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Physical backgrounds

Models for time-fractional PDEs
Continuous time random walk with mean square displacement
⟨∆x2⟩ ∼ tα =⇒ ∂α

t u = △u (α = 1: Brownian motion);
Diffusion on fractal, e.g. Sierpiński gasket: α← fractional
dimensions (Barlow, Perkins ′88, Kumagai);
Earth science, esp. geothermics:

∑m
j=1 qj∂

αj
j (linear combination);

Viscoelasiticity: Spring-pot model (G: relaxation tensor)

∂2
t u = div

∫ t

0
G( · t − τ)∇∂τu( · , τ)dτ =⇒ ∂α

t with 1 < α < 2.

α

(Time-fractional) PDEs: ∂α
t u = △u + F (0 < α ≤ 2)

20 1

hyperbolic

time-fractional diffusion equation time-fractional wave equation

parabolicelliptic
anomalous diffusion viscoelasticity
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Definition of Caputo derivative
Motivation Usual integral operator

Jf (t) :=
∫ t

0
f (τ) dτ =⇒ J nf (t) =

∫ t

0

(t − τ)n−1

(n − 1)!
f (τ) dτ (n ∈ N).

(n − 1)! = Γ(n) =⇒ Riemann-Liouville integral operator (β > 0):

Jβf (t) :=
∫ t

0

(t − τ)β−1

Γ(β)
f (τ) dτ.

=⇒ Caputo derivative (α > 0):

∂α
t := J ⌈α⌉−α ◦ d⌈α⌉

dt⌈α⌉

(◦: composition, ⌈ · ⌉: ceiling function)

Example Caputo derivative of order α ∈ (0, 1):

∂α
t f (t) = J 1−α(f ′)(t) =

∫ t

0

(t − τ)−α

Γ(1− α)
f ′(τ) dτ.

Observation ∂α
t accesses ⌈α⌉-th derivative ⇐= may not exist!

4 / 26
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Redefinition of ∂α
t in Hα(0,T )

Idea Redefine ∂α
t = (Jα)−1 ⇐= Characterization of R(Jα)!

Basically set 0 < α < 1, D(Jα) = L2(0,T ),
Hα(0,T ): Sobolev-Slobodeckij spaces.

Gorenflo, Luchko, Yamamoto ′15 =⇒

R(Jα) = Hα(0,T ) := {f ∈ C 1[0,T ] | f (0) = 0}
Hα(0,T)

=


Hα(0,T ), 0 < α < 1/2,{

f ∈ H 1/2(0,T )

∣∣∣∣ ∫ T

0

f 2(t)
t

dt <∞

}
, α = 1/2,

{f ∈ Hα(0,T ) | f (0) = 0}, 1/2 < α < 1.

Especially, Jα : L2(0,T ) −→ Hα(0,T ) is a bijection =⇒ Redefine

∂α
t := (Jα)−1, D(∂α

t ) = Hα(0,T )

Remark For 1/2 < α < 1, Hα(0,T ) ⊂ C [0,T ] and ∂α
t f does not

makes sense if f (0) ̸= 0.
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Multi-term time-fractional diffusion equation
Ω ⊂ Rd (d ∈ N): bounded domain, ∂Ω: smooth, R+ := (0,∞).
Consider the initial-boundary value problem:

(⋆u)


m∑

j=1
qj∂

αj
t (u − a) + Lu = 0 in Ω× R+,

u = 0 on ∂Ω× R+,

where m ∈ N, αj , qj > 0: constants, 1 > α1 > · · · > αm > 0.

L : H 2(Ω) ∩H 1
0 (Ω)(=: D(L)) −→ L2(Ω): elliptic operator

Lf (x) := −div(A(x)∇f (x)) + b(x) · ∇f (x) + c(x)f (x) (f ∈ D(L)),

A = (aij)1≤i,j≤d ∈ C 1(Ω ;Rd×d
sym ): uniformly positive-definite on Ω ,

b = (b1, . . . , bd) ∈ C 1(Ω ;Rd), 0 ≤ c ∈ C (Ω) (simplest case: L = −△).
Remark (u − a)(x, · ) ∈ D(∂α1

t ) = Hα1(0,T ) a.e. x ∈ Ω =⇒ Initial
condition u|t=0 = a if α1 > 1/2.

