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Physical backgrounds

Models for time-fractional PDEs

o Continuous time random walk with mean square displacement
(Az?) ~ t* = 0%u = Au (a = 1: Brownian motion);

e Diffusion on fractal, e.g. Sierpinski gasket: a < fractional

dimensions (Barlow, Perkins 88, Kumagai);
o Earth science, esp. geothermics: Z;Zl qjﬁf 7 (linear combination);

o Viscoelasiticity: Spring-pot model (G: relaxation tensor)

t
8t2u=div/ G(-t—7)Vo,u(-,7)dr = 0y with 1 < a < 2.
0
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(Az?) ~ t* = 0%u = Au (a = 1: Brownian motion);

e Diffusion on fractal, e.g. Sierpinski gasket: a < fractional

dimensions (Barlow, Perkins 88, Kumagai);
o Earth science, esp. geothermics: Z;Zl qjﬁf 7 (linear combination);

o Viscoelasiticity: Spring-pot model (G: relaxation tensor)

t
8t2u=div/ G(-t—7)Vo,u(-,7)dr = 0y with 1 < a < 2.
0

(Time-fractional) PDEs: 0%u = Au+ F (0 < a < 2)

time-fractional diffusion equation time-fractional wave equation
A A e}
C N, N
0 T o T 1 . . T 2
anomalous diffusion viscoelasticity
elliptic parabolic hyperbolic
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Definition of Caputo derivative

Motivation Usual integral operator

TF(8) = | f(r)dr = JPf(t) = (t*%
0 g (n—=1)!

(n —1)! = I'(n) = Riemann-Liouville integral operator (8 > 0):

t (4 _ \A-1
JPF(t) ::/0 t=-n" F([;) f(r)dr.

)nfl

f(r)dr (n € N).
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Definition of Caputo derivative

Motivation Usual integral operator
t t (Zf o T)nfl
Jf(t) == / f(r)ydr = J"f(t) = / ~————f(r)dr (n € N).
0 0 (n — 1)'
(n —1)! = I'(n) = Riemann-Liouville integral operator (8 > 0):

t (4 _ \A-1
JPF(t) ::/0 t=-n" F([;) f(r)dr.

= Caputo derivative (a > 0):

(o: composition, [-]: ceiling function)
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Definition of Caputo derivative

Motivation Usual integral operator

)= [ sryar = sy = [T
‘ o 0 Ter ‘ N 0 (n — 1)'
(n —1)! = I'(n) = Riemann-Liouville integral operator (8 > 0):

t (4 _ \A-1
JPF(t) ::/0 (tr(/;)f(T)dT.

f(r)dr (n € N).

= Caputo derivative (a > 0):

(o: composition, [-]: ceiling function)

Example Caputo derivative of order « € (0, 1):

et =10 = [ s

Observation 09 accesses [a|-th derivative <= may not exist!

f'(r)dr.
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Redefinition of 0 in H,(0, T)

Idea Redefine 9 = (J*)~! <= Characterization of R(J%)!

Basically set 0 < a < 1, D(J%) = L*(0, T),
H*(0, T): Sobolev-Slobodeckij spaces.
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Redefinition of 0 in H,(0, T)

Idea Redefine 9 = (J*)~! <= Characterization of R(J%)!

Basically set 0 < a < 1, D(J%) = L*(0, T),
H*(0, T): Sobolev-Slobodeckij spaces.

Gorenflo, Luchko, Yamamoto '15 =

R(J®) = HA(0,T) := {f € C10, T] [ f(0) = 0} " "
Ha(()’ T)7

0<a<1/2
= {f€H1/2(O,T)‘/det<oo}, a=1/2,
0t
{f € H*(0,T) | f(0) = 0}, 1/2<a<]1.

Especially, J* : L?(0, T) — H,/(0, T) is a bijection =
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Redefinition of 0 in H,(0, T)

Idea Redefine 9 = (J*)~! <= Characterization of R(J%)!

Basically set 0 < a < 1, D(J%) = L*(0, T),
H*(0, T): Sobolev-Slobodeckij spaces.

Gorenflo, Luchko, Yamamoto '15 =

R(J®) = HA(0,T) := {f € C10, T] [ f(0) = 0} " "
Ha(()’ T)7

0<a<1/2
= {f€H1/2(O,T)‘/det<oo}, a=1/2,
0t
{f € H*(0,T) | f(0) = 0}, 1/2<a<]1.

