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Motivations.

Our aim is to generalize ’81 Zimmert’s lower bound for the
regulator of a number field K ,

|reg(K )| ≥ c0c
[K :Q]
1 (c0 > 0, c1 > 1)

to subgroups of O∗K .

We made some progress toward a conjecture of
Rodriguez-Villegas, that appeared recently written in a paper of
Chinburg, Friedman and Skoruppa.

Our results rest on lower bounds for the height and on
(elementary) geometry of numbers.
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Data, notations.

− K number field of degree d = r1 + 2r2

− MK ,∞ set of σ = r1 + r2 archimidean places (=non-conjugate
embeddings).

Thus | · |v = |v(·)| and dv = 1 or 2 (local degree).

− O?K group of units.

− Logarithmic embedding:

LK : O?K ↪−→ Rσ
ε 7−→ (dv log |ε|v ))v∈MK ,∞

Unit Theorem: O?K/{roots of 1} is free of rank r = σ − 1,
LK (O∗K ) is a lattice in H = {

∑
xi = 0}
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Let E be a rank m subgroup of O?K ; ε1, . . . εm basis of E/Etors.
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= volume of a fundamental domain for LK (E )
as a lattice in LK (E )⊗Z R

= L2-norm of m ×m dets of (dv log |εi |v ) 1≤i≤m
v∈MK ,∞

Thus: Vol2(O∗K ) =
√
σ · |reg(K )|
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− MK ,∞ set of σ = r1 + r2 places at ∞.
− r = rank(O?K ) = σ − 1.
− LK logarithmic embedding.

Let E be a rank m subgroup of O?K ; ε1, . . . εm basis of E/Etors.

Vol2(E ) = L2-norm of m ×m dets of (dv log |εi |v ) 1≤i≤m
v∈MK ,∞

Vol1(E ) = L1-norm of m ×m dets of (dv log |εi |v ) 1≤i≤m
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Hölder: Vol2(E ) ≤ Vol1(E ) ≤
(
σ
m

)
Vol2(E )
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− m = 1. Let E =< ε > with ε ∈ O∗K not a root of unity.

Weil’s height: h(ε) = 1
d

∑
v∈MK ,∞

max(dv log |ε|v , 0)
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Lehmer’s conjecture is equivalent to Vol1(E ) ≥ c0

Bertrand’s conjecture (’97): Vol2(E ) ≥ c0/
√
d
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Lower Bounds for Vol?(E ).

− Zimmert’s lower bound for the regulator (’81):
Vol1(O∗K ) ≥ Vol2(O∗K ) ≥ c0 · c r1

Problem: lower bounds for Vol?(E ), for E < O∗K of rank m ∈ [1, r ]

− m = 1. Let E =< ε > with ε ∈ O∗K not a root of unity.

Lehmer’s conjecture is equivalent to Vol1(E ) ≥ c0

Bertrand’s conjecture (’97): Vol2(E ) ≥ c0/
√
d

− Assume K totally real. Pohst (’78):

Vol1(E ) ≥ Vol2(E ) ≥ 0.0002 · 1.4m

Francesco Amoroso
Covolumes, units, regulator : conjectures of Bertrand and Rodriguez-Villegas



Conjectures of Bertrand and Rodriguez-Villegas.

Notations:
c0 > 0, c1 > 1 absolute constants;
m→ c(m) positive effective function depending only on m;

E subgroup of O∗K of rank m. Thus m ≤ r −1 ∈ [d/2−1, d −1].

Conjecture (Bertrand ’97)

(Bertrand) ∃m ≥ 2 tel que Vol2(E ) ≥ c(m)

Conjecture (Rodriguez-Villegas)

(Villegas−): Vol1(E ) ≥ c0

(Villegas+): Vol1(E ) ≥ c0c
m
1

Remark. (recall: Vol2(E ) ≤ Vol1(E ) ≤
(
σ
m

)
Vol2(E ))

− (Villegas+)⇒ (Villegas−)⇒ (Bertrand)

− For bounded m, (Villegas+)⇔ (Villegas−)
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Geometry of Numbers, lower bounds for the heights.

Vol1(E ) ≥ Vol2(E ) = covolume of LK (E )

Use of L2-norm allows Geometry of Numbers.

Bertrand’s inequality (’97): Vol2(E ) ≥ (d/m)m/2µK (m)
with

µK (n) = inf(h(ε1) · · · h(εn))

where inf is for ε1, . . . , εn ∈ O∗K multiplicatively independent.

