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Harmonic Residuals and Nonlinearity
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Spectral Quantities

@ At-discretization, X, of X:
X = {X(t”) }nGZ .

@ Discrete-time Fourier transform, X, of X:

X(F)=>_e *™"X(tn).

neZ
@ Spectral representation of X
% i27fn 5
X(t,,):/ """ Z,(df)
-1
e Spectral measure, Z,, of X:

Z,((f,f 4+ Af]) = Z(f + AF) — Z(f).

o Z the integrated spectrum of X.
@ Z the normalized integrated spectrum of X.

27y =7 tim { 2(F— T1]) + Z(F + 812 }

5§05,
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Spectral Analysis,: Koopmans (1995); Percival & Walden

(1993)

o Desire: Signals characterizing the X FDD's.

°
o Options:
o
e Assumption: Z=X.
[}
o Approximation: Z £ X. =72~ 27,7 ~ X.
°
e Reconstructions: { Y }fﬁgl, the DFT-eigencoefficient
processes.
o
e Y, reconstructs X.
o
e Y) reconstructs Z.
°

e X specification: Y asymptotically complex-normal; Ky = 2NW.
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System Effects

Feynman et al. (2011)
Thornton & Marion (2004)

Model class Coupled oscillations in a damping LTI-filtering £;7; Model
medium with turbulent driving Lalnﬁ component

http://convozine.com/blackcircle/25778  Prince & Links (2006)
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Yaglom /Brockwell-Davis/Brillinger Stationary Noise

Kay et al. (1981)
Kolmogorov et al. (1960)
Martin et al. (1982)

Model class Yaglom (1962), Figs.1-3 Percival et al. (1993) Model
Rozanov (1990) component
z't“t,Sky (tlg|3(71)999) ~ ARMA(p,q) integrator o
Olca et al. o
NS$ Fading radio intensity Brillinger (1981) X (tn)
Time series Brockwt?ll & Davis (1991) 1
Corollaries 4.4.1,4.4.2 Ly
~ AR(2) integrator
NSS Shumway et al. (2017) XGLN (t,)
Wodeyar et al. (2021) |
‘?g' i, see \ o
11 : ~ quadratic 0|DE
\ [ ~ AR(1) integrator
AR(1) ol | 1 Andrews (1983) XPR(t,)
| = Brockwell & Davis, 1991 I
o | ——  Gray (1999) gL
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Marshall (2020)
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Normality of the DF T-eigencoefficient Processes

Brillinger (1981), Mallows (1967)
Marshall (2020), Chapter 4 Rosenblatt (1961), Andrews (1983),
Somerset (2017), Springford (2017)

Model class Innovations PDF Model
(standard-normal (0UT) (our) _ component
overla | Y, (fm) =N Complex Normal I
(out)
LAPTV+NSS Gumbel X : (tn)
/ \ R _ 2
f o RMSy, (7T (42 = 11— oV oD Ly
Logistic "2‘5&’»’."3}3’.‘ :
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- : I
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2 E|
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State-model Specification

Napolitano (2012)
Krishnan (1984)

Layer State point Assumption Z™ trace
Thomson (2000)
Observable layer x©our)
Hidden output layer ~ Z(°UT) ZoUn = x©OUn o 1;:‘
_ 7(DRV) _ §(DRV)

Hidden driver layer Z(®RY) z =X o ¥ A,

. T

L &

Sty

;;:Qi;; e g

25/06/2022

Francois Marshall  (Boston University) Nonlinearity



Model Class

Model class  Regularity conditions
7(our) — g(our)
ACS-AP
Lesc Hcsc
<=>
ACS-AP
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Reconstructed spectral process
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State-model Specification

Layer State point
Observable layer x©our)
Hidden output layer Z©un
Hidden driver layer Z(®RY)

Loeve (1963)
Thomson (1990)

Assumption
Spectral power
Z(out) . g(out) e R
o0 w Y I
~U
Frequency

Z(DRV) +* X’(DRV)
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Model Class

