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Introduction
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An EM wave in a dielectric

E(t) — applied field, P(t) — polarization field

Causal impulse response function

P(t) = /+O° x(t—7)E(7)dr, x(s)=0ifs<0.

—00

Complex susceptibility function

P(w) = X() E(w).

LTI, causal, real, passive, pasma limit

* da(N) o0
Xw—/ —, o02>0, A—/ do()\) < +0
©=] = [ do)
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Kramers-Kronig relations?

2 SX”(S) 2w X’(S)
/ "
X(CL))— FV/O 52 2dS7 X (CU)—FV/O 52 2d5

* do
But lim / ( )2 does not make sense pointwise!
Jm(w)>0 0 —w
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oeo

Kramers-Kronig relations?

2 SX”(S) 2w X/(S)
/ "
X(CL))— FV/O 52 2dS7 X (CL))—FV/O 52 2d5

* do
But lim / ( )2 does not make sense pointwise!
w—rX 0 P w

Jm(w)>0
Implicit physics — more mathematical structure
X € H(H4)

[ee] [ee]
S“p/ (W + iw")Pdo’ = / x(W)]de < +o0.

w">0J —o00 —0o0
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Relaxation time

Ix(t)] < Ce7t/7, ift >0
dr>0:
x(t) =0, if t <0

1
7>0 = x(w)isanalyticin Hy={weC:w">—-h}, h==
-

The space of admissible functions K}

) = (-2

f e H?>(Hp), Hy = {w e C:w" > —h}
f(w
Jm(f(w)) >0ifw’ >0and W’ > —h

e JA>0: f(w) ~ w — 00

w?'



Least squares problem

Theorem. The least squares problem has a unique solution in "
o0
Kh = {f(w) =a+ / L(w, u+ ih)d,u(u)} ,
0

> ud
azo, [THHY o
0 U+1

1 1
q+w+§—7w’ q’>0, q">h

is called the Lorentzian.

L(wv q) =



From KCf to Kj,

Fekh f(w):/ L(w, u+ ih)dpu(u),
0

du(u) = Im(f(u — ih))du € L2(0,4o00) N L1(0, +00)

Lemma. 3¢, C > 0: Vf € K}

> udp(u)
cllfllzo1y < llullv < Cliflliza): Nl —/0

w2 +1°




From KCf to Kj,

Fekh f(w):/ L(w, u+ ih)dpu(u),
0

du(u) = Im(f(u — ih))du € L2(0,4o00) N L1(0, +00)

Lemma. 3¢, C > 0: Vf € K}

> udp(u)
cllfllzo1y < llullv < Cliflliza): Nl —/0

w2 +1°

Proof of Theorem

Minimizing sequence K8 > f, — f in L2(0,1).

fn(W)Z/OOO{L(w,quih)— 2u }dun(u)Jr/OOOQ“dﬂn(“)

u?+1 uz2+1

folw) = f(w)=a+ /000 L(w, u+ ih)du(u) in L3(0,1)
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Extrapolation via least squares works!
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Extrapolation via least squares works?
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Is extrapolation an ill-posed problem?

_ h. Hf_g||L2(O,1) < .
0 ={ () e kb B < e 1Al = 1l

r.g)euce) max(lIf |l llgll)’

Can A, (€) be large?
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Theorem. Iirrz) A,(e) =0, for all w > 1.
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Is extrapolation an ill-posed problem?

_ h. Hf_g||L2(O,1) < .
0 ={ () e kb B < e 1Al = 1l

r.g)euce) max(lIf |l llgll)’
Can A, (€) be large?

Theorem. Iirrz) A,(e) =0, for all w > 1.
e—

What is going on here?



Recasting the problem

. h Hf—gHB(o,l) .
v = {(f’g) SRS a7 Tiel) = }
F(w) - g(w)

Aw €) = sup L 7 ©OXN 70
(=, sup (7] lel)’

p=rf—g
. 21l 2(0,1) } . |p(w)]
U*(e) = H?(H,,) : . A =
(©={o e HE: CE < of - a0 s Tl
Theorem. |im In A4(€) = lim In Au(€)

es0 Ine o Ine



Recasting the problem

Hf—ﬂﬂwn<e}

max([|f], llgll) = )

A= wp )@
(r.e)eu(e) max([[f], llgl)

U(e) = {(f,g) e Kl

b=f—¢g
N PO e (0= sup 9
U()_{¢6H(H). T2l < } A (e) = ¢65Uf e
In A7 (€) In A, (€)

Theorem. |im

cmo Ine o Ine
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Can a well-posed problem be ill-posed?
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Can a well-posed problem be ill-posed?