Li, Liu, Yamamoto ′15: Well-posedness.
Jin, Lazarov, Liu, Zhou ′15: Galerkin FEM.
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Comparison of properties of ∂α
t u = △u (0 < α ≤ 1)

α = 1 0 < α < 1 Applications to IPs
Positivity principle ⃝ ⃝ Inverse t-source problem
Time-analyticity ⃝ ⃝ Coefficient inverse problem
Smoothing effect strong limited Backward problem
Vanishing property strong weak Inverse x-source problem

Asymptotic behavior e−λ1t t−α Parameter inverse problem

Parameter Inverse Problem
Fix x0 ∈ Ω, τ > 0 (τ ≪ 1) and let u satisfy (⋆u), where the initial
value a is unknown. Determine m, αj , qj (j = 1, . . . ,m) simultaneously
by the single point observation data of u at {x0} × [0, τ ].

Existing literature Only uniqueness with given a and exact data!
Hatano et al. ′13: Inversion formula in the case of m = q1 = 1:

α1 = − lim
t→∞

t ∂tu(x0, t)
u(x0, t)

= lim
t→0

t ∂tu(x0, t)
u(x0, t)− a(x0)

.

Li, Yamamoto ′15: Uniqueness with self-adjoint L (i.e., b ≡ 0).
Li, Liu, Yamamoto ′19: A comprehensive survey.
Jin, Kian ′21: Uniqueness with unknown medium (i.e., L is unknown).
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Parellel to (⋆u), introduce an auxiliary problem

(⋆v)


m′∑
j=1

rj∂
βj
t (v − b) + Lv = 0 in Ω× R+,

v = 0 on ∂Ω× R+,

where m′ ∈ N, βj , rj > 0: constants, 1 > β1 > · · · > βm′ > 0.

Theorem 1 (Uniqueness by inexact data)
Let u, v satisfy (⋆u) and (⋆v) respectively, where a, b ∈ H γ(Ω) with
γ > 2 + d/2. Pick x0 ∈ Ω such that La(x0) ̸= 0, Lb(x0) ̸= 0 and set
κ := La(x0)/Lb(x0).
(i) If ∃C > 0 and ν > min{α1, β1} such that

(∗) Inexact data: |u(x0, t)− v(x0, t)| ≤ C tν (0 ≤ t ≤ τ),

then there hold α1 = β1, q1/r1 = κ.
(ii) If further a, b ∈ H 2+γ(Ω) and (∗) holds with ν > 2min{α1, β1},
then there hold m = m′, αj = βj , qj/rj = κ (j = 1, . . . ,m).

9 / 26



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Introduction Main Results Proofs Conclusion

Parellel to (⋆u), introduce an auxiliary problem

(⋆v)


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Introduction Main Results Proofs Conclusion

Comparison of existing results and Theorem 1
Results Existing Theorem 1

Initial value a ≡ b a(x0) = b(x0), La(x0) ̸= 0, La(x0) ̸= 0
Data u ≡ v u(x0, t)− v(x0, t) = O(tν)

Conclusion Uniqueness: m = m′, αj = βj ,

qj/rj = κ

Question Can one further conclude qj = rj?

Example 1
In (⋆u) and (⋆v), take Ω = (0, π), m = m′ = 1, α1 = β1, q1 = 4,
r1 = 1, L = −△. Pick ∀ x0 ∈ (0, π) \ {π/2} and select initial values

a(x) = sin 2x
2 cos x0

, b(x) = sin x

=⇒ a(x0) = b(x0) = sin x0, q1/r1 = 4 = a′′(x0)/b′′(x0)

=⇒ u(x, t) = Eα1,1(−tα1)
sin 2x

2 cos x0
, v(x, t) = Eα1,1(−tα1) sin x

=⇒ u(x0, t) = Eα1,1(−tα1) sin x0 = v(x0, t), q1 ̸= r1!
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Introduction Main Results Proofs Conclusion

Assume L: self-adjoint (i.e., b ≡ 0). By c ≥ 0 in Ω =⇒
Distinct eigenvalues σ(L) := {λn}n∈N ⊂ R+;
Introduce Pn : L2(Ω) −→ ker(L − λn) (n ∈ N): eigenprojection.

