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FRACTIONAL LAPLACIAN

m Definition: the fractional Laplacian of order s € (0,1) of u : R = R is

2%sI(s + £)

(=A)*u(z) = C(d, s)/lR wD) = uW) g o(d,s) = AT —s)"

EREE

m Fourier transform: definition above is equivalent to

F(—A)*u) (€) = [€]** Fu(€) V¢ e R

m Problem: let Q c R? be open with Lipschitz boundary and f: Q — R,

(—A)’u=f inQ,
u=0 inQ° =R\ Q.

= ‘Boundary’ conditions: imposed in Q¢ = R\ Q.

(This is the so-called integral, Riesz or restricted fractional Laplacian on Q.
There are other non-equivalent fractional Laplacians on bounded domains.)



VARIATIONAL FORMULATION

m Fractional Sobolev space: 75(Q) = {v € L2(R%): [v] s (ray < 00,v[qe = 0},

= O ] (o) olate) ) g,

|z —y|@t2e

|U|H5(Rd) = (v,v)i/Q.

m Variational formulation: for any f € H~*(2) = dual of H*(f2), consider
we HY(Q):  (u,0)s = (f,v) Yoe H(Q),
where (-, -) stands for the duality pairing.
Existence, uniqueness of weak solutions, and stability: Lax-Milgram Thm.

m Weak solution is the minimizer of the energy F: H*(Q) — R,

F(0) = 5ol gy — (0.



= In finite element discretizations’, one typically finds a Galerkin
projection: considers V,, C H*(Q2) with dim(V,,) < oo, and computes
up € Vy, satisfying

|U — uh|HS(]Rd) ~ vgrelglh |U — 'Uh|Hs(]Rd).

m Using interpolation, one can construct v, € V,, such that

|u — vn|garay < Ch|ulgatagay ifu€ H ™ RY), 0<a<2—s.

If f is smoother than H (), is necessarily « any smoother than H*(£)?

m In FE applications, the domain © would typically be a polygon/polyhedron.

"For clarity, we consider conforming approximations with piecewise linear functions.



REGULARITY OF SOLUTIONS

m Sobolev regularity (Vishik & Eskin (1965), Grubb (2015), Abels & Grubb
(2020)): if f € H"(Q) for some r > 0 and 9Q € C' 77 (8 > 2s), then

. H>*T7(Q) if s+7r<1/2,
u .
NesoHTY275(Q)  if s+7>1/2.

Generically, we cannot expect any regularity beyond H**'/275(Q).
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m Holder regularity (Ros-Oton & Serra (2014)). If 92 satisfies the exterior
ball condition, 8 > 0 and §(z, y) = min{dist(z, 9Q), dist(y, Q)}, then

EREE

wp {5(m,y)ﬁ“w} < C(f,u).
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REGULARITY OF SOLUTIONS

m Sobolev regularity (Vishik & Eskin (1965), Grubb (2015), Abels & Grubb
(2020)): if f € H"(Q) for some r > 0 and 9Q € C' 77 (8 > 2s), then

. H>*T7(Q) if s+7r<1/2,
u
NesoHTY275(Q)  if s+7>1/2.

Generically, we cannot expect any regularity beyond Hs“/2’5(§2).

m Holder regularity (Ros-Oton & Serra (2014)). If 92 satisfies the exterior
ball condition, 8 > 0 and é(z,y) = min{dist(z, 9Q), dist(y, 9Q)}, then

wp {5(m,y)5+sw} < C(f,u).

= |z — y|ot2

m Example: If Q@ = B(0,r) and f = 1, then the solution « is given by
u(z) = C(r? — |z?)% = u(z) ~ dist(z, 9Q)°,

which does not belong to H°*'/2(Q2). The regularity above is sharp!



WEIGHTED FRACTIONAL SOBOLEV REGULARITY (AcOSTA & JPB (2017))

o Definition of space H'(Q): lety > 0andt ¢ (0,1),

|U\Hf(sz) = // [o(@) — v(y)* §(z,y)" dw dy
QxQ |~’U—?J|d+2t
where §(z, y) = min{dist(z, ), dist(y, 9Q)}. Then,
HL(Q) = {v e HY(RY): v]|ae = 0},
and analogous definitions for spaces with differentiability order ¢ > 1.

o Weighted estimates: let 2 satisfy the exterior ball condition.
If 5 < 5y let B = 55y — s; otherwise, let 5 > 0. Let f € C7(Q).