Lehmer’s conjecture ⇒ h(εj) ≥ c0d
−1 ⇒ µK (n) ≥ cn0d

−n

A.-David: µK (n) ≥ c(n, ε)d−1−ε (More than Lehmer!)

A.-Viada: µK (n) ≥ d−1
(
c0n

5dε
)−n4

for d ≥ c(ε)
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Results. I. “Small” values of m.

Bertrand’s inequality: Vol2(E ) ≥ (d/m)m/2µK (m)

Applying A.-David µK (n) ≥ c(n, ε)d−1−ε we got:

Theorem (A.-David ’99)

Vol2(E ) ≥ c(m) as soon as m ≥ 3.

That is: (Bertrand) holds for any m ≥ 3.

Applying A.-Viada µK (n) ≥ d−1
(
c0n

5dε
)−n4

we can do better:

Theorem (A.-David ’19)

If 3 ≤ m ≤ d1−ε then

Vol1(E ) ≥ Vol2(E ) ≥ (d/m)m/25.

Thus (Villegas+) holds in the above range for m.
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Remark. For m = 2, (Bertrand) is ∼ to (a special case of)
Schinzel-Zassenhaus conjecture on the house (=max|conjugates|)
of an algebraic number. S-Z is in turn a consequence of Lehmer,
and for long time it was (wrongly) believed of the same difficulty.
Very recently Dimitrov proved S-Z in a very beautiful way. It will
be interesting to use his method to attack the m = 2 case of
(Bertrand).
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Lower bounds for the heights (again).

Field’s with (B) : L/Q (infinite algebraic extension) has (B) if

h(ε) ≥ c(L) > 0 for ε ∈ L∗\roots of 1

Exemples: L = Qtr, L = Qab, L = Qtp. L = Qtr(i)

Field’s with (B-) : L/Q (infinite algebraic extension) has (B-) if

h(ε) ≥ c(L) > 0 for ε ∈ O∗L\roots of 1

Thus : L with (B-), K ⊆ L⇒ µK (m) ≥ c(L)m

Exemples: L = Qtp (with a better constant), L = Qtr(i)
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Thus : L with (B-), K ⊆ L⇒ µK (m) ≥ c(L)m

Exemples: L = Qtp (with a better constant), L = Qtr(i)
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Results. II. Fields with property (B-)

Let K ⊆ L for some L with (B-).

Thus µK (m) ≥ c(L)m

Bertrand’s inequality: Vol2(E ) ≥ (d/m)m/2µK (m).

Hence Vol2(E ) ≥
(
c(L)

√
d/m

)m ≥ c(L)m

Non trivial even if c(L) < 1 (trivial estimate Vol2(E )� m−m).

For some L with (B-), we can even reach the full (Villegas+):
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Results. II. Fields with property (B-)

For some L with (B-), we can reach the full (Villegas+):

Theorem (A.-David ’19)

(Villegas+) holds for K (even with L2 norm):

− totally real (Pohst): Vol2(E ) ≥ 0.002 · 1.4m

− CM: Vol2(E ) ≥ 0.0002 · 2.8m

− totally p-adique, p ≤ 7: Vol2(E ) ≥ 0.002 · 1.2m

− totally p-adique, p ≤ 31 and
totally imaginary: Vol2(E ) ≥ 0.0005 · 1.06m
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Results. III. E contains relatives units

K0 ⊆ K subfield, [K0 : Q] = d0.

EK/K0
= {u ∈ O∗K ,NK/K0

(u) root of 1} relative units.

rank(EK/K0
) = rank(O∗K )− rank(O∗K0

).

Friedman - Skoruppa (’99) : lower bound for reg(K/K0).

⇒ Vol2(EK/K0
) ≥ 1.1rank(EK/K0

) (i. e. (Villegas+) for EK/K0
)
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Results. III. E contains relatives units

K0 ⊆ K subfield, [K0 : Q] = d0.

EK/K0
= {u ∈ O∗K ,NK/K0

(u) root of 1} relative units.

rank(EK/K0
) = rank(O∗K )− rank(O∗K0

).

Friedman - Skoruppa (’99) : lower bound for reg(K/K0).

⇒ Vol2(EK/K0
) ≥ 1.1rank(EK/K0

) (i. e. (Villegas+) for EK/K0
)

Theorem (Chinburg - Friedman - Skoruppa ’19)

EK/K0
⊆ E ⊆ O∗K

[K : K0] ≥ c1(2.01)d0 =⇒ Vol2(E ) ≥ 1.1rank(E)
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Results. III. E contains relatives units

K0 ⊆ K subfield, [K0 : Q] = d0.

