), Shibata et al. PRD (2017), Alford et al. PRL (2018)

Fig. by L. Rezzolla

New signatures for deconfinement/phase transitions?
e.g. Most et al., PRL (2019)
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Viscous effects in binary neutron-star mergers?

Previous assumption (since 1992): viscous effects do not matter
Bildsten and Cutler, Astrophys. J. (1992)

Why?  Based on the simulations/knowledge at that time:

• Transport time scales estimated to be far from ~ microseconds

• Temperatures not so large, system very smooth, gradients too small
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Viscous effects in binary neutron-star mergers
Previous exceptions: Duez et al PRD (2004), Shibata et al. PRD (2017)

Alford, Bovard, Hanauske, Rezzolla, Schwenzer, PRL (2018):
Post-merger phase

Shear dissipation:                        Relevant for trapped neutrinos if T > 10 MeV
and gradients at small scales ~ 0.01 km
(e.g, turbulence).

Thermal transport: Relevant for trapped electron
neutrinos if T > 10 MeV and
gradients ~ 0.1 km“heat conductivity”
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Viscous effects in binary neutron-star mergers
Alford et al. PRL (2018)

Bulk viscosity: Should affect density oscillations
after merger!!!

If suppressed

See also Alford, Harris, PRC (2019)
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Viscous effects in binary neutron-star mergers
Alford et al. PRL (2018)

“The effects of bulk viscosity should be consistently included in future merger
simulations. This has not been attempted before and requires a formulation of
the relativistic-hydrodynamic equations that is hyperbolic and stable”.

Challenge: Prove that the solutions                          are 
well posed (existence, uniqueness) and causal in the
full nonlinear regime.

Einstein's equations Conservation laws

+ Bulk Viscosity
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Relativistic Navier-Stokes equations

Bulk scalar

Energy-momentum tensor

Eckart
1940's Landau

1950's

This theory is acausal
(mathematical proof by Pichon, 1965)

Also unstable!!!
(Hiscock, Lindblom, 1984)

Nonlinear diffusion equations

Conservation law

@tu =
⇣

sT
r2u+ . . .

<latexit sha1_base64="LVoN6s3/14yWb3ygune2H7O7m08=">AAACGnicbVBNS8NAEN34WetX1aOXxSIIQkmqoBeh4MVjhbYWmhgm240ubjZhdyLU0N/hxb/ixYMi3sSL/8Zt7UGrDwYe780wMy/KpDDoup/OzOzc/MJiaam8vLK6tl7Z2OyYNNeMt1kqU92NwHApFG+jQMm7meaQRJJfRDenI//ilmsjUtXCQcaDBK6UiAUDtFJY8fwMNAqQIdKcnlA/1sAK/44jDAvTGvoKIgmXdWvu+7KfogkrVbfmjkH/Em9CqmSCZlh59/spyxOukEkwpue5GQbFaC2TfFj2c8MzYDdwxXuWKki4CYrxa0O6a5U+jVNtSyEdqz8nCkiMGSSR7UwAr820NxL/83o5xsdBIVSWI1fse1GcS4opHeVE+0JzhnJgCTAt7K2UXYMNB22aZRuCN/3yX9Kp17yDWv38sNpoTOIokW2yQ/aIR45Ig5yRJmkTRu7JI3kmL86D8+S8Om/frTPOZGaL/ILz8QX5zKDQ</latexit>

