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Synopsis

e Wavelet Compression of [Matrix Representations of| Pseudodifferential Operators
leveraged for Optimal Numerical Covariance Matrix Tapering, Estimation, Kriging

e Multilevel MC Covariance Estimation from Samples of GRF Z
e Multilevel MC Path Simulation of GRF Z

e Multilevel Kriging Algorithm

e Optimal (linear) complexities of these algorithms
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Gaussian Random Fields (GRFs) on Manifolds M
e M closed, bounded orientable Riemannian Manifold, n = dim(M), OM = @.
o (), F,P) probability space, (M, B(M)) Borel sets
® (Z(x))rem family of F-measurable R-valued RVs:
V {z1,,...,em} CM: (Z(x1),...,2(x,))" € R™ centered Gaussian
Z MxQ—=R HABM)®F — measurable.

e sPDE:
AZ =W on M.

W white noise on L*(M): L?(M)-valued, weak random var. with
LX(M) 3 o o Elexp(ile, W)izian] = ep(—3 el ng) -
A € OPS] (M) elliptic, s.a., order # > n/2 “coloring’ operator
e Z centered, Covariance Operator C : L?*(M) — L*(M) given by
(Cv,w)r2m) = E[(Z,0) 1200y (2, w) 12000 Vo, 0 € LAM).
o W€ H?>5(M) (P-as.) for any & > 0 implies
Z e H' (M), forevery s<7—n/2 (P-as.),



Sample paths of GRF Z on sphere M = §°

Figure 1: Four realizations of a Gaussian random field on S? for the Matérn covariance k; /2 with respect to the geodesic distance.

e forany ¢ € (0,00),0 < s <7 —mn/2,
E[|Z2]1%sn0)] < oo

Whittle-Matérn models:

A= (L+ )7, with £ € OPS] ((M) for some 3,7 > 0.

K € C®(M): local correlation scale of GRF Z. A € OPS] ((M) with 7 = 35 > 0.
No stationarity, isotropy, ... (no circulant embedding, etc for fast simulation ).
Example: £ = —V - a(z)Vy € OPSE (M) implies A € OPS%%(M)



Covariance and Precision Operator

Assumption:

1. M smooth, closed, bounded and connected orientable Riemannian manifold of dimension n.

2. A€ OPS]((M) for some 7 > n/2, self-adjoint and positive: ex. a_ > 0 such that
Ywe H2(M):  (Aw,w) > a[wl3ess py
Proposition:
Let # > n/2 and M and A € OPS] (M) satisfy Assumption . Then:

1. Covariance Operator C of GRF Z is
C=A7€O0PS(M).

For every s € R, C: H*(M) — H*"™"(M) is an isomorphism.
2. C self-adjoint, (strictly) positive definite and compact on L?(M), trace-class.

3. Precision operator P of GRF Z is
P = A* € OPSY({(M)

For every s € R, P: H¥(M) — H*%"(M) isomorphism.

4. P = A? self-adjoint, positive definite, unbounded on Lz(./\/l), spectrum discrete, accumulates only at oo.



Multiresolution Analysis on M

Multiresolution (“wavelet”) Analysis (MRAs):

80/90ies: Signal processing (R. Coifman, |. Daubecies, Y. Meyer), Operator Equations (Y. Meyer)
90/00ies: Finite Elements, Integral Operators (W. Dahmen, R. Schneider, R. Stevenson)

Here: Use MRAs on M to optimally precondition and compress C and P

e {V,};~j, nested, linear subspaces V; C V; ;1 C ... C L*(M).

o {V;},-;, has regularity v > 0 and (approximation) order d € N if
y=sup{s € R:V; C H'(M)Vj > jo},
d= sup{s €R: inf [lv—vjflp2om S 27% 0] s () Yo € HY (M) Vj > jo}.

v;EV;
o {V;}~j, H"/?>(M)-conforming, i.e.,
v > max{0,r/2} for some fixed order r € R.
o dim(V) = O@),
Vi >jo: Vi=span®;, where ®;:={p;r: k€ A;} (Single Scale Basis).
e Dual single-scale bases defined by the biorthogonality relation

