Effective parameters of periodic electromagnetic structures

from spatio-temporal Kramers-Kronig relations
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Objective

Propagation of EM waves
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X
in periodic structures

(no boundaries)

: e(x,y)

modeling for all frequency and wavevector

Effective homogeneous parameter

for the propagation of EM waves

— eft(w, k)

eeff(w, k)
— Nefr(w, k) = V/eesp(w, k)
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Motivation :

composite materials (metamaterials)
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Modeling of unusal effective properties : neg < 1, negg < 0, Loff ---

50 40 80 20 10 0 10 20 30 40 50

50 40 30 20 0 0 10 20 30 40 50

neg < 0

Neg < 1 invisibility carpet

J. Opt. Soc. Am. A 17, 001012 (2000)
Phys. Rev. B 88, 115110 (2013)
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Objective : modeling of propagation of EM waves

A 4

3/34
Propagation of EM waves X B
in periodic structures : ¢(x,y) 4 4
(no boundaries)
Propagation of EM waves is governed by the dispersion law : w(k)
AW now = ck ; Aw 5 ne(w, k) w = ck
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Objective : modeling of the dispersion law

4/34

The dispersion law : w(k)

The effective parameter :

nesi(w, k) w = ck

The dispersion law : folded or developed 7?7
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Analytic structure of the developed dispersion law
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The complex frequency : w — w+ in =w

The complex wavevector

tk—>k+iE=k

Assumption : analyticity of the developed dispersion law

nesi(w, k) w = ck

All the information
nest(w, k) for (w, k) in

—

All the information
nesr(w, k) for all (w, k)
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Main ideas for the modeling of the dispersion law 6/34

€(X,y) \ AW
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dispersion law :
nei(w, k) w = ck o
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— consider the developed dispersion law
— consider complex frequency and wavevector (w, k)
— assume effective parameters neg(w, k) analytic of (w, k)

— use perturbation technique to obtain information in

— use analytic continuation (Kramers-Kronig relations)

to obtain neg(w, k)

«O» «Fr «

it
v
a
it
v
[y

DA



A motivation

An opportunity to investigate

spatial dispersion (w, k)
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Outline of the presentation 8/3

1 Arguments supporting analyticity of neg(w, k)
2 Kramers-Kronig relations extended to (w, k)
3 Perturbation technique

4  Application to the 1D case

5 The imaginary part of the effective permeability
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Outline of the presentation
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1

Arguments supporting analyticity of neg(w, k)
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Analytic property from causality principle

9/34
t
P(x,t) = / ds x(x,t —s) E(x,s)

Analytic property from time causality

X(x,t) =0 in the domain t <0
T
e(x,w), E(x,w), R(w)

analytic in the domain Im(w) > 0
4 Im(w)

> Re(w)
T Related to the Paley-Wiener theorem.
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Analytic property from causality principle

P(x,t) = /too ds /|xy|<ct x(x—y,t—s)E(y,s)

Analytic property from space-time causality
light cone

10/34

—

x(x,t) =0, G(x,t) =0 in the domain t < |x|/c

e(k,w), E(x, k,w)... analytic in the cone Im(w) — c[Im(k)| > 0
t
|x| = ct

Im(w

A

c|Im(k)| =
Im(w)

> X

T Related to the Paley-Wiener theorem.

» Im(k)
«4O0>» «F»r» « >

«E)>»

DA



Analytic property of the dispersion law

Time harmonic Maxwell’s equations

11/34
V x H(x,w) = —iwe(x,w)E(x,w),
V x E(x,w) = iwugH(x,w) .

Periodicity and Bloch decomposition : V — V + ik

[V +ik] x H(x, k,w) = —iwe(x,w)E(x, k,w),
[V + ik] x E(x, k,w) = iwpoH(x, k,w).

The fields E(x,t) can be expressed from the dispersion

law w(k) or k(w) : E(x,t) = [ dwdk exp[ik - x — iwt]E(k, w(k))

space-time causality : analytic if Im(w) — c|Im(k)| > 0

— w(k) or k(w) have analytic properties !

2
1. H. Knérrer and E. Trubovitz, Comment. Math. Helvetici 65, 114-149 (1990).
2. http ://arxiv.org/abs/1807.01658 (Editors V. Ma{rkgl»ap% 1 :I's_=ul><ern_;a>n)
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Analytic property of ne(w, k) 12/34

e The dispersion law w(k) or k(w) has the analytic
property related to the space-time causality

e The effective parameters neg(w, k) are derived from
the dispersion law

Assumption®

: negr(w, k) analytic if Im(w) — c[Im(k)| >0

Consequence (related to the Paley-Wiener theorem) :
o0
negi(w, k) = / dt/ dx expliwt — k - x]Xem(X, t)
0 |x|<ct
— True in 1D*!