Model class Regularity conditions Reconstructed spectral process Model
Z(ouT) component

Slepian expansion error, N = o, W — 0

LAPTV+NSS W € (0,0.5771) 0,(1) x©UD (¢ )

Reconstruction composite FDD’s , N = o |
Lyr;
Multivariate Gaussian
LAPTV+ARMA(1,q) X6 (t,)
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Conclusions - The Model Class

Convention Proposed
Model Model class Model Model class
component component
XU (¢ ACS-AP X©U) (¢ LAPTV+NSS
I I I
L7 Ly Ly
| I |
XS () ACS-AP XOIN) (¢ LAPTV+ARMA(1,q)
I 1 I
Lobe Love Lobe
I I I
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|
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Nonlinear Processes

TasLs 5.1. Some

x Bigyan W.

Middleton (1960)

{u}; deseription (¢ = 0)

Trlu] = z(t) = 8@
Analytical expression

Wave structure of typical member

1. Sinusoid (@ =1, b = 0); A(l) = As

S(t) = Aqcos (wd + )

2. Sinusoidally modulated carrier (ampli-
tude modulation) (z =1, b = 0)

8(t) = Ao(l + X c08 wel) co8 (ud + ¢}

3. Pulse-modulated carrier (simple radar)
e=1,0b=0 (KT

3

50 = [ 3 4ot con (wt + )
&

T T
A‘(‘)={1 T;&—2'<I<Toi+§
0 elsewhere

4. Random amplitude modulation of a car-
rier (6 = 1, b = 0); A(f) random

A{Y) cos (wd + ¢) 4>0
A4 <0

50 = { By
(8 = 0; overmodulation)

5, Bimple sinusoidal angle modulation (@ =
Lbm1); A = Ay

S(@) = Aocos (wd + ¢ + a0 cos wal)

6. Random angle modulation of a carrier
@=1,b=1);4 =4,

8() = Aocos [wd + ¢ + 2(1))

7. 8i i and fr
dulation; general i

bw=1)

A cosut + ¢ + ()] A >0
s = {3 4<0

{8 = 0, overmodulation)

(Boston University)
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Nonstationarity and Filtering

@ Goal: Infer input autocorrelation structure.
@ NSS input - motivation:

e Spectral-correlation detectors for nonstationarity.
e Distribution analysis.
o Robustness, model validation.

Class Model
Mellors et al. (1998): Seismic surface waves
Input: NSS Xx(OUD) (1) = OA%AX(N’NP) (t+2rfal ™t - dm(®)) + XN (o).
Output: Contaminated narrowband, period-MAt signal m=
Thompson (2018): La Nina Gulf Stream eddies
Input: NSS x(OUT) 4y = Ov%ilx,;’“”” (t+nfl ™ 0u().
m=1

Output: Narrowband, ACS, period-MAt AP

Brillinger (1993), Schevon et al. (2012), Smith et al. (2016),
Weiss et al. (2013): California earthquake mag. 1932-1992
Multiunit neuron activity in seizures

Input: NSS XOUD (1) = [ XUNP) (5)ds
Output: Stationary-increment process
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Why Stationary Input?

Model validation: Segregates the base and all upper layers by
autocorrelation functionality. Discrete NSS processes are functions of
IID sequences (Brillinger, 1981).

Nonstationarity detectors: Specifies the null hypothesis.

Distribution analysis: Specifies the stationary approximation.

Robustness: ARIMA(0,1,0) ~ AR(1) ~ ARMA(1). The lower down
the layers the inference is to be conducted, the fewer the parameters
(model complexity inversely-proportional to layer height).

Physical foundations: Thermal, scatter noise: normal, first-order
Markovian processes (Middleton (1960), Chapter 7).