Especially, J* : L?(0, T) — H,/(0, T) is a bijection = Redefine
07 = ("), D7) = Ha(0,T)]

Remark For 1/2<a <1, H*(0,T) C C[0, T] and 9¢f does not
makes sense if f(0) # 0.
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Multi-term time-fractional diffusion equation

Q C R? (d € N): bounded domain, 9€: smooth, R, := (0, 00).
Consider the initial-boundary value problem:

m

qu(??’(u—a)—i—Lu:O in Q xRy,
() =
u=20 on 092 x Ry,

where m € N, o, ¢; > 0: constants, 1 > a; > -+ > ay, > 0.
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Multi-term time-fractional diffusion equation

Q C R? (d € N): bounded domain, 9€: smooth, R, := (0, 00).
Consider the initial-boundary value problem:

m

qua?’(u— a)+Lu=0 inQ xRy,
() =1

u=20 on 092 x Ry,
where m € N, o, ¢; > 0: constants, 1 > a; > -+ > ay, > 0.

L: H*(Q) N HE(Q)(=: D(L)) — L?(Q): elliptic operator
Lf(z) := —div(A(2)Vf(2)) + b(z) - V[(z) + c(x)f (=) (f € D(L)),

A = (ay)i<ij<a € CHQ;REXD): uniformly positive-definite on €2,
b= (b1,...,bq) € CL(Q;R?Y), 0 < ce C(Q) (simplest case: L =—A).
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Multi-term time-fractional diffusion equation

Q C R? (d € N): bounded domain, 9€: smooth, R, := (0, 00).
Consider the initial-boundary value problem:

qua?j(u— a)+Lu=0 inQ xRy,
() =1

u=20 on 092 x Ry,

where m € N, o, ¢; > 0: constants, 1 > a; > -+ > ay, > 0.
L: H*(Q) N HE(Q)(=: D(L)) — L?(Q): elliptic operator

Lf(z) := —div(A(2)Vf(2)) + b(z) - V[(z) + c(x)f (=) (f € D(L)),
A = (ay)i<ij<a € CHQ;REXD): uniformly positive-definite on €2,

b= (b1,...,bq) € CL(Q;R?Y), 0 < ce C(Q) (simplest case: L =—A).

Remark (u—a)(z, ) € D(07") = Hy, (0, T) a.e. ¢ € 2 = Initial
condition u|i—g = a if a3 > 1/2.
@ Li, Liu, Yamamoto '15: Well-posedness.

@ Jin, Lazarov, Liu, Zhou '15: Galerkin FEM.
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a=1 0<a<1 | Applications to IPs
Positivity principle O O Inverse t-source problem
Time-analyticity O O Coefficient inverse problem
Smoothing effect strong limited Backward problem
Vanishing property strong weak Inverse z-source problem
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Comparison of properties of 0fu = Au (0 < a < 1)

a=1 0<a<1 | Applications to IPs
Positivity principle O O Inverse t-source problem
Time-analyticity O O Coefficient inverse problem
Smoothing effect strong limited Backward problem
Vanishing property strong weak Inverse z-source problem
Asymptotic behavior | e *t! e Parameter inverse problem

Parameter Inverse Problem

Fiz ¢y € Q,7 > 0 (7 < 1) and let u satisfy (%), where the initial
value a is unknown. Determine m,a;, q; (j =1,...,m) simultaneously
by the single point observation data of u at {xp} x [0, 7].
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Comparison of properties of 0fu = Au (0 < a < 1)

a=1 0<a<1 | Applications to IPs
Positivity principle O O Inverse t-source problem
Time-analyticity O O Coefficient inverse problem
Smoothing effect strong limited Backward problem
Vanishing property strong weak Inverse z-source problem
Asymptotic behavior | e *t! e Parameter inverse problem

Parameter Inverse Problem

Fiz ¢y € Q,7 > 0 (7 < 1) and let u satisfy (%), where the initial
value a is unknown. Determine m,a;, q; (j =1,...,m) simultaneously
by the single point observation data of u at {xp} x [0, 7].

Existing literature Only uniqueness with given a and exact datal

@ Hatano et al. "13: Inversion formula in the case of m = q1 = 1:
tatu(ib(),t) tatu(%,t)

u(xo, t) =0 u(axo, t) — a(zo)’
@ Li, Yamamoto '15: Uniqueness with self-adjoint L (i.e., b = 0).

a1 = — lim =
t— o0

@ Li, Liu, Yamamoto '19: A comprehensive survey.

@ Jin, Kian '21: Uniqueness with unknown medium (i.e., L is unknown).
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Parellel to (%), introduce an auxiliary problem

Z 75-0?/(1) —b)+Lv=0 inQ xRy,
(%)

v=20 on 00 x Ry,

where m’ € N, f;, r; > 0: constants, 1 > 81 > --- > B,y > 0.
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Parellel to (%), introduce an auxiliary problem

Z rjf)f/(v —b)+Lv=0 inQ xRy,
(%)

v=20 on 00 x Ry,

where m’ € N, f;, r; > 0: constants, 1 > 81 > --- > B,y > 0.

