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Let 7 be an irreducible unitary representation of G on a Hilbert
space H,. We say 7 is square—integrable if there exist
£, m € Hx \ {0} such that

S 1€, m(x)),., [Pda(x) < co.

Let V&(x) = (€, m(x)m),,,forx € G, &, m € Hr.

Duflo-Moore Theorem

Let 7 be a square—integrable rep. of G. Then, there exists a dense
subspace D, of H, and a positive self-adjoint operator C on H
with domain D, such that, for £1, & € H, and 1y, o € Dy,
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T square—integrable, &1, &2 € Hy and 0y, o € D

/va&(x)v’nng(X) d.UG( ) <£1 £2>H,,< T2, C7r771> (1)

Select n € Dy with ||Crnl,,, = 1. Letny = m2 = m. Then (1) says
(€ ) = Jg Vb (X)(m(X)n, 1), dug(X) forall &, v € Hq. (2)

Fix a £ € H, and consider v € H, as arbitrary. Then (2) means,
forall € € H,

£ = / Vné(x)m(x)n dug(x), weakly in Hy. (3)

The map V,, : H, — L3(G) is an isometry called the continuous
wavelet transform associated to m and Equation (3) is the
reconstruction formula.
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The affine group of the line is
Gi=RxR*={[x,a]| x,ac R,a# 0}
with group product [x, a|[y, b] = [x + ay, ab].

G1 has a square—integrable irreducible representation p that acts
on L3(R) by plx, alf(t) = |a|"/2f (1),
forall t € R, f € L3(R), and [x, a] € Gi.

The classic continuous wavelet transform in one dimension arises
from the fact that p is square—integrable.
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Let H be a closed subgroup of GLz(R) and form
G=R?xH={[xAl:xcR2 Ac H}.

The natural representation of G acts on L2(R?). For
[x,A] € R? x Hand f € L?(R?),
olx, Alf(z) = | det(A)|"V/2F(A"(z - x)), for ae z € R,
Use row vectors for the “frequency” domain:
R2 = {w = (w1, w2) : w1, ws € R}.

F : 12(R2) — [2(R2) is the unitary map such that,

FHw) = f(w) = [ro F(x)¥™ X dx, for w € R2 and
f € L'(R?) N L2(IR?).
Let p[x, A] = Fp[x, A|lF 1, for all [x, A] € R2 x H.
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e LQ(fRE). So pis a unitary representation equivalent to the
natural representation of R? x H.

For w € 2, the H-orbit of (IS WHIENUANAEH
The stabilizer of w is _ a closed subgroup

of H.

Theorem: (Bernier & Taylor, Fiihr)

Let H be a closed subgroup of GL,(R). The natural representation
of R" x H is square—integrable if and only if there exists an w € R7
such that wH is open and dense in R" and the stabilizer H, is
compact.

When n = 2 there are only a few examples where the conditions of
this theorem apply.
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Affine groups in two dimensions

Any closed subgroup H of GLx(R) with a dense open orbit and
compact stabilizer is conjugate to one of the following:

(1)Hd:{<ég :2> Lay,a € R, a 750,32750}

(Z)Hr:{<? _St> :s,teR,s2+t2>0}

Examples (1) and (2) Lead to common software for image
processing.

(3)H§‘:{<g a’i) :a,beR,a>0},aER*.

Example (3), with « = 1/2, leads to the Continuous Shearlet
Transform, which is especially useful for detecting edge
singularities in images.
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Yes. It was known to some that G, = R? x GLy(IR) must have a
square integrable representation and this must lead to a
generalization of the CWT.

My main project is to work out details of harmonic analysis of
square-integrable functions on the group Go of all invertible affine
transformations of R2.
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Research group G, = R? x GLy(R)

To do this, we had to re-parametrize the 2 x 2 invertible matrices
and express left invariant integration on Gy in the new parameters.
The results of our calculations,

@ Anirreducible, square integrable representation of G». We call
it o1.

@ An analogue of Peter-Weyl results.

@ A proof and conditions for finding a wavelet in L2(R3)
associated with the representation of Go.

@ A novel wavelet transform.
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and easy to check. To make it short, we write
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KO:{(f _st) :s,teR,sertz;éO}

The map s + it — is a homeomorphism and topological

s
t
group isomorphism of C* with Ky, where C* is the multiplicative
group of nonzero complex numbers.

