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I.N-Topos-es-f.toén - Veztosi , Rezk, Lurie]

An atropos is an a- category of st .

there is an adjunction of the form
a- cat. of

☒
É p(c) • - groupoid⇒ ←

where lil P(c) = Fun Ki? J) is the

a- category of presheaves (of spaces)
* is a

left exact on a small • - category C
accessible
localization Iii ) the left adjoint f- preserves Guile limits

of PK) Ciii ) the right adjautg is fully faithful and
accessible (preserves K- filtered Colinits for some K)



Examplesofao-Topooes@PK1forasmallao-categoyCe.g
.
* = PCO)

,

I =P (1)

② for top. space ✗ : Shvcx) c- PIOCX)) :

F : OIXJP- I st . for open coves U= Ui Ui :

Flu) = holim (IFNI) Is 1¥ Fluinu;) - - - - )
e.g . Shu (e) a * ,

Shu (•) = 5

③ for any 1-topos T : Ta E PCTP)



④ for any a-topos * ,

small a- category C :

Fun (C
,
*) is an a-topos

⑤ if C has pushout and terminal object
excisive

functors → Exc (C, *) c- Fink,*)
is an a-topos : inclusion has

,
left adjoint P,

left exact (preserves fnilelim)

⑥ fer o - topos Jt : the tangent bundle

1-(A) = Exc ( Jin,* , *)
is an a- topos .

e.g. T(5) = {parametrized spectra}



Geometicvs.Algebraicperspectves-IAnel-Joy.at]
An ao -topos is :

① an a- category with similar properties to 5
the a- category of a- groupoid (Giraud

axioms)
ALGEBR!

② a generalized topological space

GE0MET①



Morphismsofxretopotes

A geÑn *→ Y between a-topotes

is an adjunction

* ¥- is
st . f- preserves finite limits .

There is a subcategory Topos, E Cata of a -toposes
and geometric morphisms . Logos

We can also identify Topos:P
"

with a subcategory

of Cata
,

whose morphisms are the left exact left adjoint .



Examplesofgeomekricmophisms@fr.X→ 4 continuous :

Shvcx) Shu (4)
f-
*

② For any
a-topos It , there are unique

geometric morphisms

* * s
→ I shut•)

Shul0) terminal in
initial inTop% Topos@



aecategoresofpoints preserve colin + Guile
Iim

* : a- topos {

Pt (*) := H-omt.pos.CI#):--Fun*lK5)

e.g. Pt ( Shvlx) ) = poset of
"

points
"

of ✗

under specialization

Pt ( Pcc)) = Ind COP)

Pt : Topos,→ Catan ← accessible •- categories with
small filtered colimit and
filtered- colin- preserving functors

has left adjoint Q : Catt-Topos :

E ↳ Fun
"

( e. g) ←
tenders preserve
f-It . Colin



1IGoodwiHieTngats1wdwe_

theorem
There is a tangent structure on the a- category

logos
,

= Topos? Lurie's tangent bundle on It

with tangent bindle y

1-(t) := Exc (Jan ,* , *) ,
the restrictor to Topos:P c- Cat?

#
of the

Goodwillie tangent structure on Cat:* .
(Bauer - Burke-C.)



tensor product of presentable

Remark.TL*) I 1-(g) ☒¥
•- categories Kune)

where ☒ is the coproduct in Topos:P/product in Topos• .

Compare : there is a tangent structure on
CRing

-

given by 1-( R) = RANGE)= Ttt) ☒ RT
coproduct CRing

The Goodwillie tangent statue is c by

an infinitesimal structure on Tls) : a monoidal functor

(Weil ,④ , IN) → (Topos:ÑÉ, 5) ; W ↳Tls)
that preserves the tangent limits

.



'ao¥meticTangatstudwe_
There is a tangent structure U on Topos, given by

U (H) = ☒T↳) (exponential object in Topos,)

represented by the infinitesimal object TCJ) .

TOP = - ☒Tts)
Ie '

Topos
,
€3 TopoSoo
U = ( Jts)

Compose : there is a tangent
slwdwe on CRhg•= Affsch

given by UCR) = RT
"

= Sym Dr



Proof Hockett- Cnttwell
,

5.17] : sufficient to show exponentials exist
- for each Tn (5)

ltnetlejay
,
Lurie SAG 21.1]

* is exponentable iff Ind (4) ¥m * has

a left adpant
→ iff It is a retract of a compactly -generated
T a- category

by factors that preserve filtered colinits

(* is presentable compactly-assembled/continuous) .
ITIS) is compactly- generated , so exponentialsle .
-



Affneardlnjectveo-Topotesaffnea-bpos.PK'") where c
'"
freely adds

free • - logos finite limits to small •
- category C

injective a-topos
: retract of affine a-topos

projective a- logos

theorem (And - Lejay , Lune)
There are equivalences of a - categories

:

or continuous

pres, compass
: QPt : lnjtopos,⇒ Cato

injective octopuses



theorem (c.)
Pt

,
Q are equivalences of tangent * - categories

( lnjtoposoo , 4) = ( cat?
""mP""
T)'

n
ri

geometric ←Q Goodwillie

PIF Lemma / And- Lejay , Curie)
eecatopres.com

- cess

H_°%p%(* , Qe) = E ☒*

Imof : If eiTÉeTInd(e☐T
Then Qe = Fuile ,3) = Funko ,5) = Pfeil )

.

tlom-topoz.f-x.PK?P))=Fun*Ce??-)=Fun1im(IndleoJP.Jt) = E ☒ It
.



HIMToposa.lk/UQe)=H0-M,-oposa.(TH , Qe)
= e ☒TH

e e ☒TS ☒ *

a- Te ☒ *

= thmtoposa (
*
i
QCTE))

so UQ I QT

-
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