Vi>go: @ = {@n: ke A}, with (o @w) = 0w Yk K €A



Multiresolution Analysis on M
e Projector Q; : L*(M) — V;:

Vo e LAM): Qui= Y (v, e
/{ZEA]'

e Biorthogonal Complement Basis: set V; := A1\ A;.
\Ilj = {¢j,k5 k€ V]} and \A:[}j = {Jj,k k€ Vj}, 7> 90,
e biorthogonality relation:

I, ifj=7and k=K,

0, otherwise,

(Vi i) = 00in) (it i) = {

e Local, isotropic supports: diam(suppv;z) =277, j > jo,
e Biorthogonality:
Vi>jo: Vin=W;eV;, Via=W;eV, V,LW, VLW,
Convention W, := V41, /ij = XN/jOH, and W, =®, 4, \TIjO = Ci>j0+1.
e Biorthogonal W, ¥ wavelet bases (primal, resp. dual, multiresolution analysis (MRAs)).

v=|Jv, @=|]u,

J>J0 J=7J0



Multiresolution Analysis on M
e Equivalent, bi-infinite Matrix Representations of C and P:
C=C(¥)(¥)c RN and P =7PP)(¥)c RN
e Vanishing Moment Property: (— Covariance operator compression)

(v, ¢]k:>| S g~ ild+n/2) SuP|a|=07,x€supp(¢j7k) 0%0(@)] V(i k) €T = 10j,k): 7 = Jo, k € Vj}’

e Norm Equivalences: (— optimal diagonal preconditioning) ¥, W Riesz bases in scale H'(M)

o2 = DD 22w, i), tE (—7,7),

j>jo keV;

||UH§{t(M) = Z Z 22jt|<va¢j,k>‘2a te(=7.7).

J>jo keV;

e Index Set: J = {(j, k) : j > jo,k € V,}, j-scale parameter, k localization parameter



Covariance and Precision Operator Preconditioning

Diagonal scaling matrix:
D’ = diaug(QSM| A€ j), s € R.

Theorem [Optimal Covariance and Precision Matrix Preconditioning]

f M and A € OPS] (M) satisfy Assumption and 5 >, v > 0, then

(C1) C = C(¥)(P) self-adjoint, positive, compact operator on £?(.7):
Ex. 0 < ¢ < ¢, < oo such that ¢(D"CD") C [c_, c;] and condy(D"CD") ~ 1,

(C2) for every A C J with p = #(A) < 00, Cp ={Cy v : A, N € A} € RP*P is SPD and
o(D\C,\D)) C [c_, ¢y, A={Diy: AN €A} e R
(P1) P = P(¥) (W) self-adjoint, positive, unbounded operator on £2(.7).
Ex. 0 < c_ < ¢y < oo such that o(D"PD™) C [c_, c,] and condy(D"PD ™) ~ 1,
(P2) for every A C J with p = #(A) < 0o, Py is SPD and o(D"P,D") C [c_, c4].

Remark: A: “tapering pattern”, p = #(A\) < oo number of “graphical” parameters.



Compression Estimates

Proposition [CZ Estimates|
o if Be OPS{)O(M), mutually biorthogonal MRAs ¥ \Tl with 1+ 7 4+ 2d > 0 in local coordinates on M,
e and M fulfills Assumption,

then, with the supports

Sk = conv hull(supp(1;x)) C M, S’y = singsupp(¢;r) C M,
bi-infinite matrix B = B(¥)(¥) € RYN has entries which admit, uniformly in j € N:

(i) V(4. k), (", k') € T st. Sj NSy = I, we have
|<B¢j/’k/, Vip)| S 2—(j+j’)(5+n/2) dist(S; 1, Sj/’k/)—(n+r+2c7)’
(i) V(j, k), (5, k') € T st. dist(S,, Sy ) 2277, we have
[(Bjrws i) | + (B V)| S 0291 (d+n/2) dist (S ., Sj/,;{;/)_(”@.