! Phys. Rev. B 88, 165104 (2013).
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Outline of the presentation
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2

Kramers-Kronig relations extended to (w, k)
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Kramers-Kronig relations

14/34
e Im[ve(v
e(w) =¢p —l—/ dt expliwt]x(t), o(v) = Im{ve()] >0.
0 ™

use of causality / analyticity : e(w) —eo =X = Oxx=—*%

“Kramers-Kronig relations” for Im(w) > 0

— “representation of Herglotz-Nevanlinna functions”
o(v)
ew)=¢ec0— | dv —"5.
(@) =0 [ dv—

s Q2

Superposition of elementary resonances': e(w) = gy — PR

Simple models for elementary resonances :
— elastically bound electron’

— coupling of EM waves with quantized atom
— any causal and passive system...
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Kramers-Kronig relations with spatial dispersion
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e(w, k) =¢o +/ dt/ dx expliwt — k - x]x(x, t)
0 |x|<ct

introduction of o(v, k)

_ Im[ve(v, k)]

and use of causality
T

Different results depending on x, k € R, R?, R3

1D : we(w, k) — 50]_——/dy/d/<; o) /CV2 K)(k_n)?

2D : wle(w, k) —eg] = Qlc/du/dm I /C(V )

2 (k—r)2Pr2
3D :

: wle(w, k) —eg] = dI/ / dfi =) /(Ezy I{)( R
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Kramers-Kronig relations with spatial dispersion
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“Kramers-Kronig relations” for neg(w, k), x and k € R
i ' o(v, k)
w w,k)—eggl=—— [ d d
[neﬂ( ) ) 50] 7TC/R V/R K(W—IJ)2/C2—(/(—I€)2’
where : I
o(v,k) = Tm{v neti(v, )] >0.
T
" . : 1
Superposition of elementary convolutions with ————
w?/c? —k

Simple model for elementary resonances :
— convolution with the free scalar EM Green’s function
— may be not a coincidence...

— related to a “Herglotz-Nevanlinna representation”
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Numerical check of the Kramers-Kronig relation in 1D 17/34

o, €1/e0 =2 |H =0.8

po,€2/€0 =12 $ £ =0.2

The effective index of a multilayer

25 . 1.0
: <— I:TLeﬁ' )/,/Eou}
(e/e0) 108
(Veleo) =Y ‘
15} i N {06
10} ’l ‘1‘(-;— Im I:TLeﬂ‘(Z)/\/e()’UQ} 104
i\
05} Vo - H0.2
i i ‘l i RN
; \lL ! L I’ [} ! L
0 2 4 6 8 10
w = Re(z)
+ Kramers-Kronig relations; — exact retrieval expression

Phys. Rev. B 88, 165104 (2013) o s ez s
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Outline of the presentation
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3

Perturbation technique
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Perturbation technique
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Kramers-Kronig relations for w and k :
(v, k)
wlneg(w, k) — no(w)] = dV / dr (w—v)2/c2— (k—r)2’

\ AW ’
where %
() — LY ()] /

T 7 !
is attenuation E
in stop bands E negr(w, k)
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Perturbation technique 20/34

Small contrast (perturbation) : stop band width < w,(k)

P p
P
1 n(k) Perturbation
/: technique :
7/ : 2
: wl(k) - wp(k)
| — Q2(k)
' whe(w, k)

N

o
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Perturbation technique
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Kramers-Kronig relations for w and k

dV/d:‘i I;ﬁ)
(w—r)?/c

Small contrast and perturbation technique

wlneg(w, k) = no(w)] =

(k—r)?"

Z5V—w Q2()

Resulting expression

Q2(k)
neg(w, k) — no(w) =~ — P .
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Outline of the presentation
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4  Application to the 1D case
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Application to the 1D case
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Approached expression

neﬁ(w, /() — no(w)
with :

~
~

Q2 (k)
L a £0 —1/2
no(w) = UO dx E(X’w)}
C2
o) = Sty P+
C2
5(k) =

PP/ + K2
(wol)

p2n2 /a2

ap(wp(k)) a—p(wp(k))

0
e(x,w)

exp[i2pmx/al
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Application to the 1D case

Approached expression

24/34
neff(w, k) = no(w) ~

Q3(k)
~=)

w? — wg(k)

2mc 3mc
npa nga

npa

Case without dispersion : w2(k) = [p?n?/a® + k?]c?/n§ —

neft(w, k) as a sum of hydrodynamical model resonances
Q2

E=¢E0—

w? — wg — v2k2
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Application to the 1D case

25/34
Mo, €1/€0 = 2 fi
—_—
po,e2/e0 =22 } £
1.46 15
Re [ner(2)] _ E
1.45 q \% 1.45}
Vie/eo) F’J’ .J J A % f +
(VeTe) [ r f r =
144y 2 4 6 8 10 4 05 1 15 2
o = Re(z)/uwo o = Ro(z)/wo
+ model ; — exact retrieval expression

Y. Liu, PhD thesis, Aix-Marseille university (2013)
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Outline of the presentation
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5

The imaginary part of the effective permeability
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Imaginary part of the permeability 27/34

Kramers-Kronig relations for Im(w) >0
— representation of Herglotz-Nevanlinna functions

Im | VM (v)]
p(w) = po / el
At the nul frequency (static) :
2 [ Imvu(v
p(0) = o+ = | gy )]
™ Jo v
2 (oo 1
Paramagnetic media: p(0) — pg = — / v M > 0.
T Jo v
2 (oo 1
Diamagnetic media: p(0) — pug = — / dv M < 0.
T Jo v