Then, the solution u of (—A)°w = f that vanishes in Q¢ belongs to Hﬁ(Q)
and satisfies the estimate

C(Q,s)

||u|\1?1§(n> < Hf||ca(§),

wheret = s + 2((1 i —de, vy = 2(%1) —g¢e>0.
(This is based on boundary weighted Holder estimates by Ros-Oton & Serra (2014).)



REGULARITY IN TW/(€2) FOR d > 2 (JPB & NOCHETTO (2021))

m Heuristics: v(z) = 2% for 2 € R satisfies 9°v(z) ~ 5 *. Then
veL’(R) & t<s+%.
If v(z) ~ d(x,0)°, this regularity is valid for any d > 2.

= Nonlinear approximation: Sobolev embedding W, (2) C H*(Q) needs

d_ t s\ __ @ 3 l_l
t—;;—Sob(Wp)>Sob(H)—s 5 = t>s—|—d(p 2).

m Optimal parameters: These two lines intersectat p = 22 ¢ — s + -t

m Theorem (differentiability vs integrability) Let Q2 be a bounded Lipschitz
domain in R? and satisfy the exterior ball condition. Let f € C?(Q), with
$ as before. Then, the solution u € W} £ (Q) satisfies

C(Q, s
O s ve>0

‘U‘W;;:(Rd) >



BESOV SPACES

m Characterization by difference quotients: given 1 < p < oo, v € L?(Q),
and h € R?, we set 82 (h)v(z) := v(x + h) — 2v(x) + v(z — h), and define

1/
) ||52(h)11”qu(Q|h‘) ! 1<
qo(2—o0) AT , 1<g<oo,

[62(R)vllLr (2,

heD |h]o

lvlBg (@) =

) q = 0.

2This is due to the so-called Marchaud inequality.



BESOV SPACES

m Characterization by difference quotients: given 1 < p < oo, v € L?(Q),
and h € R?, we set 82 (h)v(z) := v(x + h) — 2v(x) + v(z — h), and define

q 1/aq
0-(2_0)/ % 1<qg< 00

162(h)vllze (2
sup ———————,
heD |h]o

lvlBg (@) =

q = 0.

m For spaces of order o € (0, 1), we can also use first-order differences to
characterize By ,(£2), with a norm equivalent to the one defined through
second-order differences’.

m Zero-extension spaces: B7 ,(Q) := {v € BZ ,(R?): supp v C Q}.

m Relation with fractional Sobolev spaces: By ,(€2) = W7 (2) for all
€ 0,2\ {1} 1 <p < oo

2This is due to the so-called Marchaud inequality.



AN EXAMPLE

Recall the typical solution behavior u(x) ~ dist(x, 9Q)°.
Let s € (0,1/2), and v(z) = 2% near 0 but smooth otherwise.
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c
161 (R)I12 2 gy = llvn =022 gy =~ /O [+ h)* — 22 dx = h25HY = oy, —v]| 2y = hHY/2.
Therefore, if 1 < ¢ < oo, we have
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AN EXAMPLE

Recall the typical solution behavior u(x) ~ dist(x, 9Q)°.
Let s € (0,1/2), and v(z) = 2% near 0 but smooth otherwise.

We compute

c
161 (R)I12 2 gy = llvn =022 gy =~ /O [+ h)* — 22 dx = h25HY = oy, —v]| 2y = hHY/2.
Therefore, if 1 < ¢ < oo, we have
llon — o]l v 1
0] a1z, = /7L2(R)dh :/7dh:oo,
By A (®) p |h|tFa(s+1/2) ph

lvn = vllL2(r) ~C

while

[v] sup

1/2 =
BSHP®) T pep |h[tI2

In particular, v € B3 \L/*(R) butv ¢ B3/ ?(R) = HHF1/2(R).

2,00



BESOV REGULARITY

The following regularity is valid without a uniform exterior ball condition, thus
allowing for reentrant corners?.

m Regularity assumptions: Let @  R? be Lipschitz, f € B, ;"/*(2) and let
w e H*(Q) solve:

(-AYu=finQ,  w=0in R\ Q.

= Optimal shift property: The solution u belongs to the Besov space
B3t1?(Q) and satisfies

Hu‘|B§ti/z(Q> < C(Qd7 S)Hf“3;i+1/2<9)‘

Therefore, u € ﬂg>oﬁs+l/2_5(9) and ‘U|H5+1/2—5<Rd> < ﬁHfHB;S*l/?(Q)‘
2,1

3Related work by Gimperlein-Stephan-Stocek (2021) and Faustmann-Melenk-Marcati-Schwab (2021).