Model/test performance: Computationally-inexpensive simulations.
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Stationary-input/Nonstationary-output Systems

Class Model
Thompson (2018): La Nina Gulf Stream eddies
Input: NSS XP) (¢) = Ap - cos (27rm . [MAt]’lt) .
0.5M—1
Output: Narrowband, ACS, period-MAt AP xOUD(y = 3= x{NP) (t+ Rrfn] "t ®1(t)) .
m=1
Moghtaderi et al., 2009a,b
P —1 =~
Input: NSS XOUT) (1) = foo _ei2mf |t ™ e (108) (1) ZUNP) (4
Output: Uniformly-modulated argmaxg cg | F { H(’OS)(t) } &) ‘ =0
QDigard (2006), Napolitano (2012) Section 4.2.4.4:
## earthquakes mag.> 7.0
g —1
Input: Gaussian NSS xOUT) (a7) = I ei2mf- 1At ar (105) (£ t)Z‘(L/NP)(df)
p -1

Output: fBM H(’OS)(f, ty=a"H. e—i2mfAL Tt

Self-similarity: X(OUT)(tn) = meX“NP)(tn; tm)

XUNP (t; tm) = XU (1) — X(OUD (1 — tm)
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Stationary-input/Nonstationary-output Systems

Class Model
Mellors et al. (1998): Seismic surface waves

Input: NSS Xr(nDSP)(t) = am - cos (2‘"'" . [MAt]_lt) ’

0.5M—1
Output: Contaminated narrowband, period-MAt signal X(OUT)(t) = Z ngP) (t + [2-rrf,,ﬂ,]71 . ¢,.,,(t)) + X“NP)(t)A

m=1

Brillinger (1993), Schevon et al. (2012), Smith et al. (2016),
Weiss et al. (2013): California earthquake mag. 1932-1992
Multiunit neuron activity in seizures

Input: NSS XOUD (1) = [ XUNP) (5)ds

Output: Stationary-increment process

o XUNP) unifrequency spectral mass: Linear-algebra approach.
o
o X(OUT) pifrequency spectral mass:

°
o o ZI(LINP) — ZUNPY g,
o
o ZUNP): Integrated spectrum of X(/NP) (Napolitano, 2012).
[}
o ZUNP)(f + f,,) Slepian expansion.
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Multitaper Cyclostationary Analysis - Overcoming

Limitations

ZUNP) is not a derivative. Require:

© Spectral quantity under analysis.
@ Slepian-expansion theory for that quantity (e.g., 2NW-theorem).
© Errors to compare old and new models.

o X(OUT) DFT-eigencoefficient processes: justify normality. Require:

@ ACS-model having accurate NSS-approximation.
@ NSS-approximation must satisfy the Marshall (2022) conditions.

@ Robustness. Require:

Q@ X(OUT)  X(UNP) spectral associations invariant to linear effects.
@ X(OUT) pifrequency distribution — XUNP) jow-dimensional subspace.

Francois Marshall  (Boston University) Nonlinearity 25/06,/2022



Perturbed-Gaussian, NSS Input

Model class Sources of nonstationarity Model
component
Standardized displacement g™ nonlinear functional
Azt
zz

Fig.7.1

/7 (Yy)
/ 3 Feynman et al. (2011) XPR) (¢,
X.x) XCMP) (¢ ) |
gL
Middleton (1960) 1
NSS I PSS S S Ch XUNPY ()
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Estimating AP-model

Model class

LAPTV+NSS

LAPTV+ARMA(L,q)

ACS-AP+MA(q)

1D
GLNSU

Estimating stochastic AP function

Z,EOUT) (A—osm+1) @Z;(LOUT) (A—o5m+2) @@ Z/,(LOUT) (Aosm-1)

S, s s
Z,S LN)(A—0.5M+1) @Z,E LN)(A—0.5M+2) @@ Z,E LN)(AO.SM—I)

Z;(LDRV) (A-o5m+1) @Z,EDRV) (A-o5m+2) @@ Z,(;DRV) (Aosm-1)

Z;(/NP)(A—O.SMH) @Z,EINP) (A-o5m+2) @@ Z,EINP) (Aosm-1)

Model
component

X(OUT) (tn)
|
LLTI
|
X (SLN) (tn)
|
Lobe
|
X(DRV) (tn)
|
g(NLN)

