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Hydrodynamic Scaling Limits

» Dynamics with conserved quantities: energy, momentum,
density, ..., these move slowly.
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Hydrodynamic Scaling Limits

» Dynamics with conserved quantities: energy, momentum,
density, ..., these move slowly.

» The other quantities move fast, fluctuating around average
values determined by the conserved quantities (by local
equilibriums).

» Conserved quantities determine families of stationary
probability measures, Gibbs states, typically parametrized by
temperature, pressure.

» Corresponding to different paramenters there are different
partial equilibriums:

» mechanical equilibrium: constant pressure or tension profiles,
» thermal equilibrium: constant temperature profiles.

» These partial equilibriums may be reached at different time
scales: typically mechanical equilibrium is reached faster than
thermal equilibrium.
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Mechanical and Thermal equilibrium

» Mechanical Equilibrium is reached in hyperbolic time scales
(same rescaling of space and time), and is driven by Euler
system of equations (for a compressible gas). It involves the
ballistic evolution of the long waves (mechanical modes).
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Mechanical and Thermal equilibrium

» Mechanical Equilibrium is reached in hyperbolic time scales
(same rescaling of space and time), and is driven by Euler
system of equations (for a compressible gas). It involves the
ballistic evolution of the long waves (mechanical modes).

» When thermal conductivity is finite, Thermal Equilibrium is
reached later, in the diffusive time scales (time? = space), and
temperature (or thermal energy) profiles evolve following heat
equation.
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Mechanical and Thermal equilibrium

» Mechanical Equilibrium is reached in hyperbolic time scales
(same rescaling of space and time), and is driven by Euler
system of equations (for a compressible gas). It involves the
ballistic evolution of the long waves (mechanical modes).

» When thermal conductivity is finite, Thermal Equilibrium is
reached later, in the diffusive time scales (time? = space), and
temperature (or thermal energy) profiles evolve following heat
equation.

» If thermal conductivity is infinite, Thermal Equilibrium is
reached in a super-diffusive time scales
(time® = space, v < 2), and typically temperature (or thermal
energy) profiles evolve following a fractional heat equation.
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Boundary Conditions

External forces or heat bath acting microscopically at the boudary
on the system determine boundary conditions of the macroscopic
equations.
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Boundary Conditions

External forces or heat bath acting microscopically at the boudary
on the system determine boundary conditions of the macroscopic

equations.
Most of non-equilibrium situation are obtained by

» changing boundary conditions in time

» applying boundary conditions corresponding to different
equilibrium states, obtaining dynamics that have
non-equilibrium stationary states (NESS).
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Chain of oscillators
pi pi v

m—U,\Q‘OQQéﬂ .......... EM/L
Fe(t) = px(t) = px-1(t), x=1,...,N
Be(t) = V(e (£)) = V(1)) x=1,... . N-1
pn(t) = 7(t/N) = V'(rn(t))
po(t) =0.
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2
Ex=Daving

gx = Px V’(rx+1) — Px-1 V,(rx)
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Chain of oscillators
pi pi v

m—U,\Q‘OQQéﬂ .......... EM/L
Fe(t) = px(t) = px-1(t), x=1,...,N
Be(t) = V(e (£)) = V(1)) x=1,... . N-1
pn(t) = 7(t/N) = V'(rn(t))
po(t) =0.

2
Ex=Daving

gx = Px V’(rx+1) — Px-1 V,(rx)

We are interested in the macroscopic evolution of

(rx(t)7px(t)7£x(t))-



Gibbs measures and Thermodynamic Entropy

For 7(t) = 7 constant in time, a class of stationary measures is
given by the Gibbs measures at temperature 571, tension 7

N
dgrp = H e*ﬁ(gx*m)*g(ﬁﬁ)dpxdrx

x=1

S. Olla - CEREMADE hyperbolic limits



Gibbs measures and Thermodynamic Entropy

For 7(t) = 7 constant in time, a class of stationary measures is
given by the Gibbs measures at temperature 571, tension 7