Apply for B € {A, AL C, P}.



Compression Estimates

Definition [Tapering Strategy]

A-priori matrix compression: block truncation (or “tapering”) parameters {7']/.].,, T o < 3,5 < J}

2

0 dist(Sy, Sy) > Tjj! and 7, 7" > Jo,

0 dist(Sy, Sy) < 2~ min{id} and dist(S4, Sy) > T]{j/ if 7' > 3> o,
and dist(S)y, ;,) > le'j’ if 7> 7> jo,

\ <B”¢)\/, ¢A> otherwise.

[Blg)])\)\/ =

Here, with fixed, real-valued constants
a,a’ > 1 sufficiently largeand d < d' < d+ r

- bt . m /
Truncation ("Tapering”) Parameters 7, and i

= amax {2— win{j.f'} 9l2J(d/~r/2)~(j+ ) (d"+d)}/ (2 +r) }

JJ )

T;j/ — o' max {Q—maX{jaj’}7 2[2J(d/—r/2)_(j+j,)d,—max{j,j’}g]/(g[_H,)} |

B,: Operator corresponding to tapered matrix B = B, (W)(W¥).



Numerical Illustration (Matérn Covariance, n = 1)

M boundary of domain D C R? given by the 27-periodic, analytic parametrization

v (0.2 M=0D, le)=ale) [,

where
|0
g(p) =ay+ 100 ;(@_k sin(ky) + ag cos(/fgo))
finite Fourier series with the following coefficients:

a_5 = 2.2, a_y4 = 0.56, x_3 = 0.14, a_9 = 1.1, [ 1.4, Qp = 50,
a5 = 0.89, oy = —1.5, a3 — —1.2, a9 = —1.5, o] = —0.57.

Covariance kernels: Matérn family

21—u0.2

T

(V22) K, (Vars),

with 02 = 1, as a product of an exponential and a polynomial for v = ¢ — 1/2 with ¢ € N.

by a2) = exp(—%), kaja() = (1 + g) exp<—%), s a(2) = (1 + ?w %f) exp(—%),

z = ||z —yl|y for z,y € I', £ > 0 spatial correlation legth.



Numerical [llustration (Matérn Covariance, n = 1)
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Figure 2: A-priori compression pattern for p = 4096 wavelets in case of the Matérn covariance kernel k; > and ¥ (left) and in case of the Matérn
covariance kernel k3, and W2 (right). In the left and right matrix, only 5.0 % and 6.8 % of the matrix coefficients are relevant, respectively.



Covariance and Precision Operator Compression

Theorem [Covariance Matrix Compression |

e Mand A € OPS] (M) satisfy Assumption for some 7 > n/2, n = dim(M).
e ¥ MRA, Norm equivalences with 7 > 7 and v > 0.

e C = A? covariance operator of GRF Z, tapered covariance matrix by C,
and covariance tapering parameters {;;:(C), 7;,(C) : jo < j, j' < J}, with —27 in place of r.

Then, ex. ¢y > 0 s.t. for every ¢ € (0,¢y), ex. a,a’ > 0 independent of p(.J) with:
(i) For every J > jo, tapered matrix C; ;) is SPD.
(ii) Diag. Precond. renders C; () uniformly well-conditioned:

EIO < E_ S E+ < oo s.t. VJ 2 j(] . O'(D;(J)C;(J)D;(J)) C [E_,E+].

(iii) {C;; }s=j, optimally sparse: as J — oo, #mnz(C; ;) is O(p(J)).

(iv) {C;( J)} 7>j, optimally consistent:

V.J > jo,v € H (M),w € H' (M) [((C—C)Quw, Q)| < 2" Dwl gruny 10l o gy



Covariance and Precision Operator Compression

Theorem [Precision Matrix Compression |
e M, A € OPS] (M) satisfy Assumption, for some 7 > n/2.

e Y MRA with~ > rand v > 0.
P = A? precision operator of GRF Z, tapered precision matrix Py
tapering parameters {7;;(P),7,,(P) : jo < j,j' < J}, with 27 in place of r.
Then, exists ¢y > 0 such that, for every ¢ € (0, ¢y), ex a,a’ > 0 independent of p(.J), such that
(i) For every J > jo, tapered matrix P ; is SPD.