Theorem 2 (Characterization of exact data)
Define Σ := {λn/λn′ | n,n′ ∈ N} and let u, v satisfy (⋆u) and (⋆v)
respectively. Under the same assumptions in Theorem 1, the following
claims are equivalent.
(i) ∃ τ > 0 such that u(x0, t) = v(x0, t) (0 ≤ t ≤ τ).
(ii) There hold m = m′, αj = βj , qj/rj = La(x0)/Lb(x0) =: κ ∈ Σ
(j = 1, . . . ,m). Moreover, there exist (∅ ̸=)Mκ,M ′

κ ⊂ N satisfying
{λn ∈ σ(L) | n ∈ Mκ} = {κλn | λn ∈ σ(L), n ∈ M ′

κ}
and a bijection θκ : Mκ −→ M ′

κ such that
Pna(x0) = Pθκ(n)b(x0), PnLa(x0) = κPθκ(n)Lb(x0) (n ∈ Mκ),

Pna(x0) = PnLa(x0) = 0 (n /∈ Mκ),

Pnb(x0) = PnLb(x0) = 0 (n /∈ M ′
κ).
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Introduction Main Results Proofs Conclusion

Remark Definition of Σ =⇒ 1 ∈ Σ: trivial.
κ = 1, i.e., La(x0) = Lb(x0) ̸= 0 =⇒ M1 = M ′

1 = N, θ1 = Id,

Pna(x0) = Pnb(x0), PnLa(x0) = PnLb(x0) (∀n ∈ N).

κ /∈ Σ =⇒ there must be u(x0, t) ̸= v(x0, t).
κ ∈ Σ \ {1} =⇒ rather special relation between a, b.

Example 2
Ω = (0, π), L = −△ =⇒ λn = n2, Σ = Q2 \ {0}, Pnf = (f , φn)φn,
where ( · , · ): L2(0, π) inner product, φn(x) :=

√
2/π sinnx (n ∈ N).

Same as Example 1, take κ = 4 =⇒ M4 = 2N, M ′
4 = N, θ4(n) = n/2.

By Theorem 2 =⇒

(a, φ2n)φ2n(x0) = (b, φn)φn(x0), (a, φ2n−1)φ2n−1(x0) = 0 (n ∈ N).

Especially, if x0 /∈ πQ =⇒ a must take the form of

a(x) =
∞∑

n=1

(b, φn)φn(x0)

φ2n(x0)
φ2n(x) =

1√
2π

∞∑
n=1

(b, φn)

cosnx0
sin 2nx.

12 / 26
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Corollary 1 (Uniqueness of initial values)
Let u, v satisfy (⋆u) and (⋆v) respectively. Under the same
assumptions in Theorem 2, further assume that all eigenvalues of L
are simple and

(#) x0 /∈
∞⋃

n=1
{x ∈ Ω | φn(x) = 0},

where φn is the unique eigenfunction of λn. Then u(x0, t) = v(x0, t)
(0 ≤ t ≤ τ) =⇒

a =
∑

n∈Mκ

(a, φn)φn, b =
∑

n∈M ′
κ

(b, φn)φn with

(a, φn)φn(x0) = (b, φθκ(n))φθκ(n)(x0) (n ∈ Mκ).

Especially if κ = 1 (⇐⇒ La(x0) = Lb(x0) ̸= 0), then a ≡ b in Ω.

Remark (#): Special case of the rank condition (Sakawa ′75:
related to observability).
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Parallel results for inhomogeneous equations:( m∑
j=1

qj∂
αj
t + L

)
u(x, t) = ρ(t)f (x), u|∂Ω = 0,(⋆′

u) ( m∑
j=1

rj∂
βj
t + L

)
v(x, t) = ρ(t)g(x), v|∂Ω = 0.(⋆′

v)

Theorem 1′ (Uniqueness by inexact data)
Let u, v satisfy (⋆′

u) and (⋆′
v) respectively, where f , g ∈ H γ(Ω) with

γ > d/2, ρ ∈ L1(R+) and ∃µ > −1 such that
ρ(t) ∼ tµ for a.e. t ≪ 1.