N
dgrp = H e*ﬁ(gx*m)*g(ﬁﬁ)dpxdrx

x=1

Thermodynamic entropy is

S(u,r) =inf{-frr+fu-G(5,m)}

B(u,r) =0,5(u,r), 7(u,r)=-5719,5(u,r).
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Hyperbolic Scaling, Euler equations

3 conserved quantities: we expect the weak convergence to the
hyperbolic system of PDE

i /N)(rx%t))) A )(rgy’ti) d
— X (It , b
g(Nt) W Jo 7Y Ie)()}//,t)

Oer(t,y) =0yp(t,y)
Oep(t,y) = 0ytlu(t,y), r(t,y)]
Ore(t,y) =0y (tu(t,y), r(t,y)]p(t,y))

where u = ¢ - p?/2 : internal energy.
and, for smooth solutions, the boundary conditions:

p(t,0) =0, Tlu(t,1),r(t,1)] = 7(t)
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Results with conservative stochastic dynamics

» To prove some form of local equilibrium we need to add
stochastic terms to the dynamics (the deterministic non-linear
case is too difficult).
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Results with conservative stochastic dynamics

» To prove some form of local equilibrium we need to add
stochastic terms to the dynamics (the deterministic non-linear
case is too difficult).

» Random exchanges of velocities between nearest neighbor
particles, conserve energy, momentum and volume, destroying
all other (possible) conservation laws. It provides the right
ergodicity property.
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Results with conservative stochastic dynamics

» To prove some form of local equilibrium we need to add
stochastic terms to the dynamics (the deterministic non-linear
case is too difficult).

» Random exchanges of velocities between nearest neighbor
particles, conserve energy, momentum and volume, destroying
all other (possible) conservation laws. It provides the right
ergodicity property.

» With such noise in the dynamics, for smooth solutions the HL
is proven in:

» N. Even, S.0., ARMA (2014) (with boundary conditions),
» SO, SRS Varadhan, HT Yau, CMP (1993) (periodic bc).
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Harmonic Oscillators Chain

This is an example of a non-ergodic dynamics:
V(r)=r?/2

in fact it is a completely integrable dynamics:

dx = Px; px = A(7x = Qgx+1 t gx-1 — Qx,
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in fact it is a completely integrable dynamics:

dx = Px;, Px = A(7x = qx+1 T 4x-1 — Qgx,
Take here x=1,..., N,
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This is an example of a non-ergodic dynamics:
V(r)=r?/2

in fact it is a completely integrable dynamics:

dx = Px;, Px = A(7x = qx+1 T 4x-1 — Qgx,
Take here x=1,..., N,
(k)= fe?™  ke{0,1/N,...,(N-1)/N}
X

w(k) =2|sin(mk)| dispersion relation:

M= 36, = o0 3 [kt + p(k)P]
X k

O(t, k) = w(k)§ (t, k) +ip(t, k).
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Harmonic Oscillators Chain

This is an example of a non-ergodic dynamics:
V(r)=r?/2

in fact it is a completely integrable dynamics:

dx = Px;, Px = Aqx = qx+1 T 4x-1 — Qgx,
Take here x=1,..., N,
(k)= fe?™  ke{0,1/N,...,(N-1)/N}
X

w(k) =2|sin(mk)| dispersion relation:
M= 36, = o0 3 [kt + p(k)P]
X k

O(t, k) = w(k)§ (t, k) +ip(t, k).

d - . 2 2 —iw 2
S0t ) = =iw(k)P(t, k) (k) = (0, k)



Harmonic Oscillators Chain: Quantum Dynamics

o(k )w(k)

H= T 6=y X [wt 100 + (0]
=iNzk:w(k)a,iak
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Harmonic Oscillators Chain: Quantum Dynamics

—=b(k),  ag= o(k )w(k)