Theorem 1 (Uniqueness by inexact data)

Let u, v satisfy (k) and (k) respectively, where a, b € H7(§2) with
v > 24 d/2. Pick xy € Q such that La(xy) # 0, Lb(xy) # 0 and set

% = La(x)/Lb(x).
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0®000000
Parellel to (%), introduce an auxiliary problem

erf)f/(v— b)+Lv=0 in Q xRy,
(%) =
v=20 on 00 x Ry,

where m’ € N, f;, r; > 0: constants, 1 > 81 > --- > B,y > 0.

Theorem 1 (Uniqueness by inexact data)

Let u, v satisfy (k) and (k) respectively, where a, b € H7(§2) with
v > 24 d/2. Pick xy € Q such that La(xy) # 0, Lb(xy) # 0 and set
% = La(x)/Lb(x).

(i) If3C > 0 and v > min{ay, 51} such that

(%) Inexact data: ‘ |u(xo, t) — v(xg, t)| < Ct¥ (0<¢t<7), ‘

then there hold cv; = 1, q1/m1 = K.
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0®000000
Parellel to (%), introduce an auxiliary problem

erf)f/(v— b)+Lv=0 in Q xRy,
*.)
v=20 on 00 x Ry,

where m’ € N, f;, r; > 0: constants, 1 > 81 > --- > B,y > 0.

Theorem 1 (Uniqueness by inexact data)

Let u, v satisfy (k) and (k) respectively, where a, b € H7(§2) with
v > 24 d/2. Pick xy € Q such that La(xy) # 0, Lb(xy) # 0 and set
% = La(x)/Lb(x).

(i) If3C > 0 and v > min{ay, 51} such that

(%) Inexact data: ‘ |u(xo, t) — v(xg, t)| < Ct¥ (0<¢t<7), ‘

then there hold cv; = 1, q1/m1 = K.

(i) If further a,b € H*>T7(Q) and () holds with v > 2min{ay, 31},
then there hold m = m/, oj = B;, ¢j/rj =k (j=1,....m).
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Comparison of existing results and Theorem 1

Results Existing Theorem 1
Initial value | a=0b | a(x) = b(wy), La(xg) # 0, La(xp) # 0
Data U= u(xp, t) — v(wg, t) = O(tY)
Conclusion Uniqueness: m = m/, a; = 3,
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Results Existing Theorem 1
Initial value | a=0b | a(x) = b(wy), La(xg) # 0, La(xp) # 0
Data U= u(xp, t) — v(wg, t) = O(tY)
Conclusion Uniqueness: m = m/, a; = f;, ¢;/1; = K

Question Can one further conclude ¢; = r;7

10 /26



Main Results

[o]e] Je]ele]e]e]

Comparison of existing results and Theorem 1

Results Existing Theorem 1
Initial value | a=0b | a(x) = b(wy), La(xg) # 0, La(xp) # 0
Data U= u(xp, t) — v(wg, t) = O(tY)
Conclusion Uniqueness: m = m/, a; = 5, ¢;/1j = k

Question Can one further conclude ¢; = r;7

Iy
S

Example 1

In (%) and (%), take Q = (0,7), m=m' =1, a1 = f1, ¢1 = 4,
rmn=1,L=—-A. Pick Vag € (0,7) \ {w/2} and select initial values

sin 2z
b = si
a(z) = Scoszy’ (z) =sinz
a(my) = b(zo) = sinzy, q/r =4 = a"(z0)/" (0)
sin 2x .
u(z, t) = al’l(_tal)Qcosxo’ v(z,t) = Eqy 1 (—t%)sinz
u(zo,t) = Eo, 1 (—t**)sinzg = v(z0,t), @ 7# !

10 /26



Main Results

Assume L: self-adjoint (i.e., b=0). By ¢ > 0in Q =
o Distinct eigenvalues o (L) := {A,}neny C Ry
e Introduce P, : L*(Q) — ker(L — \,,) (n € N): eigenprojection.
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Assume L: self-adjoint (i.e., b=0). By ¢ > 0in Q =
o Distinct eigenvalues o (L) := {A,}neny C Ry
e Introduce P, : L*(Q) — ker(L — \,,) (n € N): eigenprojection.

Theorem 2 (Characterization of exact data)

Define ¥ := {A\n, /A | n,n' € N} and let u, v satisfy () and (k)
respectively. Under the same assumptions in Theorem 1, the following
claims are equivalent.