Pick x0 ∈ Ω such that f (x0) ̸= 0, g(x0) ̸= 0 and set κ := f (x0)/g(x0).
(i) If ∃C > 0 and ν > min{α1, β1}+ µ such that

(∗) Inexact data: |u(x0, t)− v(x0, t)| ≤ C tν (0 ≤ t ≤ τ),

then there hold α1 = β1, q1/r1 = κ.
(ii) If f , g ∈ H 2+γ(Ω) and (∗) holds with ν > 2min{α1, β1}+ µ, then
there hold m = m′, αj = βj , qj/rj = κ (j = 1, . . . ,m).
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Introduction Main Results Proofs Conclusion

Remark Assumption ρ(t) ∼ tµ for a.e. t ≪ 1: not restrictive.
Counterexample ρ(t) = exp(−1/t) near t = 0 =⇒ ρ(i)(0) = 0
(∀ i = 0, 1, . . .) ⇐= Severe ill-posedness.

Theorem 2′ (Characterization of exact data)
Let Σ, Mκ, M ′

κ and θκ be the same as those in Theorem 2. Let u, v
satisfy (⋆′

u) and (⋆′
v) respectively. Under the same assumptions in

Theorem 1′, u(x0, t) = v(x0, t) (0 ≤ t ≤ τ)⇐⇒ m = m′, αj = βj ,
qj/rj = f (x0)/g(x0) =: κ ∈ Σ (j = 1, . . . ,m) and

Pnf (x0) = κPθκ(n)g(x0) (n ∈ Mκ),

Pnf (x0) = 0 (n /∈ Mκ),

Png(x0) = 0 (n /∈ M ′
κ).

Corollary 1′ (Uniqueness of source terms)
Let u, v satisfy (⋆′

u) and (⋆′
v) respectively. Under the same

assumptions in Corollary 1,
u(x0, t) = v(x0, t) (0 ≤ t ≤ τ)

f (x0) = g(x0) ̸= 0⇐⇒ κ = 1

}
⇐⇒

{
m = m′, αj = βj , qj = rj ,

f ≡ g in Ω.
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Introduction Main Results Proofs Conclusion

Proof of Theorem 1 (1)
For simplicity, only consider m = m′ = 1 =⇒

q ∂α
t (u − a) + Lu = 0, u|∂Ω = 0,(⋆u)

r ∂β
t (v − b) + Lv = 0, v|∂Ω = 0.(⋆v)

(∗) Inexact data : |u(x0, t)− v(x0, t)| ≤ C tν (0 ≤ t ≤ τ)

Asymptotic behavior : u(x0, t) ∼ t−α, v(x0, t) ∼ t−β (t →∞)

}
=⇒ |u(x0, t)− v(x0, t)| ≤ C tν (∀ t ≥ 0).

Take Laplace transform ĥ(p) :=
∫
R+

e−pth(t) dt on both sides =⇒

|û(x0, p)− v̂(x0, p)| ≤ C p−ν−1 (p > 0).(∗′)
Take Laplace transform in (⋆u)

Formula : ∂̂α
t h(p) = pαĥ(p)− pα−1h(0)

}
=⇒{

(L + q pα)û( · , p) = q pα−1a in Ω,

û( · , p) = 0 on ∂Ω
(p > 0).
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∫
R+

e−pth(t) dt on both sides =⇒
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∫
R+

e−pth(t) dt on both sides =⇒
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Proof of Theorem 1 (2)
Assume σ(L) = {λn} ⊂ R+ and use eigenprojection Pn =⇒

p û(x0, p) = q pα(L + q pα)−1a(x0) = a(x0)−
∞∑

n=1

PnLa(x0)

λn + q pα
.

Treat v similarly, employ (∗′) and a(x0) = b(x0) =⇒

(▲)
∞∑

n=1

PnLa(x0)

λn + q pα
−

∞∑
n=1

PnLb(x0)

λn + r pβ
= O(p−ν) (p →∞).