H= T 6=y X [wt 100 + (0]
=iNzk:w(k)aZak

Heisenber evolution %A(t) =i[H,A(t)]
ak(t) = e @iy, ap(t) = e @Rt
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Harmonic Chain: Thermal Equilibrium (Classic case)

Consider the chain in thermal equilibrium: initial distribution with
covariances

( rX(O); rX’(O) ) = ( Px(O)iPx’(O) ) = /Bilfsx,x’y ( dx; Px’ ) = 07

for some inverse temperature 3, while in mechanical local
equilibrium:

(r[Ny](O))_>r(07y)a (p[Ny](O)>_)p(Ovy)'
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Harmonic Chain: Thermal Equilibrium (classic case)

thermal equilibrium is conserved by the dynamics: for any t >0
()i ra(8) ) = (px()ipar(8) ) = B0, {ax()ipar(t) ) =0,

Proof.

Thermal equilibrium is Fourier space is:

(D(k,0)" (K, 0)) =287 6(k=K'),  (4(k,0);(K,0))

0.
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Harmonic Chain: Thermal Equilibrium (classic case)

thermal equilibrium is conserved by the dynamics: for any t >0
( ()i re(£) ) = { px ()i pr(8) ) = 57000 (ax()ipu() ) =0,

Proof.

Thermal equilibrium is Fourier space is:

(d(k,0)" (K, 0)) =267 5(k=K'),  (4(k,0);d(K',0))=0.

Consequently
(DK, t)"D(K 1) ) = NGk 0)*4h(k,0) ) =287 6(k - k'
(D(k,t); DK t) ) = e @R KDE Gk 0);4(k',0) ) = 0.

]
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Harmonic Chain: Thermal Equilibrium implies Euler

Equation limit

rny](Nt) and ppyy,1(Nt) converge weakly to the solution of the
linear wave equation

8tr(y’t):ayp(y7t)7 atp(y)t):ayr(y’t)'

This is the Euler equation for this system since here 7(u,r) =r.
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Harmonic Chain: Thermal Equilibrium implies Euler

Equation limit

rny](Nt) and ppyy,1(Nt) converge weakly to the solution of the
linear wave equation

8tr(y’t):ayp(y7t)7 atp(y)t):ayr(y’t)'

This is the Euler equation for this system since here 7(u,r) =r.
For the energy, because of the thermal equilibrium, for any t >0 :

(E(t)) =574 5 ((pe(®) 2+ { () )

(Epm) (V) ) — ey, 1) = 5744 2 (B2, 1) + (v, 1),

ate(yvt):8y(p(y7t)r(y’t))‘
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Quantum Harmonic Chain: Thermal Equilibrium

Initial density matrix pg, define

(A)=tr(Aps)),  (AB)=(AB)-(A)B)

such that

(re(0)ir(0) ) = {px(0)i pxr(0) ) = Co(x=x"),  (axipw )= é5(X—X')

C _ 27r/kx Wk ﬁ 1
00 |7 DGR @)
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Quantum Harmonic Chain: Thermal Equilibrium

Initial density matrix pg, define

(A)=tr(Aps)),  (AB)=(AB)-(A)B)

such that

(re(0)ir(0) ) = {px(0)i pxr(0) ) = Co(x=x"),  (axipw )= é5(X—X')

Cg(X) _ |:B + Z 627r/kx e/B::k - n %)] (1)

k+0

(r[Ny](O))—>r(07y)a <p[Ny](O)>—>p(Ovy)'

(Eim)) — e ()= C5) + 5 (07() + (1),

)= [ w0 (g +5) o =y B
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Quantum Harmonic Chain: Thermal Equilibrium implies

Euler Equation limit

rny](Nt) and ppy,1(Nt) converge weakly to the solution of the
linear wave equation

Oer (v, 1) =9y (y,t),  Op(y,t) =0yr(y.1).