(i) 37 > 0 such that u(xo, t) = v(xo,t) (0 <t < 7).
(ii) There hold m = m/, a; = B, ¢;/rj = La(xy)/Lb(xp)
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Theorem 2 (Characterization of exact data)

Define ¥ := {A\n, /A | n,n' € N} and let u, v satisfy () and (k)
respectively. Under the same assumptions in Theorem 1, the following
claims are equivalent.

(i) 37 > 0 such that u(xo, t) = v(xo,t) (0 <t < 7).

(ii) There hold m = m/, a;; = B, q;/1j = La(xp)/Lb(xp) =: k € &

(j=1,...,m). Moreover, there exist (0 #)M,, M. C N satisfying

{Mn€a(l)|neM}={rk\|A\n€0c(L), n€ M.}

and a bijection 0, : M, — M. such that
Pna(mo) = P@N(n)b(wo), PnLa(:DQ> = KPgn(n)Lb(ﬂio) (n S ]\45)7
Pha(xy) = PpLa(xg) =0 (n ¢ M),
Ppb(zo) = PnLb(z0) =0 (n & My).




Main Results

Remark Definition of ¥ =1 € X: trivial.
o k=1,1ie., La(xy) = Lb(xp) #0 = M; = M{ =N, 6, =1d,
Pha(xg) = Ppb(xg), PnLa(xg) = P,Lb(xp) (VneN).

o Kk ¢ ¥ = there must be u(xy, t) # v(xo, t).
o k € X\ {1} = rather special relation between a, b.
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Main Results

Remark Definition of ¥ =1 € X: trivial.
o k=1,1ie., La(xy) = Lb(xp) #0 = M; = M{ =N, 6, =1d,
Pya(zo) = Ppb(xy), PpLa(my) = PoLb(xg) (Vn€N).
o Kk ¢ ¥ = there must be u(xy, t) # v(xo, t).
o k € X\ {1} = rather special relation between a, b.

Example 2

Q=(0,7m), L=-A= A =n?, ¥=Q*\ {0}, Puf = (f, 0n)¢n,
where (-, -): L?(0,7) inner product on(z) :=\/2/msinnz (n € N).
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Remark Definition of ¥ = 1 € X: trivial.

Main Results 0o
[o]e]e]e] Je]ele] 000000

e k=1,1ie., La(xy) = Lb(wy) #0 = M; = M]{ =N, 6, =1d,
Pra(zo) = Pnb(xo), Pnla(zo) = PrnLb(x) (VneN).

o Kk ¢ ¥ = there must be u(xy, t) # v(xo, t).
o k € X\ {1} = rather special relation between a, b.

Example 2

Q=0,m), L=-A= A, = n?, ¥ :QQ\{O}v Prf = (f,0n)¢n,
where (-, -): L?*(0,m) inner product, ¢, (z) := y/2/7sinnz (n € N).
Same as Example 1, take k =4 = My = 2N, My =N, 04(n) = n/2.
By Theorem 2 —

(@, Yan)p2n(70) = (b, n)Pn(2), (a;P2n—1)P2n-1(20) =0 (n€N).

Especially, if 7y ¢ 7QQ = a must take the form of

o0

— (b,on)@n 1 b, o) .
a(r) = Z msﬁm(@ = E Zl éosfm:i sin 2nx.

n=1
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Main Results
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Corollary 1 (Uniqueness of initial values)

Let u, v satisfy (kv) and (Fky) respectively. Under the same
assumptions in Theorem 2, further assume that all eigenvalues of L
are simple and

(#) 2 ¢ | J{z €| pn(z) =0},

n=1
where @, is the unique eigenfunction of \,. Then u(wxg, t) = v(xg, t)
(0<t<7) =
@ = Z (a,Pn)pn, b= Z (b, on)pn  with
n€M, neM,,

(@, 0n)pn(T0) = (b, 0o, (n)) 0, (n)(T0) (n € M).

FEspecially if k =1 (<= La(xg) = Lb(xp) # 0), then a = b in QL.
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Main Results
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Corollary 1 (Uniqueness of initial values)

Let u, v satisfy (kv) and (Fky) respectively. Under the same
assumptions in Theorem 2, further assume that all eigenvalues of L
are simple and

(#) w0 ¢ | J{z e Q| pn(z) =0},
n=1
where @, is the unique eigenfunction of \,. Then u(wxg, t) = v(xg, t)
0<t<7) =
@ = Z (a,Pn)pn, b= Z (b, on)pn  with
n€M, neM,,

(@, 0n)pn(T0) = (b, 0o, (n)) 0, (n)(T0) (n € M).