BASIC APPROACH (JPB, LI & NOCHETTO (2022)*)

m Besov norms and translations: if s,0 € (0,1), p € (1,00),and r € [1, o],
then (recall 61 (h)v(z) = v(z + h) — v(z))

B 162(A)l| oy _ |01(R)v]ps | (ma)

v = sup —————
Plagie@n = S8 = ppre S50 TR

= Functionals in H°(Q): u € H*(Q) minimizes v — F»(v) — Fi (v) where

1 TS
Fi(v) :=/va, Fa(v) := §|v|§,smd) Vv e H(Q).

“Inspired by Savaré (1997).
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N 21 PP W it COLIVTINED

Plagie@n = S8 = ppre S50 TR

= Functionals in H°(Q): u € H*(Q) minimizes v — F»(v) — Fi (v) where
1 TS
Fi(v) :=/fv, Fa(v) := §|v|§,smd) Vv e H(Q).
Q

= Minimization problem: Solution of (—A)*u = fin Q, u = 0 in Q° satisfies

1

5= [ ) = Fev) = Falw)] = [Fi(v) = Fi(w)] Vv € H*(Q).

Hsrd) ~

|u—v

“Inspired by Savaré (1997).



BASIC APPROACH (JPB, LI & NOCHETTO (2022)*)

m Besov norms and translations: if s,0 € (0,1), p € (1,00),and r € [1, o],
then (recall 61 (h)v(z) = v(z + h) — v(z))

_Ne®llees 0 B)ls @)

Plagie@n = S8 = ppre S50 TR

= Functionals in H°(Q): u € H*(Q) minimizes v — F»(v) — Fi (v) where
1 TS
Fi(v) :=/fv, Fa(v) := §|v|§,smd) Vv e H(Q).
Q

= Minimization problem: Solution of (—A)*u = fin Q, u = 0 in Q° satisfies

1

5=V ey = FP2(0) = Falw)] = [F1(0) = Fu(w)] Vo € H(Q).

Idea: take v = uy, and bound F(up,) — F(u)... but u; may not belong to F%(€2)!

“Inspired by Savaré (1997).



A SEEMINGLY HARMLESS TECHNICAL DETAIL

In the definition of Besov seminorms, one can replace balls by cones.




A SEEMINGLY HARMLESS TECHNICAL DETAIL

In the definition of Besov seminorms, one can replace balls by cones.

Let C be a convex cone in R% so that C € D,, = D,, (0).

Then, there exist po and ¢ such that for every v: R — R

1
700(20 1) |”|Bgm(md;Dm/2) < |U|Bgm(Rd;C) < |’U|BgYm(]Rd;Dpl)’




ADMISSIBLE LOCALIZED TRANSLATIONS

m Because Q is Lipschitz, it satisfies a uniform cone property: there exist
p>0,0¢€(0,7],and a map n : Q — R? such that for all z € Q, the cone
C,(n(z),0) with height p, aperture 6, apex x and axis n(z) gives
admissible outward vectors:

h € Cp(n(x0),0) = (Dsp(x0)\ Q) +thC Q° Vte[o,1].




ADMISSIBLE LOCALIZED TRANSLATIONS
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p>0,0¢€(0,7],and a map n : Q — R? such that for all z € Q, the cone
C,(n(z),0) with height p, aperture 6, apex x and axis n(z) gives
admissible outward vectors:

h € Cp(n(x0),0) = (Dsp(x0)\ Q) +thC Q° Vte[o,1].

m Localized translations: given a smooth cut-off function ¢, such that
0<¢<1,é=1inD,(x0),supp ¢ C Dz2,(xo), let

Tho(x) = v(e + hé(x)).

The operator T}, translates v within D,(xo) and is the identity in Do, (x0)°.
By construction: zo € Q, h € C,p(n(x0),0),v € H*(Q) = Thv € H*(Q).




ADMISSIBLE LOCALIZED TRANSLATIONS

m Because Q is Lipschitz, it satisfies a uniform cone property: there exist
p>0,0¢€(0,7],and a map n : Q — R? such that for all z € Q, the cone
C,(n(z),0) with height p, aperture 6, apex x and axis n(z) gives
admissible outward vectors:

h e Cyo(n(zo),0) = (Dsp(xo)\ Q) +thC Q° Vtelo1].

m Localized translations: given a smooth cut-off function ¢, such that
0<¢<1,é=1inD,(x0),supp ¢ C Dz2,(xo), let

Tho(x) = v(e + hé(x)).