(ii) Diagonal preconditioning renders P, ;) uniformly well-conditioned: ex. 0 < ¢- < ¢; < oo such
that

A

(iii) {P} s} >, optimally sparse: as J — oo, #unz(P, ;) = O(p(J)).
(iv) Py ()(¥) =P ;. Assume 7 < ¢,¢' < d < d + 27. Then

VJ > jo,v € H' (M), w € H(M) : |<(73 - P;(J)>QJM,QJU>‘ < 52‘](%4_#)||w||HL‘(M)||UHHt’(M)-



Covariance and Precision Operator Compression

k12

p J |single-scale |nnz  ¥®Y [nnz ®ZY [nnz ©EY
32 5 2.6-103 100 2.4-10% || 100 1.8-10* | 100 6.6 10?
64 6 1.1-10% 80 2.7-10%| 8 1.9-10%>| 98 6.7-10?
128 7 4.5-104 60 3.1-10%| 65 1.9-10°| 71 6.8-10?
256 8 1.9-10° 40 3.4-10%| 42 1.9-10*| 48 6.8-10?
512 9 7.6-10° 25 37-10%| 26 19-10*| 30 6.8-10?
1024 10 3.1-108 16 3.9-10%| 16 19-10?| 18 6.8-10?
2048 11 1.2-107 94 4.0-10*] 9.0 19-10*| 10 6.8-10?
4096 12 5.0 - 107 50 4.2-10*| 5.0 1.9-10*| 5.7 6.8-10?

Table 1: Condition numbers and compression rates in case of the Matérn covariance kernel k; /,. The compression rates validate the asymptotically
linear behaviour. The condition numbers stay bounded for ¥(26 and ¥?#, whereas for ¥(>% a slight increase is observed.

k32
p J |single-scale | nnz ¥®Y [lnnz ®3Y [nnz @E0
32 5 3.2-10° 100 2.3-10% || 100 1.9-10* | 100 1.9-10*
64 6 5.8 -10° 91 3.3-10% | 98 23-10*| 100 2.0-10
128 7 1.1-108 69 49-10 | 75 25-10*| 79 2.0-10*
256 8 1.9-10° 48 69-10° | 51 26-10*| 55 2.0-10%
512 9 3.3-10% 31 1.0-10* || 33 26-10*| 36 2.0-10
1024 10| 5.4-10" 19 1.3-10*| 20 2.7-10*| 21 2.0-10%
2048 11| 8.8-10% 11 1.8-10*| 12 2.7-10*| 12 2.1-10%
4096 12 1.4-10 6.7 25-10* || 6.8 28-10*| 7.0 2.8-10%

Table 2: Condition numbers and compression rates in case of the Matérn covariance kernel k3/,. The numerical compression rates validate the
asymptotically linear behaviour. The numerical condition numbers stay bounded for ¥*% and ¥*19 whereas for ¥ a slight increase is
observed.



Wrap-Up A

e GRFs Z indexed by smooth, Riemannian manifold M represented in pair of biorthogonal MRAs
(¥, W) as

Z = Z<Z,¢)\>7E)\ — ;&EZW
AT

e optimal (diagonal) preconditioning of (finite p x p) sections of C and P,

e optimally (O(p)) sparse tapering of C and P for any A € OP S j(M):
#unz(C,) = O(p), #unz(P,) = O(p).
e Naturally allows multilevel path-simulation of GRF Z,

e No group invariances (stationarity / isotropy etc.) required.