FEspecially if k =1 (<= La(xg) = Lb(xp) # 0), then a = b in QL.

Remark (#): Special case of the rank condition (Sakawa '75:
related to observability).
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Parallel results for inhomogeneous equations:

(%) (Z g0;" + L) u(z, t) = p(t)f (), ulaq =0,

(k) (Z rjatﬁj + L) v(z, t) = p(t)g(z), v|ea =0.
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(%) (Z g0;" + L) u(z, t) = p(t)f (), ulaq =0,

(k) (Z rjatﬁj + L) v(z, t) = p(t)g(z), v|ea =0.

Theorem 1’ (Uniqueness by inexact data)

Let u, v satisfy (K., and (') respectively, where f,g € HY(Q) with
v>d/2, pe LY(Ry) and I > —1 such that

p(t) ~ t'  fora.e t 1.
Pick 2y € Q such that f(x) # 0, g(ap) # 0 and set k := f(x)/g(xo)-
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Let u, v satisfy (K., and (') respectively, where f,g € HY(Q) with
v>d/2, pe LY(Ry) and I > —1 such that

p(t) ~ t'  fora.e t 1.

Pick 2y € Q such that f(x) # 0, g(ap) # 0 and set k := f(x)/g(xo)-
(i) If3C > 0 and v > min{«ay, B1 } + 1 such that

(x)  Inexact data: ‘ |u(xo, t) — v(mp, t)| < Ct¥ (0<t<7), ‘

then there hold oy = 1, ¢1/m1 = K.

(i) If f,g € H*™(Q) and () holds with v > 2min{ay, $1} + u, then
there hold m = m/, a; = Bj, ¢;j/rj =k (j=1,...,m).




Main Results
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Remark Assumption p(t) ~ t* for a.e. t < 1: not restrictive.
Counterexample p(t) = exp(—1/t) near t = 0 = p()(0) =0
(Vi=0,1,...) <= Severe ill-posedness.
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Main Results

0000000e
Remark Assumption p(t) ~ t* for a.e. t < 1: not restrictive.
Counterexample p(t) = exp(—1/t) near t = 0 = p()(0) =0
(Vi=0,1,...) <= Severe ill-posedness.

Theorem 2’ (Characterization of exact data)

Let X, M., M and 0, be the same as those in Theorem 2. Let u, v
satisfy (,) and (') respectively. Under the same assumptions in
Theorem 1, u(@y, t) = v(@o,t) (0 <t < 7) <= m=m', oy = B,
g/ = f(mo)/g(x0) =k €X (j=1,...,m) and

Puof(x0) = K Py, (ny9(20) (n € M),
P.f(w) =0 (n ¢ M),
Ppg(x) =0 (n¢ M).
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Remark Assumption p(t) ~ t* for a.e. t < 1: not restrictive.

Counterexample p(t) = exp(—1/t) near t = 0 = p()(0) =0
(Vi=0,1,...) <= Severe ill-posedness.

Theorem 2’ (Characterization of exact data)

Let X, M., M and 0, be the same as those in Theorem 2. Let u, v
satisfy (,) and (') respectively. Under the same assumptions in
Theorem 1, u(@y, t) = v(@o,t) (0 <t < 7) <= m=m', oy = B,
gi/ri = f(x)/g(mo) =k eX (j=1,...,m) and

Pof(my) = K Py, (ny9(m0) (n € M),
P.f(w) =0 (n ¢ M),
Ppg(x) =0 (n¢ M).

Corollary 1’ (Uniqueness of source terms)

15 /26

Let u, v satisfy () and (') respectively. Under the same
assumptions in Corollary 1,

u(zo,t) = v(z0,t) (0<t<7) — i = i 5 @ = By @ = s
(@) = g(m) #0 = r =1 f=ginQ.




Outline

@ Sketch of Proofs
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Proof of Theorem 1 (1)

For simplicity, only consider m = m/' =1 =
(Few)

g0 (u—a)+ Lu=0, ulopq =0,
(%v)

r@f(v—b)—i—Lv:O, v]on = 0.
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Proof of Theorem 1 (1)

For simplicity, only consider m = m/' =1 =
(Few)

g0 (u—a)+ Lu=0, ulopq =0,
(%v)

r@f(v— b)+ Lv=0, wvlgq=0.
(%) Inexact data : |u(xo, t) — v(xo, t)| < Ct¥ (0 <t < 7)
Asymptotic behavior : u(xg, t) ~ =%, v(xg, t) ~ t=P (t = o0)
= |u(mo, t) — v(z0, )| < Ct” (V> 0).