1
X(INP) (tn)
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A State Model

Yousefi et al. (2019)
Babadi et al. (2014)

Layer State points
Observable |ayer X(OUT) (fo) X(OUT) (tl) ............ X(OUT) (tN—l)
Hidden output layer Z;SOUT)(A—O.SM+1) Z;EOUT)(A—O.SM+Z) """""" Z;EOUT)(AO,SM—l) -
Z. o
£ .
£ 8 g
GLM Interactions 2 A
Cyclic connectivity map| £ N
Real
Hidden driver layer Z;E,DRV)(A—O.SM+1) Z/EDRV)(A—O.SM+Z) """""" Z/EDRV)(AO.SM—I)
5-. S
N 1 1 Bk . i
Base layer 2™ Aosmen) 2" Acosuiz) e ™ Gosu-) L

25/06/2022
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Cyclostationarity from Nonlinearity

Model class Estimating stochastic AP function Napolitano (2012) Theorem 1.2.24 Model
Corduneanu (1989) Chapter VII component
Von Neumann (1934)
Infinite series, only finitely
many coefficients nonzero.

2
GLM: ORV)(g y = Z z aulZIEDRV,u)(Al)
T

u=1

| 1

Z'EDRV,U(AZ): One of the Z‘SINP)(Am)-

ACS-AP+MA(q) ZPRYD 4): PR D (4)) x {One of the ZIP) (A,)}. XM (t)
1 g
I Uncorrelated jumps, Koopmans (1974) 1 1
b Z;(/NP)(A—O.SMH) @Z,EINP) (A-o5m+2) @@ Z,EINP) (Aosm-1) XN (£,)

GLNSU

Francois Marshall  (Boston University) Nonlinearity 25/06,/2022



Quasimonochromatic light waves

Hecht (2002)

Model class Estimating stochastic AP function Model
= component
ﬂ' ! WWWWI ;
: ' HW WMUWM”WWW A/L
» u
Figura 7.38 A quasimonochromatic (SLN)
) X (tw)
lightwave, n
] . The waves cannot be too dispersive, and Hecht _Il
1 el uses the term, “quasimonochromatic”. Lope
DRV DR DR
ACS-AP+MA(q) Z,E )(Aosme1) @Z;E V)(A—o.5M+z)®""® Z;E " (Aosm-1) X(D:V)(fn)
g
I
INP,
D 2P (Ao suen) D ZI Aoosmen) B() 28 Rosu-) X (E)

GLNSU
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Particular and Characteristic Solutions

Thornton & Marion (2004)

Model class Decomposition Model
component
LAPTV+ARMA(1,q) X(PRT)(t ) @ XCHRE) =X (L)
LEILIN:‘
ACS-AP+MA(q) Z/EDRV)(A—O.SM+1) @Z;EDRV)(A—O.SM+Z)®""® Z;SDRV)(AO.SM—I) X(D‘:V)(tn)
g(NLN)
I
INP
1o 2P (A suer) B2 Aoosmen) () 28 Aosu-) XMt

GLNSU
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Assumption - Asymptotic Errors

Layer Aliased bifrequency density

. _ 2
Hidden output layer  E, |Z(0UT) (fm)| = VZ(OUT) Fos )

Zero-offset bifrequency mass

) ‘
08 \
| <
1004 1 $42
2004/ < \08'3
"oug, 00400/ N 08
% inp2e 0t /N 04
2 4e-0402

Frequency

Nonlinearity

Napolitano (2012)
Lea (2004)

Im{Vz (fmv fm)}

———
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Condition - Slepian Expansion of the Integrated Spectrum

xour) X(DRV Slepian (1976)

Lesc

-\ -

Slepian’s errors:

X(OUT) js timelimited level Eqyyy, : X(©OUT) s bandlimited level Eppyy :

Jaf-ngpren (s

Hecht (2002) Fig.7.37a B

2

Eo| ). W@ X" 45 < Epuy
k=Kn

2
dt < Eppy,

—z

N
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Francois Marshall

Condition - Slepian Expansion of the Integrated Spectrum

Layer

Slepian (1976)