(1) (V) — e(y,0) = C(5) + % (B(r.0) Py, 1))
i ) 1 1 .
) :fo w(k)(—eﬁw(k)_l +§)dk N

ore(y,t) =0, (p(y,t)r(y,t)).
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Harmonic Chain: Local Thermal Equilibrium is not

conserved

The argument fails dramatically if the system is not in thermal
equilibrium, even local thermal Gibbs

X

(5 (0 10(0)) = pr(0)iper(0) ) =57 (%) Brs (x(0)ip(0)) =0
(2)

is not conserved, and correlations between p,(t) and rc(t) build

up in time.

No autonomous macroscopic equation for the energy!

There are infinite many conservation laws.
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Harmonic Chain with Random Masses

The problem with the harmonic chain is that thermal waves of
wavenumber k move with speed w’(k), if they are not uniformed
distributed (i.e. the system is not in thermal equilibrium), the
temperature profile will not remain constant, as it should be
following the Euler equations.
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Harmonic Chain with Random Masses

The problem with the harmonic chain is that thermal waves of
wavenumber k move with speed w’(k), if they are not uniformed
distributed (i.e. the system is not in thermal equilibrium), the
temperature profile will not remain constant, as it should be
following the Euler equations.

If the masses are random, the thermal modes remains localized
(frozen), by Anderson localization. This allows to close the energy
equation, without local equilibrium.
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Harmonic Chain with Random Masses

(F. Huveneers, C. Bernardin, S.Olla, CMP 2019)

{my} i.i.d. with absolutely continuous distribution,
O<m_<my<my,
m=E(my).

myxqx(t) = px(t), Px(t) = Agx(t), x=1,...,N

with go = g1 and gn.1 = gy as boundary conditions.
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Harmonic Chain with Random Masses: hydrodynamic limit

Almost surely with respect to {my}:

< r[Ny](Nt) >, < p[Ny](Nt) >, < S[Ny](Nt) > = (I‘(_y, t)7p(y7 t)7e(y7 t))

1
8t‘r(tay) == yp(taY)
m
atp(tay) = 8yr(t»}’)
1
Bte(tay) = %8}/ (r(tay)p(tay))
with initial conditions:

L Py, rW)
Bly) 2m 2

r(y,0)=r(y),  p(,0)=p(y), e(y,0)=
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Random Masses: Localization of Thermal Modes

Equation of motion can be written as
Bo=—(V'M7'Vr), (1<x<N-1),  po=(AMp)  (1<x<N),

where M, v = 0y xrmy.
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Random Masses: Localization of Thermal Modes

Equation of motion can be written as
Bo=—(V'M7'Vr), (1<x<N-1),  po=(AMp)  (1<x<N),

where M, v = 0y xrmy.

MY2(-AYMMk =2 ok k=0,... N-1.

Ph= M2k M Ak = Wiy
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Random Masses: Localization of Thermal Modes

Equation of motion can be written as
=—(V'M'Vr), (1<x<N-1),  pe=(AMTp)  (1<x<N),

where M, v = 0y xrmy.

MY2(-AYMMk =2 ok k=0,... N-1.

W= MRS M AR = Wi

N-1 ko, P
r(t) = kZ_l(<ww ( )>Coswkt+(lbk,p(O))sinwkt)%,
N-1 K,
p(t) = Z (<¢k,p(0))coswkt— Wsinwkt)l\/wk.
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Localization of Thermal Modes

Localization length &, diverges with N:
k 2
-1 2 K
S~ Wi (N) ;

only the modes k > /N are localized.
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Localization of Thermal Modes

Localization length &, diverges with N:

k 2
-1 2 k
Ek Wi (N) ;

only the modes k > /N are localized.