}
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Proof of Theorem 1 (1)

For simplicity, only consider m = m/' =1 =
(Few) g0y (u—a)+ Lu=0,

ulpo =0,
() r@f(v— b) + Lv =0,

vloa = 0.

(%) Inexact data : |u(mo, t) — v(m, ¢)| < Ct¥ (0< ¢t < 7)

Asymptotic behavior : u(g, t) ~ t=%, v(x, t) ~ t 7P (t — oo)}
= |u(mo, t) — v(@o, t)| < Ct” (V1> 0).

Take Laplace transform }L\(p) =

fR+ e P'h(t)dt on both sides =
(+) (o, p) — (o, p)| < Cp~ """ (p>0).
Take Laplace transform in (%)
Formula : %h(p) = p®h(p) — p® ' h(0)

L+ qpu(-,p)=qgp*ta inQ,
(A qp*)u(-,p) =qp (p>0).
u(-,p)=0 on 900



Treat v similarly, employ (') and a(xy) = b(xy) =

(a) ZPL“ ZP“’ 0(r™) (p— oo).

A+ qp® An +rp5
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A+ qp® Ap + 7B

Contradiction argument If o < 8, multiply (A) by p® =

P, La(z) > _ Pulb(m)
=O(p~ "t —

—0

—> La(#0)/ 440 —0
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Treat v similarly, employ (') and a(xy) = b(xy) =

(a) ZPL“ ZP“’ —0() (p— oo).

A+ qp® Ap + 7B

Contradiction argument If o < 8, multiply (A) by p® =

P, La(zo = P,Lb(xm
=O(p~ "t —
ZAP”‘Jrq ;Ap“JrrpﬁO‘ ﬂ,o_z (p = o)
—
— La(z0)/q#0 —0

= contradiction. Similarly, o > (3 is also impossible =

Again by (V) :>‘ q/r = La(zo)/Lb(xo) ‘




Now consider

(%) (g02 + Lyu(z, t) = p()f(z), ulag =0,
(%) (rof + L)v(z,t) = p(t)g(z), vlog = 0.

Let p € LY(Ry) and I > —1 such that p(t) ~ tH* for a.e. t < 1.
Then its Laplace transform p(p) ~ p=*~ % for p>> 1.
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Now consider
(%) (¢ + L)u(z, t) =

p
(%) (rof + L)v(z,t) = p(t)g(z), vlog = 0.

(0)f(2),  uloa =0,

Let p € LY(Ry) and I > —1 such that p(t) ~ tH* for a.e. t < 1.
Then its Laplace transform p(p) ~ p=*~ % for p>> 1.

Proof of Theorem 1’ Same argument = u(x, p), v(xp, p) satisfy
(+') [a(zo, p) —V(@o0, )| < Cp~""" (p>0).
Take Laplace transform in (%7,) and (*' ) and by Lemma =

(-, p)—o(-, 2y (ZA e ZA H,ﬂ) (p>>1)

Npul

=(L+qp*)~1f =(L+rpf)~1g
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Now consider
(%) (¢ + L)u(z, t) =

p
(%) (rof + L)v(z,t) = p(t)g(z), vlog = 0.

(0)f(2),  uloa =0,

Let p € LY(Ry) and I > —1 such that p(t) ~ tH* for a.e. t < 1.
Then its Laplace transform p(p) ~ p=*~ % for p>> 1.

Proof of Theorem 1’ Same argument = u(x, p), v(xp, p) satisfy
(+') [a(zo, p) —V(@o0, )| < Cp~""" (p>0).
Take Laplace transform in (%7,) and (*' ) and by Lemma =

()= p) = pp) (ZA e ZA H,ﬁ) (p>1)

Npul

—(L+qp“)‘1f =(L+rpf)~1g

O(ph—v )
:;Aﬂp ZAMPﬁ (7" (b )

v —p > min{a, f} = OK.
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Proof of Theorem 2 (1)

Theorem 2 (Recall; Characterization of exact data)

Define ¥ := {A\, /A | n,n' € N} and let u, v satisfy () and ()
respectively. Under the same assumptions in Theorem 1, the following
claims are equivalent.

(i) 37 > 0 such that u(xo, t) = v(xp,t) (0 <t <7).

(ii) There holds m = m/, a; = B;, q;/r; = La(xp)/Lb(xy) =: k € X

(j=1,...,m). Moreover, there exist () #)M,, M C N satisfying

{M€a(l)|neM}={kA | \n€0c(L), ne M}

and a bijection 0, : M, — M. such that
Ppa(xy) = Pem(n)b(mﬂ)y P, La(xy) = HPOK(n)Lb(wO) (n € M),
Pha(xy) = P,La(xp) =0 (n ¢ M),
P,b(xp) = P Lb(xp) =0 (n¢ M).
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Theorem 2 (Recall; Characterization of exact data)

Define ¥ := {A\, /A | n,n' € N} and let u, v satisfy () and ()
respectively. Under the same assumptions in Theorem 1, the following
claims are equivalent.