The operator T}, translates v within D,(xo) and is the identity in Do, (x0)°.
By construction: zo € Q, h € C,p(n(x0),0),v € H*(Q) = Thv € H*(Q).

m We write Thv = v o Sp,, where Sy, = I + h¢j; if || is sufficiently small, it is
one-to-one from D, to Ds,. Moreover,

det VSy ~ 1+ O(h),

o 1
lv— Th/”‘;:’;é;g(p%(zo)) < Al "U|BQIW(D3P(IU)) Vv € By, (D3p(20))-



m Localization: let {D,(x;)} be a finite covering of (, then

M
[0l @ = 2l 0, )
j=1




m Localization: let {D,(x;)} be a finite covering of (, then

‘U|B° () — Z|U|Ba (Dp(x;))
m Thus, if we can prove that
F(Thu) — F(u) < Clh|?

for every ball D,(z;) and h € C,(n(z;),0), then we can assure that
u € BH’U/Q(Q).

01 (h)u|213;12(pp(zj))

|u|?35+0/2 D . 5 sup I
200" (Po(®i)) ™ e pyqo} R
2
[Thu — u‘BSﬁz(DP(z]-))
= sup ~
heD\{0} R
< sup F(Thw) — Fu) _
heD\{0} |h]o

[Note that we can argue with the functionals 7; and 7, separately.]



REGULARITY OF FUNCTIONAL Fi(v) = (f,v)

Given o € (0,1],t € [0 — 1,1], a fixed z; € €, and a cone C,(n(x;),d) we
have, for all v € B _}(Ds,(x;)),
]:1(Th1)) - ]:1(1})

A NS A AR < o— .
hécpill'llgj)ﬁ) |h|o =¢ Hf”Bé’l(QmD%(xj)) |U|B2~°<§(D3”(zj))




REGULARITY OF FUNCTIONAL Fi(v) = (f,v)

Giveno € (0,1], ¢ € [a —1,1], a fixed z; € ©Q, and a cone C,(n(z;),0) we
have, for allv € BJ ! (D3p(x]))

]:1 (Thv) — ]:1 (’l})

— =< C o
hECp?ll’ll(P;j)ﬁ) |h|” < Cllflleg 1 (30D (3)) |U|B oo (P3p ()"
Proof.
Note Fi(Thv) — = [, f(Thv —v), and the result follows if t = o — 1.

Ift = 1, note fQ fTnww = fshm) foS, HvlJ|with J =det VS, ' ~ 1+ O(h),
and then the result follows as well in that case.

Finally, the mapping (f,v) — F1(Thv) — F1(v) is bilinear and we interpolate.




REGULARITY OF FUNCTIONAL ]:2(17) ==

Given a fixed z; € , and a cone C,(n(z;),0) we have

sup F2 (Thv) Fa(v < C//Q ( i dydz

d+2
heC,(n(e;),0) |l Doy 1T YT

for all v € H*(2), where QDap(z;) = (R% x R*) \ (Dz2,(z)¢ X Dap(z;)°).




REGULARITY OF FUNCTIONAL F2(v) = % v|%,,

Given a fixed z; € , and a cone C,(n(z;),0) we have

sup F2 (Thv) Fa(v < C//Q ( i dydz

d+2
heC,(n(z;),0) |h| Dy (e;) — y|+tes

forallv € H*(Q), where Qp,, ;) = (R? x RY) \ (D2,(;)° x Dap(;)°).

Proof: recall Tj,v = v o Sy, write Q = QDo (x;) and split

| 2

z) —v(y) 1 1
Pt = 7200 = [ \sh (m 5, (y)|d<|s,:1(z>—s,:1<y>|2s_|z—y|2s>”'dyd””

lv(2) — v(y)[? E 1 .
+// |z —y[2 <|s;1<x>—S;1(y>|d Iw—yd>dyd'

. _
Use that w =1+ O(h)and that J = det VS, ' ~ 1+ O(h) to prove that
both integrals are O(h).




REGULARITY FOR f € B, i "/*(Q)

m Fundamental recursion formula: if f € BS,;(Q) with ¢t > —s and the
minimizer u of the energy F belongs to B" (), then

||UH s+o/2 Cl\U|H>(Rd> + G2 fll 5 Q) HUHBG tQ
Q) — 2,1 oo ()




REGULARITY FOR f € B, i "/*(Q)

m Fundamental recursion formula: if f ¢ B2 1(Q) with ¢t > —s and the
minimizer » of the energy F belongs to B (), then

il /2 g < (chwun¥%Rd>+765nan;l<Q>uuuBa )

m Parameters: sett = —s+ 3, 0441 —t = s+ % (00 = 0)
1

m Master iteration:
2
sk gy < (O oy + ol gy ) 1Lty

m Induction: for {A;} uniformly bounded, ‘U|B;:Zk/z < Agllf]] By TH/2(0)