Multilevel Path Simulation of GRF Z

Z= (Z)h=) > (20 < Az=w

reJ J=Jo0 |[N=7
where

~ ~ o~ —_ ~ o~

A=AW)(T), Z=(Z,90), w=W,1), w~NOM), M=IdPT)(P)
€ seqn. of i.i.d N(0, 1) RVs. Then
w2 VM¢ and ZLAWME Z~NO,C), C=A"MA"

Problem: often C = C(¥)(¥) available (e.g. estimation from samples of G P, or from explicit covari-
ance kernel k: M x M — R, k(z,2") .= E|Z(x)Z(2)]), butnot A, A,!



Multilevel Path Simulation of GRF Z
How to numerically sample Z at cost O(p) / realization?

R,=D/C,D  c R”* R :=D;CD) € R",

p—p D

& .__ T e r —7 5 ~E ~ £
z, =D, /DIC:DI &, = D" /R &, z, ~ N(0,C)).
o(R,),c(R;) C [c_,ci]fore € (0, &) sufficiently small.
[Hale, Higham, and Trefethen]: Computing A®, log(A), and related matrix functions by contour integrals, SINUM 46 (2008) |—

_ 2E\/c_ _ . " dn <tk|1—/\_1) - _1
VR, &~ Sk = K sz (tk\l—A_l) (R +wk1) :

k= 1

sn, cn and dn: Jacobian elliptic functions, F complete elliptic integral of 2nd kind, parameter 7', 52 :=

cy/c,

o sn (1= ag) - (k-3)E
Wk ._\/Cicn(tk‘l—/}\f}-_{l) and ¢ = K kel{l,... K}

Computable Approximation in work O(p)/ realization (at any level of spatial resolution!):

Zy ;= ;szgp, ° % ~ N(0, D‘TS D—T)



Example [Matérn-like GRF on S?]

Sphere
P J | nnz(C,) | cpu(Cy) | nnz(L,) | cpu(Ly) | cpu(sample)
6144 5 4.70 18 10.3 0.65 0.0017
24576 6 1.22 113 4.43 5.1 0.015
98304 7 0.43 692 1.68 26 0.096
393216 8 0.12 4108 0.59 151 0.46
1572864 9 0.03 23374 0.20 865 2.7

Table 3: Compression rates and computing times in case of the Matérn covariance kernel k;/, on the sphere. Once Cholesky decomposition has
been computed, each sample generated in O(N).

Figure 3: Four realizations of a Gaussian random field on S? for the Matérn covariance k; /2 with respect to the geodesic distance.



Multi-Level Monte-Carlo Covariance Estimation

For J > jy, define the MLMC estimator by

J
C ~ EJ(CE X Z EM ! Cglobal(] ] ))

J.3"=Jo

Monte Carlo estimator £y, (C,,,,,(, j')) realized by M; ;s i.i.d. samples of coefficient vector z at levels

JsJ's y
e/ ¢ - > 1 ]J/ ~ s N~ 7 NT\E
C,(j.J") = B, ,(C°(5,5")) := (Zi()zi(5")")
M; i—1
Sample Numbers:
J
Mj,j’ = Mmax{j,j’}a where Mj = Z Mj/
J'=j
Proposition:
oy NG BICIQ Q)
u€ HH(MM\{0} ve 5t (M)\ {0} HUHHf HUHHt’ M) 12(Q)

J

20 ! ,
—j(min{tt'}+5) 2
< TS 2 /—]\72 ! 121 a5 (nm -
J

J=J0



Multi-Level Monte-Carlo Covariance Estimation

Theorem [MLMC Covariance Estimation |
Let Assumption hold, and assume oy € [a, 27 +t + t'] for o < 7 — n/2 + min{t, t'}.
Choose sample numbers

(9200, if 20 > n,
M, = {1\7}02—‘7@“)2/3], G=dot 1. d, M= {2002 if 20 = n,

2J(2a0+2n/3—4a/3)7 if 2a0 < n.
\

Then

N [ 1L LY Tl | IO
ueH MM\ ver? oy It [0l e g 12(9)
can be achieved with computational cost
rO(s_Q) if 2a > n,

work = ¢ O(e7?|log(e™1)|) if 2a = n,
O(e~/a=20=a/e0))) if 20y < .