Contradiction argument If α < β, multiply (▲) by pα =⇒

(▼)
∞∑

n=1

PnLa(x0)

λnp−α + q︸ ︷︷ ︸
−→La(x0)/q ̸=0

−
∞∑

n=1

PnLb(x0)

λnp−α + r pβ−α︸ ︷︷ ︸
−→0

= O(p−ν+α)︸ ︷︷ ︸
−→0

(p →∞)

=⇒ contradiction. Similarly, α > β is also impossible =⇒ α = β

Again by (▼) =⇒ q/r = La(x0)/Lb(x0)
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Now consider
(q ∂α

t + L)u(x, t) = ρ(t)f (x), u|∂Ω = 0,(⋆′
u)

(r ∂β
t + L)v(x, t) = ρ(t)g(x), v|∂Ω = 0.(⋆′

v)

Lemma
Let ρ ∈ L1(R+) and ∃µ > −1 such that ρ(t) ∼ tµ for a.e. t ≪ 1.
Then its Laplace transform ρ̂(p) ∼ p−µ−1 for p ≫ 1.

Proof of Theorem 1′ Same argument =⇒ û(x, p), v̂(x0, p) satisfy
(∗′) |û(x0, p)− v̂(x0, p)| ≤ C p−ν−1 (p > 0).
Take Laplace transform in (⋆′

u) and (⋆′
v) and by Lemma =⇒

û( · , p)− v̂( · , p) = ρ̂(p)︸︷︷︸
∼p−µ−1

( ∞∑
n=1

Pnf
λn + q pα︸ ︷︷ ︸

=(L+q pα)−1f

−
∞∑

n=1

Png
λn + r pβ︸ ︷︷ ︸

=(L+r pβ)−1g

)
(p ≫ 1)

=⇒
∞∑

n=1

Pnf (x0)

λn + q pα
−

∞∑
n=1

Png(x0)

λn + r pβ
= O(pµ−ν) (p →∞).

ν − µ > min{α, β} =⇒ OK.
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∞∑
n=1

Png(x0)

λn + r pβ
= O(pµ−ν) (p →∞).

ν − µ > min{α, β} =⇒ OK.
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Proof of Theorem 2 (1)

Theorem 2 (Recall; Characterization of exact data)
Define Σ := {λn/λn′ | n,n′ ∈ N} and let u, v satisfy (⋆u) and (⋆v)
respectively. Under the same assumptions in Theorem 1, the following
claims are equivalent.
(i) ∃ τ > 0 such that u(x0, t) = v(x0, t) (0 ≤ t ≤ τ).
(ii) There holds m = m′, αj = βj , qj/rj = La(x0)/Lb(x0) =: κ ∈ Σ
(j = 1, . . . ,m). Moreover, there exist (∅ ̸=)Mκ,M ′

κ ⊂ N satisfying
{λn ∈ σ(L) | n ∈ Mκ} = {κλn | λn ∈ σ(L), n ∈ M ′

κ}
and a bijection θκ : Mκ −→ M ′

κ such that
Pna(x0) = Pθκ(n)b(x0), PnLa(x0) = κPθκ(n)Lb(x0) (n ∈ Mκ),

Pna(x0) = PnLa(x0) = 0 (n /∈ Mκ),

Pnb(x0) = PnLb(x0) = 0 (n /∈ M ′
κ).

Only consider m = m′ = 1 and show (i) =⇒ (ii). Time-analyticity =⇒
u(x, t) = v(x0, t) (∀ t ≥ 0) =⇒ û(x0, p) = v̂(x0, p) (p > 0).
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Proof of Theorem 2 (2)
Now α = β, q/r = κ and (▲) becomes

(♦)
∞∑

n=1

Pna(x0)

z − λn
=

∞∑
n=1

Pnb(x0)

z − κλn
,

∞∑
n=1

PnLa(x0)

z − λn
= κ

∞∑
n=1

PnLb(x0)

z − κλn
,

where z := −q pα < 0. Unique continuation =⇒ (♦) holds for
z ∈ C \ Λ, where Λ := σ(L) ∪ κσ(L), κσ(L) := {κλn | n ∈ N}.

Proof of κ ∈ Σ If κ /∈ Σ⇐⇒ σ(L) ∩ κσ(L) = ∅. Apply Cauchy’s
integral formula to (♦) =⇒

PnLa(x0) = 0 (∀n ∈ N) =⇒ La(x0) = 0 =⇒ contradiction
=⇒ κ ∈ Σ =⇒ σ(L) ∩ κσ(L) ̸= ∅ =⇒ Mκ,M ′

κ, θk : well-defined.

