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. Let K € R" be measurable. Then

1
VOI(K)% < (HVOln—l(K|e%)> :
i=1

Equality holds e.g. for the box K = [a1, b1] X - -+ X [an, bn].
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> . Let K € R" be measurable. Then

1
VOI(K)% < (HVOln—l(K|e%—)> :
i=1

Equality holds e.g. for the box K = [a1, b1] X - -+ X [an, bn].

> Or, equivalently

G(K)

1
< (H G<K|e%>) ,
i=1

where G(K) = #(K n Z") denotes the lattice point
enumerator ( ).
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Let K < R" be a convex body. Then

1

1
o I'n n n
vol (K) - =L (Hvol,,l(Km e%)) ,
n

i=1

and equality holds iff K = conv {—aje;, bje; : 1 < i < n}.
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Let K < R" be a convex body. Then

1

- 1n (2 "
VO](K> "1 = ! (HVO] nfl(K N e%)) )
n

i=1

and equality holds iff K = conv {—aje;, bje; : 1 < i < n}.

e Does there exist a discrete analog of Meyer's inequality?
- For n =2 it holds

2

G(K)} > % (HG(K = e,.l)> ,

and it is best possible: conv {+e;, + me>}, me N.
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A discrete Meyer inequality for n > 3

» For n > 3: Nol!




A discrete Meyer inequality for n > 3

» For n > 3: No!

» Let S = conv{0,e;,me,,e1 + mez}, me N. Then
G(S)=2(m+1)and G(Sne;)=>m+1,1<i<n,and so

T < 2(m ar 1)71/n —m 0.

3|

[T G(Sn eiL)
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A discrete Meyer inequality for n > 3

» For n > 3: Nol
» Let S = conv{0,e;,me,,e1 + mez}, me N. Then
G(S)=2(m+1)and G(Snef)>m+1,1<i<n,andso

n—1

G(S) =
[T G(Sn eiL)

r<2(m+1)7Y" 0.

» So we have to assume K = — K.
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» For the class of o-symmetric convex bodies K] let

c(n) = inf{ Cl i Ke ICZ}.
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» For the class of o-symmetric convex bodies K] let
n—1
K) »
c(n) = inf GK) - KeKkl;.
[T, G(K nei)n

> c(2) = 3712 and
c(n) < (A /n.

> In general

c(n) <3

> For if, let K = conv {[-1,1]"" x {0} U {+me,}}. Then
» G(K)=3""1+2m,
> G(Kme,,) =31
»G(Knef)=3"2+2m, 1<i<n-1
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» For the class of o-symmetric convex bodies K] let
n—1
K) »
c(n) = inf GK) - KeKkl;.
[T, G(K nei)n

> c(2) = 3712 and
c(n) < (A /n.

> In general

c(n) <3

> For if, let K = conv {[-1,1]"" x {0} U {+me,}}. Then
> G(K )—3" tt2m,
> G(Kme,,)—3" !
> G(K nei)=3" 2Jr2m 1<i<n-—1.

@ lyom) -
[T, G(K nel)s 3% (302 4+ 2m)™ '
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> Frever, H. c(n) = 4=(n*e(M) and for the class of unconditional
bodies c(n) = 37".



Some details

» Discrete John-type theorem.
For K € K7 there exists a Z"-basis A and
b e RZ, such that for
P(A,b) = {Az:z€eZ",|zj| < bj,1 < i < n} holds

P(A,b) = K nZ" < P(A,n°(nnp).
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Some details

Discrete John-type theorem.

For K € K7 there exists a Z"-basis A and
b e RZ, such that for
P(A,b) ={Az:z€e€Z",|z| < b;,1 < i < n} holds

P(A,b) = K nZ" < P(A,n°(nnp).

In particular,

ﬁ(2[b,-] +1) < G(K) < nOUnmn : (2|bi] + 1).
i=1 i=1
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Some details

» Let me N. Then G(mK) < (2m)"G(K).




Some details

» Let me N. Then G(mK) < (2m)"G(K).
> Let teR" and K € K. Then G(t + K) < 2"G(K) and the
inequality is best possible.
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Some details

» Let me N. Then G(mK) < (2m)"G(K).
> Let teR" and K € K. Then G(t + K) < 2"G(K) and the
inequality is best possible.
> Hence

G(mK) = >, #(mKn(s+mZ)
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Some details
» Let Ki = K nei, and P(A,b) € K, n Z" = P(A,n°(n"p).



Some details
» Let Ki = K nei, and P(A,b) € K, n Z" = P(A,n°(n"p).
> Let aj = Aej¢ ef, 1<j<n—1 Then

G(Kj + {—|bjlaj....,|bjla;})
G2 K)

G(Kj) (2lb] + 1)
G(Kj) (2[bj] +1).