⇧ = �⇣r�u
�

<latexit sha1_base64="EoSdKf4zheKzrgK76abhfE/WrEA=">AAACDnicbZDLSgMxFIYzXmu9jbp0EywFN5aZKuhGKLhxWcFeoDOWM2mmDc1khiQj1KFP4MZXceNCEbeu3fk2pu0stPWHwMd/zkly/iDhTGnH+baWlldW19YLG8XNre2dXXtvv6niVBLaIDGPZTsARTkTtKGZ5rSdSApRwGkrGF5N6q17KhWLxa0eJdSPoC9YyAhoY3Xtsldn+BKfeA9UA/YEBBy6HjcX9ACndzl17ZJTcabCi+DmUEK56l37y+vFJI2o0ISDUh3XSbSfgdSMcDoueqmiCZAh9GnHoICIKj+brjPGZeP0cBhLc4TGU/f3RAaRUqMoMJ0R6IGar03M/2qdVIcXfsZEkmoqyOyhMOVYx3iSDe4xSYnmIwNAJDN/xWQAEog2CRZNCO78yovQrFbc00r15qxUq+VxFNAhOkLHyEXnqIauUR01EEGP6Bm9ojfryXqx3q2PWeuSlc8coD+yPn8AlMqbNA==</latexit>



How can one solve this problem?

Ø Heavy ion collisions require state-of-the-art
developments in relativistic viscous fluid dynamics.

Ø Let us check how this is handled there … 



Dynamics: (energy-momentum conservation)

(shear)

(bulk)

Israel, Stewart, Ann. Phys. 118, 341 (1979)

“Hydro” in HIC is not simple textbook hydro

as dynamical variables 

Energy-momentum
tensor

A theory for hydrodynamic fields and non-hydrodynamic fields 

Israel-Stewart theory

Many terms!
Many coefficients!



Despite the impressive progress in recent years, outstanding 
questions remain in the nonlinear regime:

• Can one formulate a theory of relativistic viscous fluids 
where causality holds in the full nonlinear regime?

• Is the mathematical problem well-posed? 

See, e.g, Hiscock, Lindblom, Ann. Phys. (1983)
Pu, Koide, Rischke, PRD (2010)

Open problems in physics and mathematics (since 1940)

Results in IS are known only in the linearized regime around equilibrium

Nonlinearity is essential for mergers!!

*Exception (nonlinear symmetric flow)
in IS: Floerchinger, Grossi, JHEP (2018)
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• 16 coupled nonlinear PDE's (Einstein-Israel-Stewart)

• Nonlinearity in hydrodynamics is notoriously hard to handle.

• Standard lore: Causality in the nonlinear Israel-Stewart eqs. 
seem to be beyond current mathematical techniques …

Israel-Stewart equation

conserved baryon current

Jµ = nuµ
<latexit sha1_base64="vhe043qVzut1mtTQj9UWPSCDXEw=">AAAB+HicbZDLSsNAFIZPvNZ6adSlm8EiuCpJFXQjFNyIqwr2Am0sk+mkHTqZhLkItfRJ3LhQxK2P4s63cdJmoa0/DHz85xzOmT9MOVPa876dldW19Y3NwlZxe2d3r+TuHzRVYiShDZLwRLZDrChngjY005y2U0lxHHLaCkfXWb31SKViibjX45QGMR4IFjGCtbV6bun2oRsbdIUEMhn13LJX8WZCy+DnUIZc9Z771e0nxMRUaMKxUh3fS3UwwVIzwum02DWKppiM8IB2LAocUxVMZodP0Yl1+ihKpH1Co5n7e2KCY6XGcWg7Y6yHarGWmf/VOkZHl8GEidRoKsh8UWQ40gnKUkB9JinRfGwBE8nsrYgMscRE26yKNgR/8cvL0KxW/LNK9e68XKvlcRTgCI7hFHy4gBrcQB0aQMDAM7zCm/PkvDjvzse8dcXJZw7hj5zPH2cgkkU=</latexit>

⌧⇧u
↵r↵⇧+⇧+ ⇣r↵u

↵ + f(", n,⇧) = 0
<latexit sha1_base64="c1YeHAxqsz1zx7Pbe5sCd83jKKg="></latexit>

energy-momentum tensor

Why is this so hard to do?
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Bemfica, Disconzi, JN, PRL 122, 221602 (2019)

Einstein-Israel-Stewart equations can be written as (FOSH)

where

First mathematical proof of existence, uniqueness, hyperbolicity and 
causality in IS in the full nonlinear regime (fully embedded in GR)

Only bulk viscosity
is included.



15

New nonlinear constraint

• The initial value problem of the full nonlinear set of 
Einstein-Israel-Stewart equations can now be solved.