EK/K0
= {u ∈ O∗K ,NK/K0

(u) root of 1} relative units.

rank(EK/K0
) = rank(O∗K )− rank(O∗K0

).

Friedman - Skoruppa (’99) : lower bound for reg(K/K0).

⇒ Vol2(EK/K0
) ≥ 1.1rank(EK/K0

) (i. e. (Villegas+) for EK/K0
)

Theorem (Chinburg - Friedman - Skoruppa ’19)

EK/K0
⊆ E ⊆ O∗K

[K : K0] ≥ c1(2.01)d0 =⇒ Vol2(E ) ≥ 1.1rank(E)

Methods: Analytic Number Theory (as for reg(K/K0)): Θ series,
saddle point method.
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) (i. e. (Villegas+) for EK/K0
)

Theorem (A - David ’19)

EK/K0
⊆ E ⊆ O∗K

[K : K0] ≥ c1 (2.01)d0 log(3d0) =⇒ Vol2(E ) ≥ 1.1rank(E)
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Results. III. E contains relatives units

K0 ⊆ K subfield, [K0 : Q] = d0.

EK/K0
= {u ∈ O∗K ,NK/K0

(u) root of 1} relative units.

rank(EK/K0
) = rank(O∗K )− rank(O∗K0

).

Friedman - Skoruppa (’99) : lower bound for reg(K/K0).

⇒ Vol2(EK/K0
) ≥ 1.1rank(EK/K0

) (i. e. (Villegas+) for EK/K0
)

Theorem (A - David ’19)

EK/K0
⊆ E ⊆ O∗K

[K : K0] ≥ c1 (2.01)d0 log(3d0) =⇒ Vol2(E ) ≥ 1.1rank(E)

Methods: elementary Lattices’ theory + Bertrand’s inequality +
Friedman - Skoruppa lower bound for relative regulator
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Further conjectures.
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Further conjectures.

Let E be a rank m subgroup of O?K ; ε1, . . . εm basis of E/Etors.
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Further conjectures.

Let E be a rank m subgroup of O?K ; ε1, . . . εm basis of E/Etors.

Vol1,K (E ) =
∑

J⊂MK ,∞
Card(J)=m

∣∣ det (dv log |εi |v )1≤i≤m
v∈J

∣∣
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Let us define H(E ) = Vol1,K (E )/[K : Q]m. Then:
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− Let l1, . . . , lm ∈ N generic, E ′ = 〈f1, . . . , fm〉 with f
lj
j = ej . Then
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j = ej . Then

[Q(E ′) : Q] = l1 · · · lm[Q(E ) : Q] and H(E ′) = H(E )/(l1 · · · lm).
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− H(E ) does not depend on K .

− Let l1, . . . , lm ∈ N generic, E ′ = 〈f1, . . . , fm〉 with f
lj
j = ej . Then

[Q(E ′) : Q] = l1 · · · lm[Q(E ) : Q] and H(E ′) = H(E )/(l1 · · · lm).

This suggests:

Conjecture

H(E ) ≥ c(m)/[K : Q], i. e. Vol1(E ) ≥ c(m)[K : Q]m−1
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This suggests:

Conjecture

H(E ) ≥ c(m)/[K : Q], i. e. Vol1(E ) ≥ c(m)[K : Q]m−1

Similarly, for the L2 norm:
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Further conjectures.

Let E be a rank m subgroup of O?K ; ε1, . . . εm basis of E/Etors.

Conjecture

Vol1(E ) ≥ c(m)[K : Q]m−1

Similarly, for the L2 norm:
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Further conjectures.

Let E be a rank m subgroup of O?K ; ε1, . . . εm basis of E/Etors.

Conjecture

Vol1(E ) ≥ c(m)[K : Q]m−1

Similarly, for the L2 norm:

Conjecture

Vol2(E ) ≥ c(m)[K : Q]m/2−1
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Further conjectures.

Let E be a rank m subgroup of O?K ; ε1, . . . εm basis of E/Etors.

Conjecture

Vol1(E ) ≥ c(m)[K : Q]m−1

Similarly, for the L2 norm:

Conjecture

Vol2(E ) ≥ c(m)[K : Q]m/2−1

What happens for m approaching r − 1 ∈ [d/2− 1, d − 1]?

No hope to improve the dependence in m in the lower bound for
the heights with present methods
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