(i) 37 > 0 such that u(xo, t) = v(xp,t) (0 <t <7).

(ii) There holds m = m/, a; = B;, q;/r; = La(xp)/Lb(xy) =: k € X

(j=1,...,m). Moreover, there exist () #)M,, M C N satisfying

{M€a(l)|neM}={kA | \n€0c(L), ne M}

and a bijection 0, : M, — M. such that
Ppa(xy) = Pem(n)b(mﬂ)y P, La(xy) = HPOK(n)Lb(wO) (n € M),
Pha(xy) = P,La(xp) =0 (n ¢ M),
P,b(xp) = P Lb(xp) =0 (n¢ M).

V.

Only consider m = m’ = 1 and show (i) = (ii). Time-analyticity =

u(z,t) = v(x, t) (Vi > 0) = u(xg,p) = V(x0,p) (p>0).



21 /26

Proof of Theorem 2 (2)

Now a = 3, ¢/ = k and (A) becomes

oo oo (oo} oo
P a(xp) B P, b(xp) P, La(xp) B P, Lb(xy)
() nz::lz—)\n _nz::lz—/{)\n’ nz::l z2—Ap _Kz::l Z2—K\p
where z := —¢p® < 0. Unique continuation = (¢) holds for

z€ C\ A, where A :=0c(L)Uko(L), ko(L) :={r\, | n € N}
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Nowoz—ﬁ7 q/r—mand (A) becomes
oo oo
( PnLa(mO) _ Pan(mO)
Where 2= —qp® < O. Unlque continuation = (¢) holds for

z€ C\ A, where A :=0c(L)Uko(L), ko(L) :={r\, | n € N}
Proofof k€Y If k ¢ ¥ <= o(L)Nko(L) =0. Apply Cauchy’s
integral formula to (¢) =

P,La(xp) =0 (VneN) = La(xg) =0 = contradiction
= — (L) Nko(L) # 0 = M,, M., 0: well-defined.
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Proof of Theorem 2 (2)

Now a = 3, ¢/ = k and (A) becomes

oo oo (oo} oo
P a(xp) B P, b(xp) P, La(xp) B P, Lb(xy)
() nz::lz—)\n _nz::lz—/{)\n’ nz::l z2—Ap _Rz::l Z2—K\p
where z := —¢p® < 0. Unique continuation = (¢) holds for

z€ C\ A, where A :=0c(L)Uko(L), ko(L) :={r\, | n € N}
Proofof k€Y If k ¢ ¥ <= o(L)Nko(L) =0. Apply Cauchy’s
integral formula to (¢) =

P,La(xp) =0 (VneN) = La(xg) =0 = contradiction
= — (L) Nko(L) # 0 = M,, M., 0: well-defined.
Apply Cauchy’s integral formula repeatedly to (¢) =

n¢ M, = A\, ¢ ko(L) = Ppa(xy) = P,La(xzy) =0,

n ¢ M; = rAn & 0(L) = Pnb(x) = PnLb(z) =0,
Pra(x) = Py, (n)b(x0),

n € M, = A\, = KX\g, (n) =
(m) {PnLa(azo) = K Py, () Lb(0).



Conclusion

[ Jelele]e}

Outline

@ Conclusion and Appendix
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(Time-fractional) PDEs: 0fu = Au+ F (0 < a < 2)

time-fractional diffusion equation time-fractional wave equation
A A o
C N, N
0 T e T 1 . . T 2
anomalous diffusion viscoelasticity
elliptic parabolic hyperbolic
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(Time-fractional) PDEs: 0fu = Au+ F (0 < a < 2)

time-fractional diffusion equation time-fractional wave equation
A A o
C N, N
0 T T 1 . . T 2
anomalous diffusion viscoelasticity
elliptic parabolic hyperbolic
1 Pt—1)
Caputo derivative : 93 f(t) = J'~*(f")(¢) = / ——f(r)dr
o I'l—-a)

= Redefinition as 9 = (J*)~ ! in H,(0,T) (0 < a < 1).
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(Time-fractional) PDEs: 0fu = Au+ F (0 < a < 2)

time-fractional diffusion equation time-fractional wave equation

A A N

14 N, N

0 1 . iy 42
anomalous diffusion viscoelasticity
elliptic parabolic hyperbolic

Pt —71)~@
Caputo derivative : 92f(t) = J'=*(f’ t:/(i
aputo derivative : 95 f(¢) (f)(t) o T(1—a)

= Redefinition as 9 = (J*)~ ! in H,(0,T) (0 < a < 1).

fi(r)dr

Parameter Inverse Problem Find m, ¢ ,¢; (j=1,...,m) in

qu (u—a)+Lu=0 or (Zq;(?;l‘j+L> u= p(t)f(x)
j=1

simultaneously by single point observation of u at {xg} x [0, 7].

