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Motivation

e Extrapolation of complex electromagnetic permittivity from a given band

of frequencies

e Determination of geometric features of microstructure of a composite
based on measurements of its effective properties

e Recovery of a signal corrupted by a low-pass convolution filter

Real part, h=0.1, L2 error is 0.0067677
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Problem formulation

e I, analytic in ©, is measured on a curve I' C Q (or T" C 99Q) with
relative error € w.r.t. ||Fp

e Goal: quantify the degree to which analytic continuation from I" to € is
possible

e [, F5 analytic continuations matching F' on I' with relative precision e.
How much can they differ at z € Q\I'?

o f=F), — Fyissmall on I'. How large is f at z relative to its global size
on 27
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Reproducing kernel Hilbert spaces (RKHS)

e H Hilbert space of analytic functions in Q; f — f(z) continuous
Vz € Q, then 3 p((, 2) :=p.(() € H s.t.

f(z) = (f,p2)
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Reproducing kernel Hilbert spaces (RKHS)

e H Hilbert space of analytic functions in Q; f — f(z) continuous
Vz € Q, then 3 p((, 2) :=p.(() € H s.t.

f(z) = (f,p2)

olet' @9, introduce K : H — H

KF(C) = /F p(¢,7)f(7)dr]
e 2 € N\L, |Ifllr = Ifllz2r)

| f(2)| — max R(f,p.) — max
[flly <1 <o (f, ) <1

[fllr<e (Kf. f)<é



Theorem 1 (Quantifying stability of analytic continuation in H)
Let z € O\I', f € H with ||f|l% <1 and | f|lr <e, then
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where

M(¢) =u€<c>min{; _}

[[uellz ™ [luellr
and u. € H is the unique solution of

Ku+ ®u = p,




Power law
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Theorem 2 (Power law)

Assume A\, ~ e~ " ey (2)|> ~ e P" with 0 < B < a. Then, the power
law principle holds with exact exponent:

M(z) ~ e




Example H = H*(H,), I' = C(i,7)
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|dea of the proof: convex duality

R(f,pz) — max

(Kf7f)_€2§0

Introduce i, v > 0, consider the Lagrangian
e target < L := target — p cnstr; — v cnstro
’VfLZO — f:fOpt(/%V)

® subs. fopt into constraints, impose equality = eq.’s for iz and v



|dea of the proof: convex duality

R(f,pz) — max

(Kf7f)_€2§0

Introduce i, v > 0, consider the Lagrangian

e target < L := target — p cnstr; — v cnstro

eViL=0 = f= foulu.v)

® subs. fopt into constraints, impose equality = eq.’s for iz and v

This results in

‘f(@!:%(f,pz)szu(z)mm{ L« }

[l [lulie

where Ku + €2u = p,






H=H({p<|(|<1}), T={|¢]=r}
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H=H*({p<|C| <1})

I'={[¢|=r}

hl—"Z’, if r<|z|<1
( Inr
V(2) =
In(|z[/p) .
, If p<|z|<r
In(r/p) .
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