() —
> For k = 0: we have o9 = 0 and

lulgs ) S 1ulgs@ay SIFlla—2 @) S 11, Sat12()
> Fork > 0: Ai+1 = C1 + C2Ag is uniformly bounded depending on Ao, C1, Ca,

ul? < (C1 + C2A 2 .
| |B;tzk+1/2(9) _( 1 2 k)Hf”B;j+1/2(Q)



REGULARITY FOR f € L?(9)

m Case s # 1/2: if @ = min {s, 3 }, then u € B3 2(Q) satisfies
‘U‘Bgf;(m < Clfllz2@)
with constant C = C(Q, d, s) that blows up as s — 1/2.

m Cases=1/2:forall0<e <1,
C
ulpi—c o) = S I lle2 -
m Master iteration for s < }:

Ca
|U|B;§/2(Q) < (Cl”f”LZ(Q) + m|u|351w(ﬂ))||f|lL2(Q)

® Induction: set oy = s, 0y = s+ 0,_1/2, then o), = 23(1 — ﬁ)a 2s and

|U|ngoo(n) < Akl fllz2 @),

with a constant Ax < A(Q,d, s) uniformly bounded for s < 1/2 that blows
up for s = 1/2 precisely as (1 — o)~ /2.



FINITE ELEMENT DISCRETIZATION

m Let 7, be a shape-regular mesh of Q; i is the diameter of T' € 7, and
h = maxr hr.

m Conforming finite element space:

V= C'(Q) NP1(Th) C H ().

m Discrete problem: find u;, € V;, such that, for all v, € Vp,

C(d, s) (un(z) — un(¥) (0n (@) — o (y) ,
“es) //RR dzdy = (f,vn).

o =yl

= Best approximation: since we project over V,, with respect to the energy
norm H . HHS(Q) = | . |H5(]Rd)1 we get
lu — uh|HS(1Rd) = vinel{/lh lu — vths(]Rd).

m A priori error analysis: must account for nonlocality and boundary
behavior.



APPROXIMATION ERROR

m Local interpolation error:
|v — pv|gs (1) < Ch5"75|v|Hr(s%)7
where Sk is a patch surrounding 7.
m Faermann (2002) accounts for the nonlocal nature of the H*-norm,
2
o < | 32 / / s ayde + ST ol |
S

so that in shape-regular meshes we have the global approximation
estimate

1/2

2(r—s), |2 ~
Jmin v —vnl| s o) < C T; he"™ vl (52
h



A PRIORI ERROR ESTIMATES

® Quasi-uniform meshes:

1
| hi|logh|l|f||H,s+l/z(Q), Q smooth,
— Uh|gs(Rd) S 1 1 . .
He= (R h2|log h|2 ‘|f“Bz—i+l/2(Q), Q Lipschitz.




A PRIORI ERROR ESTIMATES

® Quasi-uniform meshes:

1
| hi|logh|l|f||H,s+l/z(Q), Q smooth,
- s (Rd S L . .
PIHERD) ~ ) 15| log b2 Wl ev1r20)s - © Lipschitz.

m Graded meshes (d > 2): if by ~ hdist(T,9Q)"/* then

d 1

lu — uh|1§s(n) S h2@=1log hj ||f||cﬂ(ﬁ) ~ N 2@ log N Hf”cﬁ(ﬁ)a

where N = #7;, ~ h™%|log h| is the number of degrees of freedom of 7y,.

m Example: u(z) = C(r® — |2|?)% with Q = B(0,1) CR?, f =1

| Valueofs | o1 [ o2 [ 03 | o4 | o5 [ o6 [ 07 [ 08 | 09 |

Uniform 7;, [ 0.49 | 0.49 | 0.49 | 0.50 | 0.50 | 0.50 | 0.50 | 0.50 | 0.53
Graded7;, | 1.06 | 1.04 | 1.02 | 1.00 | 1.06 | 1.05 | 0.99 | 0.98 | 0.97




CONSTRUCTIVE APPROXIMATION IN BISECTION GRIDS (d = 2)

= Interpolation error: [u — I1nul?. gay S Yo, [u — Maul,. , and

5
|U — HhU|HS(§%) S héﬂ|u|Wisi—€1—s(§%) 5 ‘T| diSt(ZL'T., 89)71 = l?T7

with Si., S7 first and second extended patch of Tand t =2 — e — -2 > 0.

m Greedy algorithm: given a tolerance § > 0, iterate

GREEDY (T, 9)
while M:={T €T :Ep >t #0
T = REFINE (T, M)
end while
return

m REFINE is a bisection algorithm acting on the marked elements M.