• Valid for arbitrary EOS. No symmetry assumptions.

• Valid in the nonlinear regime (but no shear or diffusion).

• No fundamental issues appear if
as long as                         

P +⇧ < 0
<latexit sha1_base64="V03hqw090yUlpdHjaW190zJol9c=">AAAB73icbVBNS8NAEJ34WetX1aOXxSIIQkmqoAcPBS8eI9gPaEPZbDft0s0m7k6EUvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvDCVwqDrfjsrq2vrG5uFreL2zu7efungsGGSTDNeZ4lMdCukhkuheB0FSt5KNadxKHkzHN5O/eYT10Yk6gFHKQ9i2lciEoyilVr+eccX5MbtlspuxZ2BLBMvJ2XI4XdLX51ewrKYK2SSGtP23BSDMdUomOSTYiczPKVsSPu8bamiMTfBeHbvhJxapUeiRNtSSGbq74kxjY0ZxaHtjCkOzKI3Ff/z2hlG18FYqDRDrth8UZRJggmZPk96QnOGcmQJZVrYWwkbUE0Z2oiKNgRv8eVl0qhWvItK9f6yXKvlcRTgGE7gDDy4ghrcgQ91YCDhGV7hzXl0Xpx352PeuuLkM0fwB87nD24Ujug=</latexit>

"+ P +⇧ > 0
<latexit sha1_base64="pb5h/dmazpBikwo20zSQY0FZEdk=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCUChJFXQhUnDjMoJ9QBPKZDpph05mwsykUEPxV9y4UMSt/+HOv3HaZqGtBy4czrmXe+8JE0aVdpxvq7Cyura+UdwsbW3v7O7Z+wdNJVKJSQMLJmQ7RIowyklDU81IO5EExSEjrXB4O/VbIyIVFfxBjxMSxKjPaUQx0kbq2kf+CEmSKMoEr3gV36PwxunaZafqzACXiZuTMsjhde0vvydwGhOuMUNKdVwn0UGGpKaYkUnJTxVJEB6iPukYylFMVJDNrp/AU6P0YCSkKa7hTP09kaFYqXEcms4Y6YFa9Kbif14n1dFVkFGepJpwPF8UpQxqAadRwB6VBGs2NgRhSc2tEA+QRFibwEomBHfx5WXSrFXd82rt/qJcv87jKIJjcALOgAsuQR3cAQ80AAaP4Bm8gjfryXqx3q2PeWvBymcOwR9Ynz8og5RZ</latexit>



Causality constraint and small systems in heavy ions

C. Shen, QM2019

Dependence on 
transport coeff. !!!

Zero baryon density

Further constraints will 
appear when shear effects 
are included!



2) Is the description of relativistic viscous fluids 
unique?



Is the description of relativistic fluid dynamics unique?

• Israel-Stewart theory not unique (eg. rBRSSS vs. DNMR).

• Transient behavior of strongly coupled (holographic) 
liquids has different properties than Israel-Stewart theory. 

Is there another way to describe the motion of 
viscous fluids that is compatible with (general) 
relativity?

Denicol, Niemi, JN, Rischke, PRD (2011)
Heller, Janik, Spalinski, Witaszczyk, PRL (2014)
See also Grozdanov, Lucas, Poovuttikul, PRD (2019)



Revisiting the gradient expansion

Hydrodynamics: Simplest effective theory for 

Viscous correction?  Gradient expansion

µB = 0
<latexit sha1_base64="CeodepjAk6UF4JUAzTOYNQPu74A=">AAAB7nicbVBNSwMxEJ34WetX1aOXYBE8ld0q6EUo9eKxgv2AdinZNNuGJtklyQpl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzwkRwYz3vG62tb2xubRd2irt7+weHpaPjlolTTVmTxiLWnZAYJrhiTcutYJ1EMyJDwdrh+G7mt5+YNjxWj3aSsECSoeIRp8Q6qd2Tab9+6/VLZa/izYFXiZ+TMuRo9EtfvUFMU8mUpYIY0/W9xAYZ0ZZTwabFXmpYQuiYDFnXUUUkM0E2P3eKz50ywFGsXSmL5+rviYxIYyYydJ2S2JFZ9mbif143tdFNkHGVpJYpulgUpQLbGM9+xwOuGbVi4gihmrtbMR0RTah1CRVdCP7yy6ukVa34l5Xqw1W5Vs/jKMApnMEF+HANNbiHBjSBwhie4RXeUIJe0Dv6WLSuoXzmBP4Aff4AkoSPEA==</latexit>