\%

9/ 16



Some details
> Let Ki = K nef, and P(A,b) € K, 0 Z" = P(A,n°In"b).
> Let aj = Aej¢ ef, 1<j<n—1 Then

G(Kj + {—|bjlaj. ..., |bjlaj}) = G(K)) (2[b;] + 1)
G(2K) > G(K;) (2|bj] +1
Hence,
n—1 nil n—1 nil
G(K) = 47 "G(2K) = 47" (1—[ G(K,)) ( (2] b;] + 1))
Jj=1 Jj=1
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Reverse Inequalities

» Reverse Loomis-Whitney inequality:



Reverse Inequalities

» Reverse Loomis-Whitney inequality:

> For any convex body K
there exists an orthogonal basis uy, ..., u, such that

n

VO](K)":l . ((227;’))’1 (ilivolnl(fﬂu;l))

10 / 16



Reverse Inequalities

» Reverse Loomis-Whitney inequality:

> For any convex body K
there exists an orthogonal basis uy, ..., u, such that
a1 (2:) : 1 !
vol(K) 7 > )7 (Hvolnl(KM, ))
> . Optimal order is n="/2,
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Reverse Inequalities

» Reverse Loomis-Whitney inequality:

> For any convex body K
there exists an orthogonal basis uy, ..., u, such that

n

VO](K)":l . ((227:))” (ilivolnl(mu;l))

> . Optimal order is n="/2,
» Discrete Reverse Loomis-Whitney inequality?

> Let K € K, dim K n Z" = n. Then there exist
linearly independent v; € K nZ", 1 < i < n, such that

n

G(K)T =c" (H #(K|vi n Z“|v%>>
i=1
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Reverse Inequalities

» Reverse Meyer inequality:

> For any K € K7 there exists an

orthogonal basis uy, ..., u, such that

vol (K)" 7 < (n—1)! (H vol p_1(K u,.i)>

i=1

1
n
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Reverse Inequalities

» Reverse Meyer inequality:

> For any K € K7 there exists an

orthogonal basis uy, ..., u, such that

vol (K)" 7 < (n—1)! (ﬁvolnl(K A u,.i)>

i=1

1
n

. Optimal order is ~ L,
(maximal isotropic constant) for all centered convex bodies.
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Reverse Inequalities

» Reverse Meyer inequality:

> For any K € K7 there exists an

orthogonal basis uy, ..., u, such that

vol (K)" 7 < (n—1)! (ﬁvolnl(K A u,.i)>

i=1

1
n

. Optimal order is ~ L,
(maximal isotropic constant) for all centered convex bodies.

» Discrete Reverse Meyer inequality:

For any K € K there exist a Z"-basis ay, ..., a,

>

such that

n

G(K)5 <200 (H G(K n a%))
i=1
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» Ingredient of the proof:
Discrete Brunn theorem: Let K € K2 and let L be a
k-dimensional linear lattice subspace. Then for t € R"

GKn(L+t) <2*G(K L)

and the inequality is best possible.
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» Ingredient of the proof:
Discrete Brunn theorem: Let K € K2 and let L be a
k-dimensional linear lattice subspace. Then for t € R"

GKn(L+t) <2*G(K L)

and the inequality is best possible.
- Let K = conv {£([0,1]" x {1})} and L = mj’:kﬂejl. Then
GKn(e,+L)=2xTand G(KnL)=1.
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G(K)"" <20 (H G(K n a,.i))




» inhomogeneous version:

G(K)" < O(n?/?) (H max{G(K n (ai +1t)): te R”})n.

i=1
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‘e Let Lyz(k,n) be the set of linear lattice subspaces, and
Az(k, n) be the set of affine lattice subspaces
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‘e Let Lz(k, n) be the set of linear lattice subspaces, and
Az(k, n) be the set of affine lattice subspaces

> KeKJ.

G(K) < (max{G(KnL):Le Lz(1,n)}+1)"—2"+1
1 4

G(K)» < 3 max{G(K nL): Le Lz(1,n)}

1
n

G(K)» < max{G(K n A): Ae Az(1,n)}.

All bounds are tight.
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» Alexander, H., Zvavitch, 2015. K € KJ.

i
n

G(K)

<O)"n"" "max{G(KnL):Le Lz(m,n)}




» Alexander, H., Zvavitch, 2015. K € KJ.

i
n

G(K)» <01)"n" ™max{G(KnL):Le Lz(m,n)}

> Freyer, H.

m

G(K)" < nP=m max{G(K n A) : Ae Az(m, n)}



KeKJ.

i
n

G(K)n <0O(1)"n"""max{G(K nL):Le Lyz(m,n)}

m

G(K)" < nPm max{G(K n A) : Ae Az(m, n)}

0 e int K.

i
n

vol (K)n < O(m)("=™/2 max{vol m(K n H) : He Lg(m, n)}.
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Thank you for your attention!
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