= Optimal mesh: GREEDY terminates in finite steps, the number of elements
N satisfies N ~ 6~ !|1log 6| and the error of the interpolant uy = II,u obeys

[u — un|gs@a) S N7Y2log N2

[Constructive proof. Rate consistent with a priori graded meshes.]



L?-ERROR ESTIMATES (d > 2)

m Sobolev regularity: lift theorem for Q Lipschitzand o = min{s, 1 }

Cc(Q,d,s)

|u!1|H5+u*E(Rd) < THQHL%Q)y
wherek = 1ifs#1/2and k =2ifs=1/2.

® Quasi-uniform meshes: If  is Lipschitzand f € B5%'/*(), then

1 imin{s,1}
lu — unllz2(q) < Ch? 2 |10gh|“\|f||3;j+1/2<9)7

where xk = 1ifs#1/2andk =2ifs =1/2.

m Graded meshes: if 2 satisfies the exterior ball condition, f € C*(Q)
(B= max{ﬁil) —5,0}), and hy ~ hdist(T, Q)'/<, then

d min S,L L
lu = unl g2 (@) < CRED T2 log A5 || £ s o,

where k =1ifs# 2 and k =2if s = L.



LOCAL ENERGY ERROR ESTIMATES (JPB, LEYKEKHMAN & NOCHETTO (2020))

m Caccioppoli inequality (Cozzi (2017)): Let Bz C R? be a ball of radius R
centered at zo. Let u satisfy
> «is s-harmonic in Bg, namely (u,v)s = 0 forallv € H%(Bg)

lu(2)] _pd
> fB% ﬁdm<oo,whereB§_R \ Bg.

Then v satisfies

2
2 d+2s |u(3:)|
[ultrs (B, < Rgs ||u||L2(BR) +CR (/B% de




LOCAL ENERGY ERROR ESTIMATES (JPB, LEYKEKHMAN & NOCHETTO (2020))

m Caccioppoli inequality (Cozzi (2017)): Let Bz C R? be a ball of radius R
centered at zo. Let u satisfy
> «is s-harmonic in Bg, namely (u,v)s = 0 forallv € H%(Bg)
> fpe i de < oo, where By, = RY\ Bp.

Then w satisfies
Ju(a)| ’
2 d+2s u\xr
(ultro (B, ) < st lullZ2sq) + CR (/BR |x_$0|d+2$dx>

® A pair (u,un) € H*(Q) x V,, satisfies the local Galerkin orthogonality
(LGO) relation in By if

(v —wup,vp)s =0 Yo, € V,(Bgr), where v, vanishes in B.




LOCAL ENERGY ERROR ESTIMATES (JPB, LEYKEKHMAN & NOCHETTO (2020))

m Caccioppoli inequality (Cozzi (2017)): Let Bz C R? be a ball of radius R
centered at zo. Let u satisfy
> «is s-harmonic in Bg, namely (u,v)s = 0 forallv € H%(Bg)
> fpe i de < oo, where By, = RY\ Bp.

Then w satisfies
Ju(a)| ’
2 d+2s ul™
(ultro (B, ) < st lullZ2sq) + CR (/BR |x_m0|d+2$dx>

® A pair (u,un) € H*(Q) x V,, satisfies the local Galerkin orthogonality
(LGO) relation in By if

(v —wup,vp)s =0 Yo, € V,(Bgr), where v, vanishes in B.

m Theorem Let (u,us) € H*(Q) x V), satisfy LGO in Bg. If T, is a
shape-regular mesh with 16hr+ < Rforall T € T, T C Bg, then

. C
lu—unlms By, ) SCU}}E%}I (|u vh|H<(BR)+ flu— UhHLZ(Q))‘*‘ﬁ||U—Uh,||L2(Q)-

[Similar results by Faustmann, Karkulik, & Melenk (2020)]



GLOBAL VS INTERIOR ERROR ESTIMATES (d = 2)

Comparison of convergence rates (up to logarithmic factors) between interior

|U 7Uh|Hs

Quasi-uniform meshes: Let f € B, ;

(Br/2

y and global [u — up| g« (ra) error estimates.

—s+1/2

(2) or smoother. The interior estimates

exhibit an improvement rate h™in{s:1/2} regardless of the regularity of Q.