All possible 1st order terms
with no time derivatives in the local rest frame

higher orders

Chapman-Enskog, 1930’s
BRSSS, JHEP (2008)
BMHR, JHEP (2008)

Tµ⌫ = Tµ⌫
eq (T, u�) + Tµ⌫

viscous
<latexit sha1_base64="y72luZC387XHmTl/2OLfbLaudjM=">AAACJ3icbVBJSwMxGM3UrdZt1KOXYBEqSpmpgl6UohePFbpBpy2ZNG1DM5kxS6EM/Tde/CteBBXRo//EdMGl9UHg8d77knzPjxiVynE+rMTC4tLySnI1tba+sbllb++UZagFJiUcslBUfSQJo5yUFFWMVCNBUOAzUvF71yO/0idC0pAX1SAi9QB1OG1TjJSRmvZlsRF7gfa4HsILWGzG5G74rWSKx7rhMXNbCx0eGbNPJQ61/Ek07bSTdcaA88SdkjSYotC0n71WiHVAuMIMSVlznUjVYyQUxYwMU56WJEK4hzqkZihHAZH1eLznEB4YpQXboTCHKzhWf0/EKJByEPgmGSDVlbPeSPzPq2nVPq/HlEdaEY4nD7U1gyqEo9JgiwqCFRsYgrCg5q8Qd5FAWJlqU6YEd3bleVLOZd2TbO72NJ2/mtaRBHtgH2SAC85AHtyAAigBDO7BI3gBr9aD9WS9We+TaMKazuyCP7A+vwDMeqcp</latexit>

Tµ⌫
viscous = Tµ⌫

viscous(rT,ru) +O(r2)
<latexit sha1_base64="gjt6cR4TWxPCQPHu7j8/QcBLQ4w="></latexit>

{T, uµ}
<latexit sha1_base64="b3DXYMFzzq1ynDKUMz+aQRkqG4Q=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiB4kDATBT0GvXiMkA0yY+jp9CRNehl6EcKQz/DiQRGvfo03/8ZOMgdNfFDweK+Kqnpxyqg2vv/tFdbWNza3itulnd29/YPy4VFbS6swaWHJpOrGSBNGBWkZahjppoogHjPSicd3M7/zRJSmUjTNJCURR0NBE4qRcVIvzJoX9jHkNpz2yxW/6s8BV0mQkwrI0eiXv8KBxJYTYTBDWvcCPzVRhpShmJFpKbSapAiP0ZD0HBWIEx1l85On8MwpA5hI5UoYOFd/T2SIaz3hsevkyIz0sjcT//N61iQ3UUZFag0ReLEosQwaCWf/wwFVBBs2cQRhRd2tEI+QQti4lEouhGD55VXSrlWDy2rt4apSv83jKIITcArOQQCuQR3cgwZoAQwkeAav4M0z3ov37n0sWgtePnMM/sD7/AEqNZEt</latexit>