The left Haar measure on K,
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The set H(1 o) is a closed subgroup of GL2(RR))

1 0
H(1’0):{<U V>ZU,V€R,V#O}

Themap ¢ : [u, v] — <11J 3) is a topological group isomorphism
of G1 with H(1’0).

The left Haar measure on H(4 o),

[ roman L 9%
H(1,0) ' R ]R U V V
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We need to factorize GL2(R) and we were not able to find a useful
factorization in any paper or book. We get the idea of factorising
GL2(R) as KoH1 0)- This factorization is what makes some
complicated calculations easier to do.

Proposition

IfA= (2 b) € GL2(R), then A can be uniquely decomposed as

d
A= MACA, where
(s —t .. d(ad—bc)  —b(ad — bc)
MA_<t S),wnhs— Prd® T i

and

oo (1 O withyo S9tab b? + o?
A7 \u v) ~ (ad—bc)' " (ad — be)’




Factorization of GLx(R)

The parametrization resulting from factoring GL2(R) as Ko H1,0)
gives an alternate expression for the Haar integral. Haar
integration on GLy(R) is given by
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Factorization of GL2(R))

The subgroups Ko and H(y gy of GL2(R) satisfy:
Q@ KoNHp ) = {id}
e GLz(R) = KOH(1’0) = {MC M e Ko, Ce H(10)}
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Note that we can now factor the group G> = KH, where

s —t
K:{[O,<t S)] :s,teR,sertz;éO}

and,

H:R2>4H(1’0):{[X, (l S)} :XERQ,U,VER,V;«EO}

Let ug,, 1k, and uy denote the left Haar measures on Gy, K, and
H, respectively. Then,

s —t\ dsdt

f = f —

/Ko ot /R/R <f S>32+12'
s —t dsdt
fd = f[0, M| d M) = f10, %
/K HK /Ko 0. M} s (M) /]R/]R [0 <t S)]SZH‘Z
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1 0\ duav
fd = f
fo o= [ Lr(00) %
/fdMHZ/// f[x, <1 0)] dx du dv
H R JR JR2 u- v lv|3
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Haar measure of G, in the new parametrization

Recall,

/ fdu _////f<<s —t) (1 O>> ds dt du dv
GLa(R) GLa(R) RJR JRJR t s u v))|v|(s®+1t?)

Thus, we can write

| tducrm = [ [ HMO) | det(C)] dhun, () (M)
GL2(R) Ko /' H1,0)



Haar measure of G, in the new parametrization

- {b G DRG]

XER® s tuveER v£0,8+#£0}

AUE =G0

xe€R% s t,uveR v#£0 2+ #0}



Haar measure of G, in the new parametrization

Then,

/szdﬂeg =
LLLLLARG =0 0] s
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Recall, H(y,0) = {(2’ 8) U, veR, v#£ 0}.

Consider the Hilbert space L?(R*) = L? <R, %). There exists an
irreducible representation 7' of Hy oy that acts on L2(R*).

For <u v> € H(1,0)and f € L*(R"),

u v

! <1 °> f(b) = €™ "Uf(v1b).

Well-known theorem

The left regular representation, >\H(1’O), of H4,0) is equivalent to a
direct sum of infinitely many copies of ',
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to make a representation of H = R? x Hq,0)-
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X(1,0) @ 7! an irreducible representation of H

Because x(1,0) is left fixed by H(4 ), we can combine x4 o) with T
to make a representation of H = R? x Hq,0)-

The representation x4 o) © 7' of H given by
(x(1.0)® ") [x, Bl = X(1.0)(X)7' (B), for [x, B] € H,
is an irreducible representation of H on L2(R*).

This representation of H is induced up to a representation of Go.
Because G factors as G» = KH, the induced representation can
be defined on the Hilbert space L?(K, L2(R*)).

L2(K, [A(RY)) = {F K — L2(R*) : /||F[0 L]1[%2 gy diex[0, L]<oo}_
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Representation o ~ ind;?

For F € L?(K, L3(R*)), [x, Al € Go,and [0, L] € K,
olx, AIF[0, L] =

et (c,)
faet ()|

—1/2

(X(1'0) ® 7r1) [L_1L CA;:} F[0, My-1/]
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Representation o ~ ind.?

For F € L?(K, L3(R*)), [x, Al € Go,and [0, L] € K,
olx, AIF[0, L] =

et (c,)
et (c,.,)

We found a way to clarify the meaning of this formula.