Interior rates Global rates
Q-smooth | Q-Lipschitz || Q-smooth | Q-Lipschitz
s<1 Btz Rtz hz hz
s> 1 h h h3 h?

Graded meshes: Let f ¢ H2~25(Q) N C'~5(Q) and local meshsize satisfy

hp ~ hdist(T, dQ)1/2. The interior estimates exhibit an improvement rate p™in{s,1=s}
for Q either smooth or Lipschitz with an exterior ball condition (e.b.c.).

Q-smooth or Lipschitz e.b.c.

Interior rates

Global rates

s <
s >

SIESIEE

hsTT
h27s

h
h




FRACTIONAL p-LAPLACIAN

m Fractional Sobolev spaces: let 1 < p < oo,

W:(Q) = {ve LP(R): [0l ws (mey < 00, v|ae = 0},

[v(z) = v(y)” e
|'U|WS(]Rd) = (Cdsp//RdXRd |x— =z dydzx .

m The minimizer of the energy F: W;’(Q) — R,
F0) = ol oy = (20)

is the unique weak solution to the problem

{(—A);u =f inQ,

u=0 inQ°
where fu(e) = u(e)" (u(z) - u(y))
O B T



® Variational formulation: weak solution is the unique u € W*?(Q2) such
that for every v € W*?(Q),

(o= [ 1)l 2(u() — u(y))(v(x) — v(y)

xR4 |z — y|@tep

dady = (f,v).

m Holder regularity: (lannizzotto, Mosconi, & Squassina (2016),
Brasco, Lindgren, & Schikorra (2018)) if 9Q is C*!

1/(p—1
||’U,H(~a(Q) ~ HfHL/O(Cp((Z))’

with a € (0,s]and a = sifp > 2.

m Interior Sobolev regularity: (Brasco & Lindgren (2017)) in the p > 2 case.




® Variational formulation: weak solution is the unique u € W*?(Q2) such
that for every v € W*?(Q),

(o= [ 1)l 2(u() — u(y))(v(x) — v(y)

xR4 |z — y|@tep

dady = (f,v).

m Holder regularity: (lannizzotto, Mosconi, & Squassina (2016),
Brasco, Lindgren, & Schikorra (2018)) if 9Q is C*!

1/(p—1
||’U,H(~a(Q) ~ HfHL/in((Z))’

with a € (0,s]and a = sifp > 2.
m Interior Sobolev regularity: (Brasco & Lindgren (2017)) in the p > 2 case.

m Monotonicity: the operator (—A); satisfies

(A — (~A)0,u—v) 2 aplu—vffy, o) Vuv e W3 ().

and therefore the minimizer v € W; () of F satisfies
Xy

=0l gy S F0) = Flu) Vo€ W3 ().



REGULARITY ESTIMATE (JPB, LI & NOCHETTO (2022))

Theorem
Let Q c R? be a bounded Lipschitz domain, s € (0,1), p € (1,00),

—s+4 — L
qg=max{p,2},and f € B, | * (Q). Let u € W () be the minimizer of the

energy F(v) = jlvlfy. o = (/:0)-
1
mIfp>2 thenwu € By (), with [ul] .1 < C||f||P O
p.od () Bp,,1 P (@)
.ol .
m ifp <2 thenu € BIoE (@), with [ull L0 < IFI7 7.,
Bp.o3 () 7”*’2(9)




REGULARITY ESTIMATE (JPB, LI & NOCHETTO (2022))

Theorem

Let Q c R? be a bounded LIpSChItZ domain, s € (0,1), p € (1, 00),

q = max{p, 2}, and f € B 7(Q). Letu € Wp( ) be the minimizer of the
energy F(v) = |vf% <f, )-

W5 ()

l
mIfp>2thenu e B;,Og” (), with ||ul] otl < C||f||p

p,o0 (Q) B

Lgal .
m Ifp < 2, then u € B} 12 (Q), with [|u] . 5y nfutg
B 2

P50

Remarks:
m One can interpolate between the maximal regularity and the stability
uliws ) < Cllfllyy - to prove intermediate regularity estimates.
P p’

m By embedding, we obtain estimates in the Sobolev scale:

ul e > 0.
e ) S 21 I



FINITE ELEMENT APPROXIMATION: ENERGY ERROR ESTIMATES

m Discretization: let V,, := C°(Q) NP1 (T) C W>P(Q), s € (0, 1), and
p € (1,00). We seek u,, € V, such that for all v, € V,,

/' ‘Uh(m) - uh,(y)‘%2 (Uh(l") - uh(y)) (Uh(l") - Uh(y)) dy = / F(@)on(x)
R4 Q

R

m Error estimates: Let p € (1,00), s € (0,1)and f € B‘”“’ (92). Then

e2 = m—umwma<0mu%men2H”m

pel2oo) =l S CHF o IAIZET,

over quasi-uniform meshes 7, (recall v/ = max{1/p’,1/2}).
m Error analysis inspired by Chow (1989) for classical p-Laplacian.

m Damped Newton’s method to solve the nonlinear system of equations®.