More precisely: for 0 <a < 3

=N1l-«a

N-1 —2a ’
E( Y |okuk|]| < CeeV .
k

This estimate is enough to prove that thermal modes remains
localized and do not move macroscopically.
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Random masses: Larger time scales

Assume for simplicity that we are in a mechanical equilibrium:

( rX(O) ) =0, ( px(o) ) =0,

(only thermal energy present)
but not in thermal equilibrium, then, for any a > 1

< E[Ny](Nat) > N?oo e(an) = E(B(y))

NO evolution for the temperature profile at any scale!
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Random masses: Larger time scales

Assume for simplicity that we are in a mechanical equilibrium:

( rX(O) ) =0, ( px(o) ) =0,

(only thermal energy present)
but not in thermal equilibrium, then, for any a > 1

< E[Ny](Nat) > N?oo e(Oa)/) = E(B(y))

NO evolution for the temperature profile at any scale!
In particular, for « = 2 (diffusive scaling), thermal diffusivity is null.
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Anharmonic disordered chain: heat transport

Wojciech De Roeck, Francois Huveneers, S.O., 2019

L2 2 Y
(Px 2&+g7'x—+gow)

wy 1.i.d., w >w? >0
Tx €{0,1}, i.iid., p = P(1x=1)
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Anharmonic disordered chain: heat transport

Wojciech De Roeck, Francois Huveneers, S.O., 2019

L2 2 Y
(Px 2&+ng—+goM)

wy 1.i.d., w >w? >0

7« €{0,1}, i.id., p = P(7x=1)
Jx = —80Px(gx+1 — gx) energy current,

= 3° I C(t) C(t) = I|msup<(/ ds— ZJX(S)) )
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Anharmonic disordered chain: heat transport

Wojciech De Roeck, Francois Huveneers, S.0., 2019

H(q,p) _ 2 (PX 2q2 (gx+1— qX)Q)

x=1

+ + +
2w2gTX4g 2
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Anharmonic disordered chain: heat transport

Wojciech De Roeck, Francois Huveneers, S.0., 2019

2 2
P 24x (Gx+1 = Gx)
H = X+ + +gp————
(g9,p) Xizlﬁ( 5tk ng4 £0 5 )

Kunz-Souillard bound:

L
E(Z |¢k(X)¢k(Y)|) < CekIE ¢ localization length.
k=1

v = : <1
1+(3¢log(s55)t

holds, then

C(t) = O((log t)°t"), i.e. k=0
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entropy evolution

O¢r = Oxp O:p = OxT Ore = Ox(Tp)
p(t70):07 T(r(]-?t)vu(]-?t)):T(t)
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entropy evolution

O¢r = Oxp O:p = OxT Ore = Ox(Tp)
p(t70):0’ T(r(]-?t)vu(]-?t)):T(t)

U=e—p2/2,5:%,7:—%g—f

For smooth solutions:

@ S(uly.0).r(y.)) = B (0re - piep) - 10
= B(0x(7p) — pOxT — TOxp) = 0

The evolution is isoentropic in the smooth regime.
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Shocks, contact discontinuities, weak solutions, entropy

solutions

Even starting with initial smooth profiles, hyperbolic non-linear
systems develops discontinuities:

» shocks: discontinuities in the tension profile,
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Shocks, contact discontinuities, weak solutions, entropy

solutions

Even starting with initial smooth profiles, hyperbolic non-linear
systems develops discontinuities:

» shocks: discontinuities in the tension profile,
» contact discontinuities: discontinuities in the entropy profile.

When this happens we have to consider weak solution, that
typically are not unique.
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Shocks, contact discontinuities, weak solutions, entropy

solutions

Even starting with initial smooth profiles, hyperbolic non-linear
systems develops discontinuities:

» shocks: discontinuities in the tension profile,
» contact discontinuities: discontinuities in the entropy profile.

When this happens we have to consider weak solution, that
typically are not unique.

In order to select the right physical solutions, various properties
(maybe equivalent) have been introduced:
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Shocks, contact discontinuities, weak solutions, entropy

solutions

Even starting with initial smooth profiles, hyperbolic non-linear
systems develops discontinuities:

» shocks: discontinuities in the tension profile,
» contact discontinuities: discontinuities in the entropy profile.

When this happens we have to consider weak solution, that
typically are not unique.

