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Anderson model

Random Schrédinger operator in Z4
(HY)(x) = V) + Y. ¢), xx €Z%y e L[z
x/:|x! —x|=1

{V(x)}xeza-i.i.d. random variables

Spectral projections

Let Ex(\) be a resolution of identity, and P = Eg(E) be its spectral projection
corresponding the interval I = (—oo, E].
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Large box entanglement entropy

Entanglement entropy

Consider a large box
A= [_L’ L]d7 P/\(X) Y) = 1/\(X)P(Xa Y)l/\(y)
Entanglement entropy, corresponding A

Sa = Tr aAh(Pa)
h(t) = —tlogt — (1 —t)log(1 —t), t€[0,1]

We study the properties Sp, as L — oo, in particular:
E{Sp} ~ L= m(d)-?

Var{Sp} ~ L™ m(d)-?
L7 @/2(S, —E{Sp)) — 7
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Toy model of non interacting fermions
Consider a quadratic quantum Hamiltonian

H= Z H(x,y)cT(x)c™(y), x,y€Q=][-N,N]4
X,y€Q

where ¢~ (x), ¢ (x) are the Fermi annihilation and creation operators
{7 (x), " ()} = by

H(x,y) assumed to be self-adjoint operator H(x,y) = H(y, x).
Consider A = [-L,L]4 ¢ Q
1<<L<<N

Then H acts in H(A) @ H(Q \ A). If we consider the density matrix p of H and
set

pa = Tro\a(p),

then entanglement entropy of A is

Sa = lim Tr pa log, pa.
N—oo

vy
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Link with Szegd’s theorem

Determinant of the Toeplitz matrix

Consider an infinite Toeplitz matrix in d = 1 case
Aje = Ajko = Aj, A= a(Ho),

where Hj is a discrete Laplace operator.
We restrict A on the interval A = [-L, L]

AWM = L Alp = 1-r,ya(Ho) -1 1] = aa(Ho)

and consider
log detA™ = Tr log ax(Hy)

The same happens in d > 1 case.

Hence the logarithm of the Toeplitz determinant is some special case of the
functional of operator, which is determined by two functions a and ¢ and by
the cube A

Wa[Ho; a, ] = Tr p(an(Ho)).
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Szegd’s theorem

Under rather general assumptions (when a and ¢ are e.g. Cy)
Wa[Ho; a, ¢] = LCo(r) + L7 Ci(a, ) + (L)

where
v(x) = p(a(x))

The first term is proportional to the volume of A (volume term) and the
second is proportional to the area of the faces of A (area term).
If a or ¢ have a finite number of jumps, then

WA[Ho; a, ] = LYCo(v) + L4 log LC) (a, ) + o(L4 ! log L).

Here we have the violation of the area law.

Results on the asymptotic of entanglement entropy can be treated as a
stochastic analogue of Szegd’s theorem, when

a(x) = 1(—o.p)(x);  ¢(x) = h(x).

Remark that in this case

v(x) =0.
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The most general setting

Let H be a random Schrédinger operator with i.i.d. potential.

Given two functions a and ¢ we want to study the asymptotic behaviour of
the functional

ValH; a, ¢] = Trp(ar(H))

in the limit L — oco.
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The simplest case a(x) = x. Law of Large Numbers

In this case we have
Ua[H;a, @] = Tro(Ha) = > @(Ai(Hp)) = Nalgl,
where Mp[p] is a linear eigenvalue statistics of Ha.

It is well known that there exists a measure o, such that we have a volume law
INTTE{NA2]} — /ga(x)da(x), as L — co.

We have also self averaging property

Var{|A|""Na[g]} = 0, as L — ooc.
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The simplest case a(x) = x. CLT

Sobolev space H,
We say the ¢ € H, if

| ~ 1 ikx
lollz = [+ 2D B00Pdk, 509 = 5o [ *p(xax.

Theorem
If o € H, with o > 1, then

A7 (Nale] = E(NALel}) = (Ve 9)'/2N(0,1), as L — oo,

where V is non negative bounded operator in H,.
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Case of smooth a, ¢

Theorem|Large Numbers Law|[Pastur,S:18§]

Let a € Hg, 0 > (d+1)/2, and v € H, with a > 1 (v(x) = ¢(a(x))), then
there exists a measure o, such that we have a volume law

A~ E{WA[H: a, o]} — / V(N)do(A), as L — cc.

Theorem|CLT for smooth case|[Pastur,S:18|
Ifa€Hp, 0 >(d+1)/2 and v € H, with o > 1, then

A7 (WAlH; &, ¢] — E{Wa[H; a, ¢]}) = (Vv v)i/ 2N(0,1), as L — oo
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Case of a = 1(_o g, ¢ = h

Recall that in this case
v(x) = h(a(x)) = 0,

so no hope to use previous results directly.

Observe that h(t) is symmetric with respect to x = 1/2
h(1/2 —t) =h(1/2 +1t).
Hence there is an increasing function hg defined on (0,1/4) such that
h(t) = ho(x(t)), =x(t)=t(1—-1t), xe€[0,1/4]
& ho(x) = h(1(), () = 3 (1~ VI~ &%)

It is easy to check that h{(x) — 2, as x — 1/4. Hence we can extend hy(x) to
R in such a way that hg € Hz/o_..
Since 0 < Pp < 1 it is evident that for any such extension

Trh(Pa) = Trho(Pa(1 — Pa))
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New setting

Operator [y

I_I/\ = P/\(1 - PA); I_I/\(Xv y) = ZP(Xa Z)P(y7z)a X,y € A
z&N

Linear eigenvalue statistics of My

Nalp: TA] = Trp(Ma),  NR[wi Ml = Nalp; Na] — E{Nalp; Mal}

We study the behaviour of the random variable Na[p], as A — .
The same questions:
E{Nalp; ]} ~ LW,  m(d)-?
Var{Ne; MA]l} ~ L™ @ my(d)—-?
L2\ R0 MA] — 7
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Localization assumptions

Our main technical assumption is that the so-called fraction moment criteria
for the Anderson localization is fulfilled, i.e. for some s < 1

E{|(H - E — i) !(x,y)[*} < C(s)e~°®)x~! )

The assumption implies, in particular, a very important bound

E{|P(x,y)[} < Ce™c!