\



p J | M, (?-error

8 3 [51200|1.1-107% —
16 4 | 25600 | 5.4-1072 (2.1)
32 5 |12800 | 49-102 (1.1)
64 6 | 6400 | 29-1072 (1.7)
128 7| 3200 [1.9-1072 (1.5)
256 8 | 1600 | 1.3-1072 (1.4)
512 9| 800 |1.1-102 (1.3)
1024 10| 400 |85-107 (1.2)
2048 11| 200 |5.3-1072 (1.6)
4096 12| 100 | 29107 (1.3)

Table 4: MLMC Covariance estimation.
Sample sizes M, accuracy of MLMC covariance estimation,

M; =100, M; = M;27~3 shown here for J = 12.
Error in operator norm w.r.to (densely populated) truth covariance matrix C, in wavelet coordinates.



Multi-Level Monte-Carlo Covariance Estimation

Figure 4: Truth covariance matrix (left) in wavelet representation and its multilevel Monte Carlo estimation (right) for p = 512 parameters.
Spatial dimension n = 1, Matérn-covariance kernel %, ,, spatial correlation length ¢ = 1, wavelet P (2.6),



Spatial Prediction: Sparse Approximate Kriging
Assume:

e Z observed at K distinct, known spatial locations {z;}X, C M

e observations subject to i.i.d. centered Gaussian measurement noise:

yi = Z(x;) +ni, i=1,..., K, n; ~ N(0,0%) 1iid.

Goal:
e predict Z at an unobserved location x, € M (or several locations), conditioned on observations
{yi fir
e i.e. calculate posterior mean E[Z(x,)|y1, . .., yx].
Issues:

e computationally challenging: assuming finite spatial resolution of O(2~”/) with parameter dimen-
sion p ~ 27" for approximating Z, direct solve: cubic either in K or in p or in both.

Our Contribution:

e compressed approximate numerical kriging estimator consistent with approximation error of Z,
with work O((K log(p) + p)o~'log(6~to%)), where

N = #(pccg-steps) > o 'log(6 'o™?).



Spatial Prediction: Sparse Approximate Kriging
Multilevel Compression for Kriging:
e abstract setting: linear functionals ¢, . . ., gx, and model

y =Gz +n,
h = T rand di isy ob '
wherey = (y1,...,yx) random vector corresponding to noisy observations,
K . . . L 0
o G ¢ R**? observation matrix, entries G;; v == (g, ¥jx),
e 7, 1 centered multivariate Gaussian random vectors with covariance matrices

C, € R”? o1 € R"*" respectively.

e Assume: g; local averages at z; € M.

e Joint distribution of z and y given by

z \ 0 C, C,G'
y 0/)'\GC, GC,G" +7°1) )"

e Law of posterior z|y again Gaussian,

e Kriging Predictor given by posterior mean:

pzy = C,G' (GC,G' + 021)_1 y, py, =C,G' (GC,G' + 021)_1 y



Spatial Prediction: Sparse Approximate Kriging

| ——

Figure 5: Sparse factorization of the approximate kriging matrix GC5G ' = GV;T;_) G T el

Theorem [Kriging Predictor with N steps of pccg]

The computational cost of NV steps of pccg with € wavelet compression and with diagonal precondi-
tioning for p,;l]yv to achieve a consistency error § € (0, 1)

£ NI
pzy — Hsly I, =00
is O((K log(p) + p)otlog(6~to7%)), where

N > o tlog(6 o).



Wrap-Up B: Conclusions
e Fast Numerical Methods for GRFs Z indexed by compact M,

e Multi-level numerical Sampling, Covariance Estimation, Kriging at linear in p cost,
e at consistency afforded by path-regularity and suitable MRA.

e No stationarity (or other group invariances) of Z on M required.

e Multi-Level Methods for UQ in PDEs with GRF input.

Open Problems

e O M # &: Boundary Singularities of GRF and of covariance (w. Melenk, Faustmann)
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