In order to select the right physical solutions, various properties
(maybe equivalent) have been introduced:
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Shocks, contact discontinuities, weak solutions, entropy

solutions

Even starting with initial smooth profiles, hyperbolic non-linear
systems develops discontinuities:

» shocks: discontinuities in the tension profile,
» contact discontinuities: discontinuities in the entropy profile.

When this happens we have to consider weak solution, that
typically are not unique.

In order to select the right physical solutions, various properties
(maybe equivalent) have been introduced:

» entropy solutions
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Shocks, contact discontinuities, weak solutions, entropy

solutions

Even starting with initial smooth profiles, hyperbolic non-linear
systems develops discontinuities:

» shocks: discontinuities in the tension profile,
» contact discontinuities: discontinuities in the entropy profile.

When this happens we have to consider weak solution, that
typically are not unique.

In order to select the right physical solutions, various properties
(maybe equivalent) have been introduced:

» entropy solutions

» viscosity solutions
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Hydrodynamic limits with shocks
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Hydrodynamic limits with shocks

» No results for the full Euler equation (3 conserved quantities).

S. Olla - CEREMADE hyperbolic limits



Hydrodynamic limits with shocks

» No results for the full Euler equation (3 conserved quantities).

» Some results for the system in contact with a heath bath
(isothermal evolution), non-linear-wave equation with 2
conserved quantities: J. Fritz (2002 ARMA, stochastic
compensated compactness, along Tartar-Di Perna line),
Marchesani-O. (2019) with boundary tension.
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Hydrodynamic limits with shocks

» No results for the full Euler equation (3 conserved quantities).

» Some results for the system in contact with a heath bath
(isothermal evolution), non-linear-wave equation with 2
conserved quantities: J. Fritz (2002 ARMA, stochastic
compensated compactness, along Tartar-Di Perna line),
Marchesani-O. (2019) with boundary tension.

» Well understood for scalar equation (ASEP to Burger, 1992
Rezhakhanlou, ...)
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Mlcroscopic isothermal dynamics

P Pi-1 i PN—1 PN
- T
po=0 vL\QQQQQJIEML
qo=10 qu qi—1 gi gN-1 an
—
71 Ti ™

dry = Npydt + dJV (t)
dr; = N(p; — pi—1)dt + dJ,'r"N(t) - dJirillv(t)
dry = N(py — pn-1)dt + dJji" () — dU ()
dpr = N(V'(r2) = V'(rn))dt + dUp ™ (1) = dsp ™ (1) 7
dpi = N(V/(riv1) - V/(r))dt + dJPV (2) — P (1)
dpn = N(7(t) = V'(rw))dt - dJ5" (1),
dJPN(t) = Noy (V' (ri1) = V(1)) dt —\/2B- Nondiw (t)
dJ"(t) = Now (7(t) = V'(rw)) dt /26" Nowdw(t)
dJPM(t) = Now (pie - pi) dt — /28" Nowdw;(t)
dJ" (t) = Nowpydt - /28~ Noydwo(t)




Mlcroscopic isothermal dynamics

P Pi-1 i PN—1 PN
- T
po=0 vL\QQQQQJIEML
qo=10 qu qi—1 gi gN-1 an
—
71 Ti ™

dry = Npydt + dJV (t)
dr; = N(p; — pi—1)dt + dJ,'r"N(t) - dJirillv(t)
dry = N(py — pn-1)dt + dJji" () — dU ()
dpr = N(V'(r2) = V'(rn))dt + dUp ™ (1) = dsp ™ (1) 7
dpi = N(V/(riv1) - V/(r))dt + dJPV (2) — P (1)
dpn = N(7(t) = V'(rw))dt - dJ5" (1),
dJPN(t) = Noy (V' (ri1) = V(1)) dt —\/2B- Nondiw (t)
dJ"(t) = Now (7(t) = V'(rw)) dt /26" Nowdw(t)
dJPM(t) = Now (pie - pi) dt — /28" Nowdw;(t)
dJ" (t) = Nowpydt - /28~ Noydwo(t)