Revisiting the gradient expansion

uµT
µ⌫ = �"u⌫

<latexit sha1_base64="9HWsU0TyaxvI9SxEggqJQaC+Njs=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyFgY9iNgjZC0MYyQl6Q3Syzk0kyZHZ2mUcgLPkCG3/FxkIRW2s7/8ZJsoUmHrjcwzn3MnNPmDAqleN8W7m19Y3Nrfx2YWd3b//APjxqylgLTBo4ZrFoh0gSRjlpKKoYaSeCoChkpBWO7mZ+a0yEpDGvq0lC/AgNOO1TjJSRArukAy/SsN5NTfO4nsIbeO6NkSCJpCzmUHeNGthFp+zMAVeJm5EiyFAL7C+vF2MdEa4wQ1J2XCdRfoqEopiRacHTkiQIj9CAdAzlKCLST+fnTGHJKD3Yj4UpruBc/b2RokjKSRSayQipoVz2ZuJ/Xker/rWfUp5oRThePNTXDKoYzrKBPSoIVmxiCMKCmr9CPEQCYWUSLJgQ3OWTV0mzUnYvypWHy2L1NosjD07AKTgDLrgCVXAPaqABMHgEz+AVvFlP1ov1bn0sRnNWtnMM/sD6/AHOhZv1</latexit>

IMPORTANT: If Landau definition is 
assumed to be valid throughout

• First order truncation leads to relativistic Navier-Stokes 
theory, which is acausal and unstable.

• This is not fixed by going to 2nd order in gradients
(note this is NOT Israel-Stewart theory). 

• Can one make the gradient expansion causal and stable?



A new approach to relativistic viscous fluid dynamics
Based on Bemfica, Disconzi, JN, PRD (2017) and PRD (2019)
See also P. Kovtun, JHEP (2019) and his talk later in the week!

Effective theory: Space-time derivative expansion

Most general derivative expansion 
compatible with symmetries

• Definition of       and        not unique out of equilibrium.

• No reason to expect a priori that Landau’s definition is
a reasonable frame choice.

uµ
<latexit sha1_base64="J+AkCiyx50TIrvVIP+C4LW3wxQg=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BLx4juEkgWcPsZDYZMjO7zEMIId/gxYMiXv0gb/6Nk2QPmljQUFR1090VZ5xp4/vfXmFtfWNzq7hd2tnd2z8oHx41dWoVoSFJearaMdaUM0lDwwyn7UxRLGJOW/Hodua3nqjSLJUPZpzRSOCBZAkj2DgptI9dYXvlil/150CrJMhJBXI0euWvbj8lVlBpCMdadwI/M9EEK8MIp9NS12qaYTLCA9pxVGJBdTSZHztFZ07poyRVrqRBc/X3xAQLrccidp0Cm6Fe9mbif17HmuQ6mjCZWUMlWSxKLEcmRbPPUZ8pSgwfO4KJYu5WRIZYYWJcPiUXQrD88ipp1qrBRbV2f1mp3+RxFOEETuEcAriCOtxBA0IgwOAZXuHNk96L9+59LFoLXj5zDH/gff4A60eOwQ==</latexit>

Tsumura, Kunihiro, PLB (2008) 
Van, Biro, EPJ ST (2008)

Tµ⌫
viscous(rT,ru)

<latexit sha1_base64="uCf8TvY4cwaqXo1+NzuvbPYSU0g=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARK0hJqqDLohuXFXqDppbJdNIOnUzCXAol5BHc+CpuXCji1qU738Zpm4W2/jDw8Z9zOHN+P2ZUKsf5tnIrq2vrG/nNwtb2zu6evX/QlJEWmDRwxCLR9pEkjHLSUFQx0o4FQaHPSMsf3U7rrTERkka8riYx6YZowGlAMVLG6tmn9V4yphJHWqYPiRdqj+u05HHkMwTr5xnos55ddMrOTHAZ3AyKIFOtZ395/QjrkHCFGZKy4zqx6iZIKIoZSQueliRGeIQGpGOQo5DIbjI7KIUnxunDIBLmcQVn7u+JBIVSTkLfdIZIDeVibWr+V+toFVx3E8pjrQjH80WBZlBFcJoO7FNBsGITAwgLav4K8RAJhJXJsGBCcBdPXoZmpexelCv3l8XqTRZHHhyBY1ACLrgCVXAHaqABMHgEz+AVvFlP1ov1bn3MW3NWNnMI/sj6/AG5Ipz5</latexit>