Theorem. A% (c) ~ ')

exponent v (w)
o o
[} (o]

©
~
:

0.2




Mathematical analysys
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The variational problem

|p(wo)| — max
[l <1

||¢||L2( 11) S €
P(w) = ¢(—w),
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The variational problem

|¢(wo)| — max

[l <1
||¢||L2( 1,1) <e
P(w) = ¢(—w),
Know how to solve
|¢(wo)| — max Re(p(wo)) — max
e < 1 = el <1

9l 2(—1,1) < € [l 2—1,1) < €
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Making objective functional linear

6(09)] = max Re(A6().

Re(Ap(wp)) — max
[¢llm2 <1
[[@ll2(-10) < e
$(w) = ¢(-w),
The restriction operator R : H> — [?(—1,1), K = R*R

o
61y = 0660 (KoY = 5 [ PP
2m(w — z + 2ih)

K(w,z) = is the reproducing kernel of H?(Hy).



Eliminating symmetry constraint

(s0)(e) = A 8)

Key observations

QO SK=KS.

Q@ \p(wo) = A(¢, K(-,wo))

=A(5¢, K(-;wo)) =
(56, AK(-,wo)) = (6, S(AK(-,w

0))) = (¢, pr)
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Eliminating symmetry constraint

(s0)(e) = A 8)

Key observations
QO SK=KS.

Q )\(ﬁ(wg) = )‘((bv K('?“’O))f )‘(5¢7 K('7w0)) =
(qua )‘K('7WO)) = (¢a S()\K(,W()))) = (¢7 P)\)

Symmetry constraint is eliminated:

{?Re(¢, py) — max

(., 0) <1 pa = S(AK(+,wo)).
(Ko, ) <€

(@,p2) = (So, ), N0l = 1156017 + 111 = S)el* = ||Se]%,
(K¢, 0) = (KS¢,5¢) + (K(1 = 5), (1 = S)¢) > (K5S¢, 5¢).
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The method of Lagrange multipliers

m;x{2§Re(¢, p)\) - :U’((z)a ¢) - V(’Cff% ¢)}
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The method of Lagrange multipliers

m;x{2§Re(¢, p)\) - :U’((z)a ¢) - V(’Cff% ¢)}

pr=pup+vKe = ¢=(u+vK) px
I(n+vK) 7 eall? =1,  (K(p+vK) " pa, (u+vK) Tpy) =€

=+ K) 7 eal? v = A(Kn+K) pa, (n+K) o)
(K(n+K)""px 1+ K)pr) _
[[(n +KC)~1py |2

i
= = \UJ =
n="_. V@



The method of Lagrange multipliers

m;x{2§Re(¢, p)\) - :U’((z)a ¢) - V(’Cff% ¢)}

pr=pup+vKe = ¢=(u+vK) px
I(n+vK) 7 eall? =1,  (K(p+vK) " pa, (u+vK) Tpy) =€

=+ K)ol v = 2K+ K)o (n+K) 1)
(K(n+K)""px 1+ K)pr) _
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The method of Lagrange multipliers

m;x{2§Re(¢, p)\) - :U’((z)a ¢) - V(’Cff% ¢)}

pr=pup+vKe = ¢=(u+vK) px
I(n+vK) 7 eall? =1,  (K(p+vK) " pa, (u+vK) Tpy) =€

=+ K)ol v = 2K+ K)o (n+K) 1)
(K(n+K)""px 1+ K)pr) _

i
= = \UJ =
n="_. V@

[CEIORENE
py

(e W@ =€ () ~ e

(;5:5, (62+K)U:p)\.
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Taking both roads at the fork

, (® + K)u = py.

(€ + LK) pall® = [lull?
v? = e 2(IK(2+HK) 7 o, (E4K) THpa) = € 2(Ku u) = €2 |ulli2-1)-

¢ =

u
14

2=
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Taking both roads at the fork

(ﬁ:g, (® + K)u = py.

V2 = (¢ + K)ol = [lull®
V= ( (+K) o (4K) 7o) = €7 (Ku, u) = €2 Jull 21,1
If (Z) = H H then Hng L, H¢HL2(—1,1) =7.

eu
It ¢ = o then [9llz-1y) = [l9] =7
lull2(-1,1)
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Taking both roads at the fork

(ﬁ:g, (® + K)u = py.