Hyperbolic Scaling, Euler equations

we expect the weak convergence:

1 () Lo ()

N2 GO/ (px(Nn) 2y €0 (p<y, t>) “
rr = py, y€|:0,1]
pe=r(r), p(£0)=0,  T[r(t1)] = 7(2)
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Hyperbolic Scaling, Euler equations

we expect the weak convergence:

1 r(Nt) 1 (r(y t))
=3 G(x/N — [c B g
R )(px(Nn) e Jo CONplyn)
It = Py, yG[O,].]
Pt=7'(r)y p(t,0)=0, T[r(t71)] =7_-(t)
In the smooth regime of the equations results are obtained even

with conservation of energy (Euler equation) with some random
exchange of velocities:

» N. Even, S.0., ARMA (2014) (with boundary conditions),
» S.0., SRS Varadhan, HT Yau, CMP (1993) (periodic bc).
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Hyperbolic Scaling, Euler equations

we expect the weak convergence:
1 re(Nt) 1 r(y,t)
=S G(x/N — [c S
R )(px(Nn) i Jo ‘”(my,t)

rt = Py, yG[O,l]

pe=T7(r)y p(t,0)=0,  7[r(t,1)] =7(¢)
In the smooth regime of the equations results are obtained even
with conservation of energy (Euler equation) with some random
exchange of velocities:

» N. Even, S.0., ARMA (2014) (with boundary conditions),

» S.0., SRS Varadhan, HT Yau, CMP (1993) (periodic bc).
But when shocks appear, we have to consider weak solutions, and
from microscopic dynamics we cannot prove any better than L2
bounds.
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Weak solution for the p-system: viscous approximations

7(r)=F'(r) and 7'(r) = F"(r) > 0.

rt = Py, PtZT(r)y
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Weak solution for the p-system: viscous approximations

7(r)=F'(r) and 7'(r) = F"(r) > 0.

rt = Py, PtZT(r)y

Viscous approximations

)

ry = pf,+5r‘S

vy
pe=7(r")y + 5P§y

First question is about the existence of the limit § — 0. The main

tool is the compensated-compactness ( Tartar, Murat, Ball, late
70').
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Weak solution for the p-system: viscous approximations

7(r)=F'(r) and 7'(r) = F"(r) > 0.

rt = Py, PtZT(r)y

Viscous approximations

)

ry = pf,+5r‘S

vy
P(tS = T(ré)y + 5P§y
First question is about the existence of the limit § — 0. The main
tool is the compensated-compactness ( Tartar, Murat, Ball, late
70').
» R Di Perna, ARMA 1983: L* solutions, (no boundaries)
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Weak solution for the p-system: viscous approximations

7(r)=F'(r) and 7'(r) = F"(r) > 0.

rt = Py, PtZT(r)y

Viscous approximations

)

ry = pf,-kér‘S

vy
pe=7(r")y + 5P§y

First question is about the existence of the limit § — 0. The main
tool is the compensated-compactness ( Tartar, Murat, Ball, late

70").
» R Di Perna, ARMA 1983: L* solutions, (no boundaries)
» J W Shearer, CommPDE 1994 LP solutions, (no boundaries)
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Weak solution for the p-system: viscous approximations

7(r)=F'(r) and 7'(r) = F"(r) > 0.

rt = Py, PtZT(r)y

Viscous approximations

)

ry = pf,-kér‘S

yy?
§
pf = T(ré)y + 6pyy

First question is about the existence of the limit § — 0. The main
tool is the compensated-compactness ( Tartar, Murat, Ball, late