A new approach to relativistic viscous fluid dynamics

Most general derivative expansion compatible with symmetries

where to 1st order in derivatives

Energy density correction Pressure correction Heat flow 

rµT
µ⌫ = 0

<latexit sha1_base64="7lpwYh6jMyLPji7nWyrvAbCzPGQ=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYqqSggQLUgULY5H6kpoQOa7TWrWdyHaQqigLv8LCAEKsfAYbf4PbZoCWI13do3PulX1PmDCqtON8W6WV1bX1jfJmZWt7Z3fP3j/oqDiVmLRxzGLZC5EijArS1lQz0kskQTxkpBuOb6d+95FIRWPR0pOE+BwNBY0oRtpIgX3kCRQyFHg8ha2HzDRPpPm1E9hVp+bMAJeJW5AqKNAM7C9vEOOUE6ExQ0r1XSfRfoakppiRvOKliiQIj9GQ9A0ViBPlZ7MDcnhqlAGMYmlKaDhTf29kiCs14aGZ5EiP1KI3Ff/z+qmOrvyMiiTVROD5Q1HKoI7hNA04oJJgzSaGICyp+SvEIyQR1iazignBXTx5mXTqNfe8Vr+/qDZuijjK4BicgDPggkvQAHegCdoAgxw8g1fwZj1ZL9a79TEfLVnFziH4A+vzB1y/lkA=</latexit>

Equations of motion: 

Based on Bemfica, Disconzi, JN, PRD (2017) and PRD (2019)
See also P. Kovtun, JHEP (2019) and his talk later in the week!



Causality and well-posedness are valid in the full nonlinear 
regime, also including Einstein’s equations, when

Rigorous theorems in Bemfica, Disconzi, JN, PRD (2019)

Linear stability also holds: P. Kovtun, JHEP (2019).
Bemfica, Disconzi, JN, PRD (2019).

• Heat flow coefficient lower bound from causality.
• Only 6 coefficients (Israel-Stewart > 10).
• No additional fields besides                   .
• Very different          at freeze-out (scalar, vector, tensor). 

Arbitrary EOS

{T, uµ}
<latexit sha1_base64="b3DXYMFzzq1ynDKUMz+aQRkqG4Q=">AAAB8nicbVDJSgNBEO2JW4xb1KOXxiB4kDATBT0GvXiMkA0yY+jp9CRNehl6EcKQz/DiQRGvfo03/8ZOMgdNfFDweK+Kqnpxyqg2vv/tFdbWNza3itulnd29/YPy4VFbS6swaWHJpOrGSBNGBWkZahjppoogHjPSicd3M7/zRJSmUjTNJCURR0NBE4qRcVIvzJoX9jHkNpz2yxW/6s8BV0mQkwrI0eiXv8KBxJYTYTBDWvcCPzVRhpShmJFpKbSapAiP0ZD0HBWIEx1l85On8MwpA5hI5UoYOFd/T2SIaz3hsevkyIz0sjcT//N61iQ3UUZFag0ReLEosQwaCWf/wwFVBBs2cQRhRd2tEI+QQti4lEouhGD55VXSrlWDy2rt4apSv83jKIITcArOQQCuQR3cgwZoAQwkeAav4M0z3ov37n0sWgtePnMM/sD7/AEqNZEt</latexit>



Causal and stable 1st order theory: Benefits

• Universal behavior using only hydro variables (in contrast 
to IS): Causality and stability define a class of “good” frames!! 

• Initial value problem and causality understood in the 
nonlinear regime + Einstein’s equations (in contrast to IS).

• Can be readily applied in HIC, neutron star mergers, and 
cosmology (numerical simulations!!).

• Derivation from kinetic theory is understood. AdS/CFT?

• Natural starting point to solve relativistic hydro with 
fluctuations (connection to action principle approaches?). 

BDN, PRD (2017) and (2019)



New causal 1st order theory 
Many remaining questions

• Does not describe all info contained in the energy-mom.
tensor – Does this matter for HIC/Cosmo/Mergers?

• Although attractors appear here, the domain of the 1st  

order theory has not yet been understood.