5In case p € (1, 2), we add a regularization following Bartels, Diening, & Nochetto (2018).



AN EXPERIMENT IN 1D

Example: Q = (—-0.5,0.5) CRand f =1.

p=125

Uniform meshes:

Valueof s | 041 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
p=125 | 080 | 078 | 078 | 079 | 0.80 | 0.81 | 0.82 | 0.85 | 0.90
p=3 034 | 033 | 033 | 0.33 | 0.33 | 033 | 0.33 | 033 | 0.34

Remarks:
m Solution is W T™n{/2.1/21=2 () interpolation error is p™» {1/ 1/2}
m Theoretical rates 7™ {7/4:2/7°} seem suboptimal (unless p = 2).

m Regularity (convergence rates) affected by boundary behavior
= graded meshes.




GRADED MESHES

Example: @ = (-0.5,0.5) CRand f = 1.

If there exists some smooth ¢ such that

u(z) = dist(z, 0Q)*p(z),

then we can improve the convergence rates by grading the meshes accordingly.




GRADED MESHES

Example: @ = (-0.5,0.5) CRand f = 1.
If there exists some smooth ¢ such that
u(z) = dist(z, 0Q)°¢(z),
then we can improve the convergence rates by grading the meshes accordingly.

We fix u > 1 and set

hp w | B AISUT,00) 5, if dist(T,00) > 0,
h if dist(T), 99) = 0.

To fully exploit a weighted W2 -regularity, we require ;2 > p(2 — s), and we
expect the interpolation error to be of order 2 — s in the energy norm.

Value of s | 0.1 02 | 03| 04 | O5 | 06 | 07 | 0.8 0.9
p=125 | 195 | 1.85 | 1.73 | 1.62 | 151 | 1.40 | 1.30 | 1.20 | 110
p=3 1.98 | .80 | 1.70 | 1.60 | 1.46 | 1.28 | 112 | 0.99 | 0.89

[Recall the rates 4/5 (p = 1.25) and 1/3 (p = 3) we obtained on uniform meshes.]



AN EXPERIMENT ABOUT INTERIOR REGULARITY

m For p = 3 and s > 1/2, the interior regularity limits the convergence rates.
m In the local (s = 1) case, we have

“Ayu=1 inQ=(-1/2,1/2), "
pU ( / / ) u(m) _ C(l _ |2I|Pfl)
u=0 ono, +

so the solution is locally W7 only if -25 + 1 > 2,ie, p < BB
m We test with modified meshes: for u = p(2 — s), we set
p—1
M

by m d R AISUT,00) 5, if dist(7,00 U {0}) > 0,
h*, if dist(T, 90 U {0}) = 0.

Value of s 041 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
p=125 1.85 | 174 | 1.62 | 1.51 | 1.41 | 1.31 | 1.21 | 143 | 1.05
p=3 190 | 1.76 | 1.65 | 1.55 | 1.45 | 1.35 | 1.25 | 116 | 1.09




CONCLUDING REMARKS

m Linear problems
> Regularity: Holder and Sobolev. Besov for Lipschitz domains.
> Boundary behavior of solutions = graded meshes.

> Finite element error analysis in H* (), L2(2), H*(Bgr), Br € Q.

® Quasi-linear problems
> Besov regularity.

> Finite element error analysis in WPS (Q).

> Suboptimal regularity estimates in the case p < 2;
> Suboptimal convergence rates (w.r.t. interpolation and experiments).

m Technique to prove Besov regularity is variational and can be extended to
operators with variable diffusivity, or finite horizon.




CONCLUDING REMARKS

m Linear problems
> Regularity: Holder and Sobolev. Besov for Lipschitz domains.
> Boundary behavior of solutions = graded meshes.

> Finite element error analysis in H* (), L2(2), H*(Bgr), Br € Q.
® Quasi-linear problems
> Besov regularity.

> Finite element error analysis in WPS (Q).

> Suboptimal regularity estimates in the case p < 2;
> Suboptimal convergence rates (w.r.t. interpolation and experiments).

m Technique to prove Besov regularity is variational and can be extended to
operators with variable diffusivity, or finite horizon.

Thank you!