V2 = (¢ + K)ol = [lull®
V= ( (+K) o (4K) 7o) = €7 (Ku, u) = €2 Jull 21,1
If (Z) = H H then Hng L, H¢HL2(—1,1) =7.

eu
It ¢ = o then [9llz-1y) = [l9] =7
lull2(-1,1)

Taking both roads at the fork

¢ — min i7 ; u.
lull™ ullz2(-1,1)

Then [[¢]] <1, [[4ll2(-1,1) < e
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Main result

o3 15000 dS(u)(wo)
A9 =5 { 1SOw)l ’||5(Au>||Lz<_1,1)}’

1
where u solves / K(w, x)u(x)dx + €2 u(w) = po(w)

iy

i
2m(w —Z + 2ih)’

K(w,z) = po(w) = K(w, wo).
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Main result

[S(Au)(wo)| el S(Au)(wo)]
IS 1S 21,1y [

1
where u solves / K(w, x)u(x)dx + €2 u(w) = po(w)

iy

i

27m(w — Z + 2ih)’ po(w) = K(w, wo)-

K(w,z) =

Solution by diagonalization

Ken=Mnen, llenlliz=1, un=(u,en)2, mn=(K(-,wo),en)r2
- ‘7""|

oo
Un = 2N\ u(wo) = ; tnen(wo) = e An(€2 + Xp)

Tn

en(wo) = (en, K(+,wo)) = )\i(lCen,IC(-,wo)) = /\i(en,’C(-,wo))Lz =

n n
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Power law from exponential decay

Ap ~ e ", |7r,,\2 =e PP B<a<28.
o (B—a)n
e
u(wo) ~ z‘; 2 teon
f()—iain — 0t 0<b<a<l
/'7 n:0 77+ bn7 77 b )
Fiy =3 —2 =) +gln),  &(0)= —
A + bn ’ a—b>b
(n) X n—p(n)
S pink — pp) _ a
; b nb = b F(n) 1 z; 1+ prpm)
Jn—{p(n)} . In 3

~ —’Y PR 7S =1 n
F(n) ~ F(n) ﬁZan o A A Py S
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Exponential decay of eigenvalues of IC

_ [t uly)dy
(Ku)(x) = 27r/_1x—y+2ih

Displacement structure of the integral operator
MK — KM* = 2L1 ®1,  (Mu)(x) = (x + ih)u(x).
7T

Theorem(Beckermann-Townsend, 2017) If £ has a
displacement structure above then

An(K) < Zy(o(M), 0(M"))

Z,(A, B)—nth Zolotarev (1877) number of disjoint closed set
{A,B} c C.

Theorem(Gonchar, 1969) If A and B are connected compact
continua, then Z,(A, B) ~ p~", where p is the Riemann invariant
of Coo \{AU B}
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Beckerman-Townsend upper bound for K

_ ef27rK(17m)/K(m)

P 9
K —E
K(m)E(x(m)]m)— E(m)F(x(m)m) = 7 x(m) = W
10° = et
. »m** .
’<C 10—20 ..‘x"ﬁ*
10730 *m*

10740
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Mechanism of flexibility: the annulus

Ar=1{p<lz| <1}, p<r<1,T,={lz|=r} r<|zo| <1

Ale) = max_[¢(z0))

H(f)“LZ(rr)SE
191124,y <1

The maximizer is

z (z20)" In |zo|
M(Z _62 'Y( O)Z€2+r2n ’Y(ZO): T .

The maximal relative error is A(e) ~ €7(20)
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Upper bound on ~(wyp) for susceptibility

© Map conformally Co, \ {T UT#} to the standard annulus
A, ={p7Y2 < |z| < p'/?}, where T = [-1,1],
I# = [~1,1] — 2ih-reflection of I with respect to OHj.

V:Co \{TUT#} = A,

V(=11 =p 2 [W(R - ih) =1

@ Use “the mechanism” to build a test function

_ T S (V@)W (wo)" L In (o)l
o(w) = (w + 2ih)? nzjl €+ ,0”0 » lwo) = Ini\/ﬁ0

In [W(wo)|
Inyp

@ Our upper bound is y(wp) < F(wo) =
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Comparison between v(w) and (w)

—w)
0.8 —— conformal ||

exponent
©
(0]

©
~

0.2

If h > 0.7 there is no observable difference between v(w) and F(w).
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