FntW
Observable layer Y,fOUT)(fm = f Vie(f = fin) ZOUD (f)df + 0,(1) N - o
fn=W \_'_I \_'_I

Kn
Hidden output layer

e—J k=0

Slepian’s errors:

X(OUT) js timelimited level Eqyyy, :

Jaf-ngpren (3

2
dt < Eppy,

ZOUf 4 f) = D 6 Uelf) 20U (o) + 0, (N2

771,. Slepian (1978), Fig.1
- Slep ( ), Fig

I
AN

4

X(©OUT) s bandlimited level Eppyy :

—z

N

" Hecht (2002) Fig.7.37a

(Boston University)

Nonlinearity

2

o
Eo| ). W@ X" 45 < Epuy

K=Ky
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Expansion Estimates - Asymptotic Theory

Layer

1
Hidden output layer  ZOUT)(f + f,) = Z e Ue(H) ZOD () + 0, (v—z

Aliased, integrated-spectrum process

Kn

k=0
| | J
T
Estimating element

| N - ©

Nes
w04

N

Francois Marshall

(X 02 03 04

Slepian (1978), Fig.1

(Boston University)

Nonlinearity

Slepian (1978)

P e e e e m o

Fig 51 = MNO fork =0, Tand N =12,....13
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Asymptotic Expansion Errors

Slepian, (1976, 1978)
Layer Thomson (1982, 2000, 2013)

(ourt) (ouTt)
Observable layer \ Y (fv_w) f ! Vi(£) Z, " [df + fm) + 0,(1) N0, W0
-1
n( ) Z Be Ue(f) + 0, (N2
——

https://mathworld.wolfram.co " N
m/RectangleFunction.html 0.8 X
o4 £ r
0.2

TR s % 1Y a \_‘

.. Slepian (1978), Fig.1

A&L -

Slepian’s errors:

sinc(2s) is frequency-limited level E7yy; : sinc(2s) is bandlimited level Epyy :

Ky—-1 2

4 [ Bol (1= @) sinc(@0)Pdt < Eryy o n( ) Z B V()| af < Eoun

a|§\.a|§

https://mathworld.onfram.‘com/Si'ncFunction.html
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Expansion Errors, N = O (10*), NW =5

EDMN is 5% of max.

- - Step | Nodes | Eigenvalue | Eigenvalue | Asymplotic] % Slepian, (1976
"l | Nows | O 7, [t | SEPEN (1976)
1] abscissain estimate energy Kiusalaas (2010)
[0,05W] 'NE 0 0w s 28 175
0.08 12 7.99314129 10 12 0.05 [\ 100 94
= — 0 2 007 0 100 96
001 25 7.99314129 o - o . o .
0.02 50 7.99314129 4 1 10 049 05 28 111
0.01 100 7.99314131 10 2 005 0 100 39
— _ 30 12 0.07 o 100 6.1
0.005 200 7 50 12 007 0 100 1
0.0025 400 800000000 ‘\ R 10 0 s 28
Y. - p—— 10 2 aos 0 100
50 12 0.07 0 100
1 1 10 049 05 28
Slepian’s errors: 10 12 aos o 100
30 12 0.07 o 100
50 12 0.07 [\ 100
sinc(2s) is frequency-limited level Ery; : sinc(2s) is bandlimited level Epyy :
Kn
© 2 f Kn—1 2
; 2
4 [ Bl (1= @) sinc@0)Pdt < By [ &n(a) = 2 v ar < Eomn
“» | Ky L k=0
S e
https://mathworld.wolfram.com/SincFunction.html .
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Conclusions

Stationary modelling does not preclude multitaper cyclostationary
analysis.

Normalized, integrated spectrum - not the integrated spectrum itself.

2NW theorem for the normalized, integrated spectrum.

State model: AR(1) = nonlinearity, Gaussian statistics, reduced
dimension.
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