—1/2

(X(1'0) ® 7r1) [L_1L CA;:} F[0, My-1/]

—1/2

. 1 —
g2mi(1,0)L"x 1 (CAAZ) F[0, My-1,]
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An important homeomorphism

Defineamapfy:(’):l@\{g}ﬁKo by

1 Wi —W2
Wi, We) = —5—5 , for (w1, w2) € O.
V(wr, we) w? + w <w2 w1> (1, we)
We can use y to move o to an equivalent representation acting on
[2(R? x R).

Note that L2 (IT&E x R) is really just L2(R?), written in a convenient
way.
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Uy aand vy, a

To clarify the formulas, we introduce two new functions. For
A€ GLy(R)andw € O, CA__11( ) S H(1,0)- So
YW

c -1 _ 1 0
A 1y(w) Uy A VAl

For some uy A, Vw4 € R.

Calculations give

_ (ac+ bd)(w? — wd) — (& + b? — % — dP)wiwz
wA = (awy + cw2)? + (bwy + dws)?
Lo (ad — be)(w? + w3)
wA = (awt + cw2)? + (bwy + dws)?
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Representation o4

Define U : L?(K, L3(R*)) — Lz(]l/igE x R) by, for F € L2(K, L3(R*))
and (w, w3) € R? x R,
(FoY(@)) (w5 ")

(UF)(w, ws) = 4~ Talws2 0w e O,ws #0
0 otherwise.

Then U is a unitary map. Let o¢[x, A] = Uc[x, AJlU~, for all
[x, A] € Go. Then

(o1[x. Alé) (w, ws) = W e2mi(Wxtwslua) ¢ (WA, waV, A),

fora.e. (w,ws) € R2 x Randall € € Lz(fRE x R).
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Theorem A

As defined above, o4 is an irreducible representation of Go. Let
W € [2(R? x R) satisfy [5 [o &) gy g = 1. With

2 [lwl®|ws]

Vyélx, Al = (€, o1[x, A]¢>Lg(@x]§),

for [x, Al € Go, € € Lg(]l/éE N ]IA%), Vi is an isometry of LQ(H@2 X HA%)
into L?(Gz). Moreover,
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(011, AJE) (1. wa) = S Pl eatnlt (WA, wav ),

Theorem A

As defined above, o4 is an irreducible representation of Go. Let
W € [2(R? x R) satisfy [5 [o &) gy g = 1. With

2 [lwl®|ws]

Vyélx, Al = (€, o1[x, A]¢>Lg(@x]§),

for [x, Al € Go, € € g(@ N ]IA%), Vi is an isometry of LQ(H@2 X HA%)
into L?(Gz). Moreover,

V¢0'1 [&, A] = >\Gz[£, A] Vw, for [{, A] € Go.

This shows o1 is equivalent to a subrepresentation of the left
regular representation. Moreover, The left regular representation,
AG,, of Go is equivalent to a direct sum of infinitely many copies of
1.
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A function 9 € L2 (I?kt2 X f[i) is called a o -wavelet if

// [ (w, wa) PR )T G dws = 1.
ke llwl?|ws]

Foreach x € R? and A = <a b
c d

) € GLz(R), define ¥ 4 on
R2 x R by

Ya(w, ws) = ldetll(o/jz)‘\lllllw” ZWI(M+M3”&vA)¢(gA, W3V ),

Fora.e. (w,ws) € R2 x R. Then Yy a € Lz(f&E x R).
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For each ¢ € L2(R? x R), let
Vyélx, Al = (¢, ¢LA>L2(@X@) , forall x € R A € GLy(R).

Then V., is called the o -wavelet transform with o1-wavelet .

Theorem B:

The Duflo-Moore operator C,, associated with o4 is given by, for
any £ € 12(R? x R), G, &(w, ws) = ||w]| ™ |ws| ~"/2¢(w, ws), for
a.e. (w,ws) € R2 x R,
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transform.
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The reconstruction formula can now be stated for the o1-wavelet
transform.

Theorem C:

Lety € L2 (f&E X f&) be a oy-wavelet. Then, for any
¢ € L?(R2 x R),

52/ / Vélx, Al ¥x.a %ﬁ(ﬁm, weakly in Lz(f&\zx@).
GLy(R) JR?

v

Thank you!