It is known (see e.g. the paper of Aizenman, Schenker, Friedrich, and Hun-
dertmark (CMP, 01)), that if (1) is fulfilled for E of some interval (Eq, E3),
then the spectrum H in (E1, E) is pure point, end the eigenvectors are
localized (their components decay exponentially).
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When does criteria (1) fulfill?

e E belongs to the spectral gap of H;

e any E € ¢(H), d =1 and i.i.d. potentials (Minami 96);

e any E € g(H), d > 1 and V(x) has a sufficiently large amplitude
(Aizenman-Molchanov 93);

e E belongs to a neighbourhood of the spectrum edges, d > 1, and V(x) has
any amplitude (Aizenman-Graf 98);

v
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Caseof d =1

Theorem|Elgart, Pastur, S:17]

There exists
lim E{Nj[ho]}.
L—oo

The result corresponds to the "area law" for d = 1.

Theorem|Pastur:16]
Large block entanglement entropy for d = 1 does not possess the self averaging

property:
Llim Var{N[ho]} # 0
— 0
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Case of d > 2: LLN

Theorem|Elgart, Pastur, S:17|
Let the Anderson localization criteria (1) is fulfilled. Then there exists

lim E{L=E"YA[ho]}.
L—oo

The result corresponds to the "area law" for d > 2.

Theorem|Elgart, Pastur, S:17]

If the Anderson localization criteria (1) is fulfilled, then the large block
entanglement entropy for d > 2 possesses the self averaging property:

lim Var{L~"YAN,[he]} = 0
L—oo
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Case of d > 2: CLT

Theorem| Pastur, S:19|

Let ¢ € H,, with « > 1. If the Anderson localization criteria (1) is fulfilled,
then

L=@=D2NR[0: Al = (Vep, 9)4/2N(0,1), as L — oo,

where V is non negative bounded in #, operator .

M.Shcherbina (ILTP) CLT for entropy 06.08.2019 17 / 23



Scheme of the proof of CLT in the case of ()
and v(H) (with smooth a)

CLT for martingales (modification of |Billingsly:95|)

Let Xy = E<x{Y — ExY} be a martingale differences array with respect to
independent random vectors Vi,...,V,, S, = Zﬁzl X,

on =Y 1 E{X2} = O(1). Assume that

(1) Y EXi}<e, (2) Varf ixﬁ} <&

k=1
Then

[Bfe™S} — e /2| < C'(t)(er/” + £Y/2).
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At the first step we use the theorem to prove CLT for the test functions of the

form
Pn = @ * Pn
where P, is the Poisson kernel
1 7
PTI(X) - ;XQ + 772

It is easy to see that

Nalpg] =71 /(p()\)STr y(A + in)dA.

where

Tr(H —z)~!, for smooth a (i)
() = { Te(M— 7)1 for a(H) = P (ii)
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Introduce
Xu(z) = L7 D/2((2) = 74(2)) with I(d)=dorl(d)=d—1

where 7, is the trace of the resolvent of H, or I, where H, is obtained by the
replacing u-th line and column of H by 0, and I, is constructed from the
spectral projection of Hy.

It is easy to check that in both cases it suffices to check 2 conditions:
(1) Y E{X.}—o0
() Var{ > (SX.)*} =0

Checking these 2 conditions for z with Sz = € we prove CLT for the functions
Oy =@ * Py
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Extension of CLT to ¢ € H,

Proposition 1

Let {£l(n)}?:1 be a triangular array of random variables,

Nalel = 3~ (™)

be its linear statistics, corresponding to a test function ¢ : R — R, and
Valgl = Var{d;"°Na[e]}

be the variance of Ny [¢], where {d, }5°, is some bounded from below sequence
of numbers. Assume that

(a) there exists a space £ with a norm ||...|| such that for ¢ € L

Valel < Cllel?, Vo € L;

(b) there exists a dense subset £1 C £ such that the CLT is valid for
di'Nalel, ¢ € L4,
Then CLT is valid for all dy />N [g], ¢ € L.
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Uniform bounds for the variance of LES

Proposition 3 [S:11]

For any real symmetric or hermitian matrix M with random entries, any
a > 0, and ¢ € H, we have

Var{Trp(M)} < Callplls [ dyey? [ Varfa(x+ i)},
0 —o0

7(z) =Tx (M — )

Remark

Proposition 3 is more efficient than Helffer-Sjostrand’s formula, since, e.g., for
Wigner and sample covariance matrices the formula requires ¢ to be C3
function, while Proposition 3 requires ¢ € H, with a > 2.
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Bounds for the variance of the resolvent trace

Proposition 2

In both cases (i) and (ii) for any z : Sz > 0 there exists some C > 0 such that
L™ @DVar{~(z)} < Clog™ |3z|7!/|Sz|?,

where 1(d) = d for the case (i), I(d) = d — 1 for the case (ii) and m is some
constant which is not important for us.
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