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1. Basic Concepts and Terminology

• K: an oriented link;

Cr(K): the minimum crossing number of K;

L(K): the ropelength of K, namely the minimum length of a unit
thickness rope needed to realize K;

Kc : a realization of K on the cubic lattice;

`(K ): the minimum length over all possible Kc .
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2. The past of L(K): what we knew about it

• (Greg Buck) There is a constant a > 0 such that for any K,
L(K) ≥ a · (Cr(K))3/4. This lower bound is called the three-fourth
power law. More specifically, L(K) ≥ 1.105 · (Cr(K))3/4 (Buck and
Simon).

• (Cantarella et al, Diao and Ernst) The three-fourth power law is
sharp in the sense that it is achievable for infinitely many knots,
that is, there exists a constant a0 > 0 and infinitely many knots
{Kn} such that L(Kn) ≤ a0 · (Cr(Kn))3/4.

• (Diao, Ernst and Thistlethwaite) The three-fourth power law
does not hold as the upper bound of ropelengths in general. In
fact, there exists many families of knots (each containing infinitely
many prime knots) with the property that L(Kn) = O(Cr(Kn)) for
Kn from any of these families.
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2. The past of L(K): what we knew about it

So what kind of knots/links seem to have smaller/larger
ropelengths?

• The ones with smaller ropelengths seem to be highly
non-alternating. The ones known to have larger (linear)
ropelengths are the ones with (large) bridge indices that are
proportional to their crossing numbers.

• Question: what about the alternating knots/links?

• Conjecture (∗): If K is alternating, then L(K) ≥ O(Cr(K)).
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3. The braid index
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3. The braid index

• Every oriented link K can be represented as a closed braid. The
minimum number of strings used in such a representation is called
the braid index of K and denoted by b(K).

• Different assignments of orientations to components of a link can
lead to topologically different links with different braid indices.

• (New result!) ab(K) ≤ L(K) for some constant a > 0! (In fact
a ≥ 1/14).
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4. Now ...
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4. Now ...

Example 1. If K is the (2, 2n) torus link whose components are
assigned opposite orientations then Cr(K) = 2n and b(K) = n + 1
so L(K) > Cr(K)/28.

Example 2. If K is a twist knot with Cr(K) = n ≥ 4 crossings,
then b(K) = (n + 1)/2 if n is odd, and b(K) = n/2 + 1 if n is even
(b(K) > Cr(K)/2 in both cases) hence L(K) > Cr(K)/28 as well.
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5. Future ...

Does this lead to the proof of Conjecture (∗)? Fortunately not ...

The (2, 2n + 1) torus knot has braid index 2, and many other
alternating knots also have bounded braid indices, for which this
approach would not yield anything useful. So there are more left to
do!

This concludes the introductory part of the proof.
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But do not worry, I am not going to give the proof here ...

Just to give you some idea on why this result is not that obvious:

• Theorem (Yamada) b(K) equals the minimum number of Seifert
circles over all possible projections of K.
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So if a lattice length minimizer Kc is such that `(Kc) ≥ s(Kc)
where s(Kc) is the number of Seifert circles in a projection of Kc ,
then the result would follow trivially since s(Kc) ≥ b(K).
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