Highlights Essential difference from literature:
@ Only use the short-time inexact data near t = 0;
o The initial value a or the source term f are unknown.
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m

qu (u—a)+Lu=0 or (qu(?;”JrL)u—p(t)f(m)
=1

Main achievements

e Inexact data | |err| < C't” | = Uniqueness of m, a; and

gi/ La(xo) or ¢;/f (o).
e Exact data <= Characterization of a(x) or f(x).

o In some special case, even the uniqueness of a(x) or f(x).
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gi/ La(xo) or ¢;/f (o).
e Exact data <= Characterization of a(x) or f(x).

o In some special case, even the uniqueness of a(x) or f(x).

Future topics
e Multiple point observation satisfying the rank condition =

e Numerical reconstruction of m, ¢, ¢; and a(x) or f(x)
simultaneously.

24 /26



m

qu (u—a)+Lu=0 or (qu(?;”JrL)u—p(t)f(m)
j=1

Main achievements

e Inexact data | |err| < C't” | = Uniqueness of m, a; and
gi/ La(xo) or ¢;/f (o).
e Exact data <= Characterization of a(x) or f(x).

o In some special case, even the uniqueness of a(x) or f(x).

Future topics
e Multiple point observation satisfying the rank condition =

e Numerical reconstruction of m, ¢, ¢; and a(x) or f(x)
simultaneously.

Thank you for your attention!
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Conclusion

[e]e]e] o}

Appendix: Facts about L with b 0 (1)

Recall Lf(x) := —div(A(z)Vf(x)) + b(x) - Vf(z) + c(x)f(x).
Spectrum (L) = {\,}nen CC. ¢ >0in Q@ = Re A, > 0.

1
2my/1 Tn

e P,: eigenprojection of A\, d, := dim P, L*(Q) < oc;
e Ve P,L?(2) \ {0}: generalized eigenfunction of Ay;
o D, := (L — \,)P,: eigennilpotent of \,, D = 0.

P,
P, = (L-—2)7"'d2 = P,Py= {On
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Appendix: Facts about L with b 0 (1)

Recall Lf(x) := —div(A(z)Vf(x)) + b(x) - Vf(z) + c(x)f(x).
Spectrum (L) = {An}nen CC. ¢ >0 in Q = Re ), > 0.
1
2mv/=1 /5,
e P,: eigenprojection of A\, d, := dim P, L*(Q) < oc;
e Ve P,L?(2) \ {0}: generalized eigenfunction of Ay;
e D, := (L — \,)P,: eigennilpotent of \,, D = 0.

P,
P, = (L-—2)7"'d2 = P,Py= {On

Laurant expansion for the resolvent (Kato '76):

dy—1
— Pn . (_Dn)k
L—2)" P, = —"— —_ L)).
Lot = Y e ¢l
Resolvent estimate (Tanabe '75): 3z > 0 and C > 0 such that

¢

I(L+ 2)""hll 2 () < B

1Pl 22y (V2> 2, VhE L*(Q)).
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Conclusion

[e]e]e]e] }

Appendix: Facts about L with b # 0 (2)

Fractional power L7 and its domain D(LY) for v > 0:
e For v € (0,1), define

sin 7y

L™7h:=

™

/ 2L+ 2)"thdz (b€ LA(Q)).
R4

e For v € (0,1), define L7 := (L77)~%
o For v € Ry \ N, define L7 := L7~ o L1,
e For v > 0, define D(L") := {h € L?*(Q2) | L"h € L*(Q)}.
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Appendix: Facts about L with b # 0 (2)

Fractional power L7 and its domain D(LY) for v > 0:
e For v € (0,1), define

L sin 7y

/ 2L+ 2)"thdz (b€ LA(Q)).
™ Jr,

e For v € (0,1), define L7 := (L77)~%
o For v € Ry \ N, define L7 := L7~ o L1,
e For v > 0, define D(L") := {h € L?*(Q2) | L"h € L*(Q)}.

Completeness of the generalized eigenfunctions of L:

Lemma (Agmon '65)

Vhe D(LY) (y>0), 3{hn}nen C D(LY) such that
N
hy €Y Pul?(9), i {|LY(h = hw)lp2() = 0-

n=1
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