Apply Cauchy’s integral formula repeatedly to (♦) =⇒
n /∈ Mκ =⇒ λn /∈ κσ(L) =⇒ Pna(x0) = PnLa(x0) = 0,
n /∈ M ′

κ =⇒ κλn /∈ σ(L) =⇒ Pnb(x0) = PnLb(x0) = 0,

n ∈ Mκ =⇒ λn = κλθκ(n) =⇒

{
Pna(x0) = Pθκ(n)b(x0),

PnLa(x0) = κPθκ(n)Lb(x0).
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α

(Time-fractional) PDEs: ∂α
t u = △u + F (0 < α ≤ 2)

20 1

hyperbolic

time-fractional diffusion equation time-fractional wave equation

parabolicelliptic
anomalous diffusion viscoelasticity

Caputo derivative : ∂α
t f (t) = J 1−α(f ′)(t) =

∫ t

0

(t − τ)−α

Γ(1− α)
f ′(τ)dτ

=⇒ Redefinition as ∂α
t = (Jα)−1 in Hα(0,T ) (0 < α < 1).

Parameter Inverse Problem Find m, αj , qj (j = 1, . . . ,m) in
m∑

j=1
qj∂

αj
t (u − a) + Lu = 0 or

( m∑
j=1

qj∂
αj
t + L

)
u = ρ(t)f (x)

simultaneously by single point observation of u at {x0} × [0, τ ].

Highlights Essential difference from literature:
Only use the short-time inexact data near t = 0;
The initial value a or the source term f are unknown.
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m∑
j=1

qj∂
αj
t (u − a) + Lu = 0 or

( m∑
j=1

qj∂
αj
t + L

)
u = ρ(t)f (x)

Main achievements
Inexact data |err| ≤ C tν =⇒ Uniqueness of m, αj and
qj/La(x0) or qj/f (x0).
Exact data ⇐⇒ Characterization of a(x) or f (x).
In some special case, even the uniqueness of a(x) or f (x).

Future topics
Multiple point observation satisfying the rank condition =⇒
Numerical reconstruction of m, αj , qj and a(x) or f (x)
simultaneously.

Thank you for your attention!
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Appendix: Facts about L with b ̸≡ 0 (1)
Recall Lf (x) := −div(A(x)∇f (x)) + b(x) · ∇f (x) + c(x)f (x).
Spectrum σ(L) = {λn}n∈N ⊂ C. c ≥ 0 in Ω =⇒ Reλn > 0.

Pn := − 1
2π
√
−1

∫
γn

(L − z)−1dz =⇒ PnPn′ =

{
Pn (n = n′),

0 (n ̸= n′).

Pn: eigenprojection of λn, dn := dimPnL2(Ω) <∞;
∀φ ∈ PnL2(Ω) \ {0}: generalized eigenfunction of λn;
Dn := (L − λn)Pn: eigennilpotent of λn, Ddn

n = 0.

Laurant expansion for the resolvent (Kato ′76):

(L − z)−1Pn =
Pn

λn − z
+

dn−1∑
k=1

(−Dn)
k

(λn − z)k+1 (z /∈ σ(L)).

Resolvent estimate (Tanabe ′75): ∃ z0 > 0 and C > 0 such that

∥(L + z)−1h∥L2(Ω) ≤
C
|z|
∥h∥L2(Ω) (∀ z > z0, ∀ h ∈ L2(Ω)).
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Appendix: Facts about L with b ̸≡ 0 (2)

Fractional power Lγ and its domain D(Lγ) for γ > 0:
For γ ∈ (0, 1), define

L−γh :=
sinπγ

π

∫
R+

z−γ(L + z)−1h dz (h ∈ L2(Ω)).

For γ ∈ (0, 1), define Lγ := (L−γ)−1.
For γ ∈ R+ \ N, define Lγ := Lγ−⌊γ⌋ ◦ L⌊γ⌋.
For γ > 0, define D(Lγ) := {h ∈ L2(Ω) | Lγh ∈ L2(Ω)}.

Completeness of the generalized eigenfunctions of L:

Lemma (Agmon ′65)
∀ h ∈ D(Lγ) (γ ≥ 0), ∃ {hN}N∈N ⊂ D(Lγ) such that

hN ∈
N∑

n=1
PnL2(Ω), lim

N→∞
∥Lγ(h − hN )∥L2(Ω) = 0.
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