
 

THE FREETANGENTCAM ONAN OBJECT WITH AFFINECONNECTION

jww Geoff Crotwell

1 AFFINE CONNECTIONS

Let e be a target caty MEE An affine comedies on M
is a map k FM TM st

T'M
TIP Ip

is a limitTM TM TM

p tPfpM

o various other axioms

Saw yesterday the free tug caty on an object is Weil
What's the corresponding free 1mg caty IF on an obj w affineconnection

MGoat shekh an answer

2 LOCAL COORDINATES IM

Sine Mtf has an affine connection by have THETN xnTMxmTM
via Tp pi K More generally since T pres pb's of pm's have

1 ftp.M T2h M So objects of IF can be taken as

TnM h o with TITHM In M

Note that the ThM's are the distinct powersof TM over M



so E is in fact a Laurier theory

Notation Write gen
elements of Them as a'ta an via Ti ThM stm

Wite
gen donuts of TITHM as lu.ci 5 via Tpott

PT Titi
K Titi

Goal figure out what things have to be in our Lawuee theory in
terms of these local words

3 THE BASICS

Since we have 1 µ On our Lawver they includes the theoryof
comm monoid Using this can dispatch p t o h

Prum TITHM ThM Ohm i ThM ITThM

In a i'I I ai r lo I

This TITHM µTlTkM1 TITAN

14.9751 Ivi il tutu d b'ti

l Titan TYTah
lu.cii'lm fo lo I El la I b

4 TORSION



Prod The Symon map cue The T'M given by
fu a b a U b Tai torsion

for some bilinear Tam TM st Ta b Tibia o

Prof First TIM TM and T'M TM are comm monoids one

TM via

a a b tpt IV a c fun a bi c

4 aHttp14 c d 14 ate but

Clearly c must be of four of a a b Cam Shia BD
Since c a map of Comm monoids PT Tp andTp pt
have

9 4,0 o 0 9 0 a O

9 UN a btc Glu a b 96 a c

Glu atc bulk Sfa a b Slu c d

So Blu a b Glu a o 910 a b

Glu 9,0 Sfo a o 196,0 b

But I L implies 910,0 b b So writing 17am
Gla a o get

Blu.at TIa.u b

Bilinearity of T comes from Tla.ci tTfu.a1 o since
2 1 I



4 CURVATURE

similar argument shows

Prop Gm 13M T 3M given by

Iv Iu a b la a b Iu Iv a a Iv'tThrut b b'tRtu.ua

for some trilinear R T M TM St Rfab.cl Rfa c b o

T curvature

In fact cam given by a similar formula

5 COVARIANT DERIVATIVE

Leaves only action of T on maps Note everything so far hasonly
involved sums of reindexingsof multilinear maps So enough to

say how T acts on these

Prod If f Thu TM is multilinear then

Tf Iu d 5 tea flat Offa d t.E.ffa bila.tl

for some Hull linear Tf Tht M TM

covariant deriv of f

Using this can also describe how T acts on sums of reinderigs of
multilinear

maps



6 AXIOMS

Functionality of T says

4 Olid lu.ci o

2 Ofgolf fh g off fh golff fi th t golf fr ith
chain rule

Mac Lone hexagon for cm
b C E cyclic suma RHy H 510THyet TITI t.yl.tl

y
Mae Lane hexagon for Gm f

Bianchi identities

4 SOHU.x.y.tl tf'fRlTlwiH y H O

Nat of c

5 Rtu v fli'll 1 O'flu u f II Rtu.ua1aiI 0flTlu.u1 ii

for all k multilinear f p to'ffu v I

Ricci identity

7 Solution hopefully

Defy An opened w connection is a symm Mon opened 8 with

an equivariant operation 0 OH 101mi

elements Te 0121 RE 8C3 suitably antisymm

satisfying lil 5



There's an adjunction

target outs w an object w affine conechon
Free

TangAffConn a OWC
End to poach w

correction

where End E M k is the opened of mullinear maps
End14M.HN nM iTM

and where free 8 is the Lavere Hoey of 8 algebras

If this holds then the free tangent ady w affine comechon is

the Lawver thug of dogs over the initial OWL