• Causality and stability beyond first order must be done.

• 1st order causality and stability at               

• Large order behavior of this derivative series not known.

P. Kovtun’s talk
for 
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Conclusions

• Neutron star mergers can also be used to obtain essential 
info about viscous properties of ultradense matter.

• New results allow the investigation of dissipative 
phenomena in general relativistic fluids for the first time.

• Nonlinear causality may impose severe new constraints on 
the IS description of small heavy-ion collision systems.

• New 1st order approach to relativistic viscous hydro offers
a simple and natural solution to known problems and 
creates new questions/opportunities.   



27

Next steps
• Extend proof in Israel-Stewart theory to include
shear viscous effects (to appear soon).

• Implement new viscous hydro equations in a code and
investigate phenomenological consequences in heavy ions.

• Novel viscous effects in the evolution of the universe.

• Stochastic formulation of new viscous hydro equations
(applications in heavy ions and cosmology).

• Inclusion of critical phenomena (BES II, FAIR).

Bemfica, Disconzi, Noronha, Scherrer, to appear
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ADDITIONAL SLIDES



Bose-Einstein 
condensate

“Fluid”

Large 
systems

small 
systems

HIC

Emergence of fluid dynamics: A bird’s-eye view 
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Bose-Einstein 
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Emergence of fluid dynamics: A bird’s-eye view 
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Bemfica, Disconzi, JN, PRD (2019)

See also Bemfica, Disconzi, Rodriguez, Shao, arXiv:1911.02504 [math.AP]. 
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Causality in the nonlinear regime in curved spacetime

Why is this so hard to do?



Proton at high energies: average shape but with strong color fluctuations

Fig. from Mantysaari, Schenke, PRL (2016)

A simple uncertainty principle estimate

Quantum correlations should be important !!

How can a pp system behave like a fluid?

• Opportunity: Investigate quantum entanglement in a non-Abelian theory.  
• Here we should really go beyond the “everything is hydro approach” …  
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Ideal (Euler) relativistic fluid dynamics

Energy-momentum tensor Conserved charge

Assuming that speed of sound and

• System is well-posed (Sobolev space         with s > 5/2)

• - Existence, uniqueness, continuous dependence on initial data

• Causal (domain of dependence property in the sense of relativity)
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Remember that a system of PDE's is well-posed (Hadamard) when:

1) A solution exists.

2) The solution is unique.

3) The solution depends continuously on initial data (e.g., initial
conditions, boundary conditions).

http://www.math.ucla.edu/~tao/Dispersive/

http://www.math.ucla.edu/~tao/Dispersive/
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Mathematical definition of causality (relativity)
See, e.g., Choquet-Bruhat, Wald

Consider a system of (linear or nonlinear) PDE's
N unknowns

The system is causal if for any point x in the future of

depends only on

causal past
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Fluid dynamics in the relativistic regime

• Einstein + Euler equations: Locally well-posed and causal

• Einstein + Euler equations: Not globally well-posed (schocks occur)

Choquet-Bruhat 1958, 1966
Lichnerowicz, 1967

Christodoulou, 2007

What about dissipative fluids?

(a) Einstein+viscous fluid admit existence + uniqueness of solutions?
(b) Causality?
(c) Stability (at least in the linear regime)?
(d) Does the solution really describe the physics of the system?
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Dynamic velocity

Causality does not imply (linear) stability

→ Principal part:

Characteristic matrix:

Characteristic determinant:

Choquet-Bruhat, 2006

CAUSAL
However, this system is linearly unstable around
global equilibrium

Bemfica, Disconzi, JN, 2017



39

Applications: Bjorken flow

Milne coordinates

Equation of motion:
Heller-Spalinski form

NS Attractor
(0th order slow roll)
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Applications: Gubser flow

spacetime

Equation of motion (written in 1st order form):

New tensor
Ideal hydro
Navier-Stokes

T > 0

T < 0
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Sobolev M. Disconzi
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M. Disconzi
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M. Disconzi
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M. Disconzi
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M. Disconzi