Imaginary part of the permeability : positive or negative ?
«O» <Fr «E>» «=>» = HAQ



Anomalies in the dispersion of effective permeability

28/34

Questions on the sign of the imaginary part of weg(w)'

PHYSICAL REVIEW E 78, 026608 (2008)

Can the imaginary part of permeability be negative?
PHYSICAL REVIEW B 83, 081102(R) (2011)

Restoring the physical meaning of metamaterial constitutive parameters

PHYSICAL REVIEW B 83, 165119 (2011)

Examining the validity of Kramers-Kronig relations for the magnetic permeability
— test with the effective parameters of a 1D system

"The Kramers-Kronig relations are modified for u(w) in the book by Landau

and Lifshitz, Flectrodynamics of continuous media.
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Spatial dispersion and permeability
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Maxwell’s equations in magneto-dielectric media
-V x V x E(x)+we(w)E(x)=0 source free

¥ X EC) o )ER) ( )
— can be written

V x ! V x E(x) Vx[ ! ! ]VXE(XH— e(w)E(x)=0

— — — - we(w =

wito wp(w)  who

and, in a homogeneous medium, V x <— ikx

—inVxE(x)—i—kx :

wito [W_am]kxf(x)+we(w)5(x)=°-

Permittivity ¢(w, k) with spatial dispersion (w, k) defines
permeability p(w) :

1 1
we (w, k)=we w+k><[—]k><
Een(2: 6) of() whet(w)  Who
«O» <Fr «E>» «=>» = HAQ



Effective parameters of a multilayered stack
multilayered stack

30/34
x| ki effective medium
(symmetric) ¥ ki k = (ky, k1)
A
(v, x ) ] ———

geff(w’ k)

The effective permittivity with spatial dispersion (w, k) is
=e

1
we g(w, k) = weer(w, k) + k x [

witeer(w, k) who
where, for Sep(w, k) = ce(w, k), pei(w; K||)

k x

Eett(w, Kk|) = 0 glwk) 0
0 0 fj_(w, k”)
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Effective parameters of a multilayered stack

Four effective parameters

31/34
ef(wk)s  en(w, k) e, k) pa(w, k)
Four parameters in the transfer matrices s and p :
cos [k7P(w, k)]

[Z5P(w, ky)] ™ sin [kP(w, k)]
—Z5P(w, k) sin [K$P(w, k)]

cos [k7P(w, k)]
Exact retrieval method (no approximation) :

wsn(w, k”) = ki(w, kH)/ZP(w, kH)

wuH(w, k”) = ki(w, kH)ZS(w, kH)

1 _ kﬁ(w,k”)ZP(w,kH) - kj_(w, k”)ZS(w,k”)
waj_(w, k”) k||2
1 _ kj_(w, k”)/ZS(w,kH) — ki(w,kH)/Zp(w,kH)
wiy(w, k) k2
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Properties of the effective parameters
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In the domain Im(w) — c[Im(k)| >0

The four effective parameters are (w, kH)—analyticJr :
wey(w, ki), wpy(w, k), _—
1w, k) k) T ")
The absence of Bloch modes! implies

wh i (w, k)~
Imkj_(w, k”) >0

Imkﬁ(w, kH) >0
Im|[we(w,x1 )] — c|Im(k|)| > 0 of the permittivity implies' :
Im[wsu(w, kH)} >0,

Im[w@_(w, k”” >0,
ReZ*(w, k) >0,

ReZP(w, kH) >0.
— No condition on Im[wpy(w, k)] and Im[wp (w, k)]

T Phys. Rev. B 88, 165104 (2013)

£ J. Phys. A : Math. Gen. 33, 006223 (2000)
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The imaginary part of the effective permeability

33/34

Let Im(w) =n > 0 be fixed : from the (w, k|)-analyticity

1 1
/R—Hn lwueﬁ(w’ k) 0]

W
Taking the limit n | 0

1 1
PV / dw -
R [w,ueﬂr(w, kH) w

Ho

_’”l L _11
| est(0, k) '

Ho
Since pesr(0, k) = p

Im/ e ~ PN / m [when(w, Hﬂ _
0 whes(w, k) wpio Jwhest(w, k)|*
witet(w, k) is not a Herglotz function — we

£ (s k) 18 !
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And the (original) system is passive... 34/34

multilayered stack effective medium

e(w, x1) —_— £ glw, k)

The system is passive : Im[we(w, x )] > Im(weg) > 0

The imaginary part of we _g(w, k) is positive :

1 1
Im lwaeﬁ(w, k) + k x ( — ) kx
0

Witeft(w, k) wp

> Im(wep) >0,

while Im[wpeg(w, k)] takes both positive and negative
values since

/00 o Im [wpter(w, kH)]
0

Jwpesr(w, k)|
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Yan Liu, Xidian university (Xi'an, China)

Sébastien Guenneau and Maxence Cassier, Institut Fresnel Marseille

Thank you
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