70').
» R Di Perna, ARMA 1983: L* solutions, (no boundaries)
» J W Shearer, CommPDE 1994 LP solutions, (no boundaries)
» S Marchesani, S. Olla, 2018 L? solutions with boundaries.
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weak solutions of the Cauchy problem with boundary

conditions

re = py, pt=7(r)y, y €[0,1],

p(t,0) =0, T[r(t,1)] =7(t) (?7)
p(0,y) = po(y), r(0,y) = ro(y)-
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weak solutions of the Cauchy problem with boundary

conditions

re = py, pt=7(r)y, y €[0,1],

p(t,0) =0, T[r(t,1)] =7(t) (?7)
p(0,y) = po(y), r(0,y) = ro(y)-

v(t,y) = (r(t,y),p(t,y)) is a L?-solution of the Cauchy initial
data problem if t € [0, T] - v(t,-) is continuous in L?(0,1), and

) 1
fo [0 (per — pxp) dxdt =0

o 1 0o
L @ep—vnr(r) dsae+ [T (e DA(e)de=0
where ¢(-, x) and ¥ (-, x) are compactly supported in
(0,00) x [0,1]; and ¢(t,1) =1(t,0) =0 for all ¢t > 0.



Viscosity approximation of the Cauchy Problem with

boundaries

rf:pf,+5r}‘,sy, y €[0,1],

pL=T(r')y + 5P§y
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Viscosity approximation of the Cauchy Problem with

boundaries

rf:pf,+5r}‘,sy, y €[0,1],

pL=T(r')y + 5P§y

We have two add two boundary conditions, and we choose them to
be on Neumann type:

pPP(t,0)=0,  7(r°(t,1)) = 7(t)
po(t,1)=0,  r)(t,0)=0

These Neumann bc disappear in the limit, and there is not the
problem to compute the boundary layer (that are not even defined
for silution in L?).
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Viscosity approximation of the Cauchy Problem with

boundaries

Assume some technical conditions on 7(r):
» ¢1 <7'(r) < ¢ for some ¢1,¢c, >0 and all reR;
» 7"(r)#0 for all r e R;
() () (7 () T e (),
L T (D)) T (1) € L2(R).

Furthermore 7: R, — R is smooth and 7(t) =7 for all t > T,.
rf =p)+drd, ye[o,1],
P(tS = T(r(s)y + 5Pf/y

p’(£,0)=0,  7(r’(t,1)) =7(t)
po(t,1) =0, r2(t,0) =0
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Viscosity approximation of the Cauchy Problem with

boundaries

Under the above technical conditions on 7(r), the solution of
rf:pf,+(5rfy, pf:T(r‘S)erépf,y

P(E0)=0, (P (e,1)=7(6),  pl(£1)=0,  r(£0)
converges in LP([0, T] x [0,1]), p <2, to the L? weak solution of
Cauchy problem that satisfy the Clausius inequality:

F(v(t)) - F(v(0)) < W(t), Vt>0

0

2
F(r,p) = /01 (% + F(r(y))) dy free energy

W (t) :—/(;t'[()l?'(s)r(s,x)dxds+Al(?(t)r(t,x)—?(O)ro(x))dx
= /(;tvfolf(s)asr(s,x)dxds work done by 7.
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Clausius inequality (entropy condition)

This is uniformly satisfied by the viscous solution (thanks to the
boundary conditions chosen): Vt >0

Wé(t):fotf(s)dﬁ(s), L(s):= f01r5(s,x)dx
L(p(t,y)?
)= [P A ) o

FOA0) - FOO) < W) =5 [ [ ()7 + (6)?) oo

< W‘S(t)—5(C/\1)f0t/01((rf)2+(p2)2)dxds
since F"(r)=7'(r)>C>0.
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Clausius inequality (entropy condition)

This is uniformly satisfied by the viscous solution (thanks to the
boundary conditions chosen): Vt >0

Wﬁ(t):fotf(s)dﬁ(s), L(s):= f01r5(s,x)dx
L(p(t,y)?
)= [P A ) o

FOA0) - FOO) < W) =5 [ [ ()7 + (6)?) oo

< W‘S(t)—5(C/\1)f0t/01((rf)2+(p2)2)dxds

since F"(r)=7'(r)>C>0.

In this sense any limit point is an entropy solution.

Of course it is a very challenging problem to prove uniqueness of
these solutions.
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