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QK manifolds

Definition
A Riemannian manifold (M, g) of scal # 0 is called quaternionic
Kahler if

1. 3 parallel skew-symmetric almost quaternionic structure
Q@ Cc End TM and

2. if dim M = 4, then (M, g) is half-conformally flat Einstein.

Facts

1. QK = Einstein and Hol C Sp(n)Sp(1).

2. Up to homothety, 3 only finitely many complete QK manifolds
of scal > 0 in every dimension (LeBrun-Salamon finiteness
theorem, Invent. 89).

3. LeBrun-Salamon conjecture: all of these are symmetric.

4. 3 non locally symmetric complete QK manifolds of scal < 0
(Alekseevsky 75).
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Statement of the problem

State of the art
All known examples of complete quaternionic Kahler manifolds of
finite volume are locally symmetric.

Compare

For the holonomies # Sp(1)Sp(n) from Berger's list (1955) even
compact non locally symmetric examples are known. In the
Ricci-flat case this is due to Yau 1978, Beauville 1983, and
Joyce 1996.

Problem
Do there exist complete non locally symmetric quaternionic Kahler
manifolds of finite volume or, more generally, with an end of finite
volume?
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Idea of our construction

QOutline

>

Start with a QK symmetric space X of noncompact type. It
has compact smooth quotients X/I" (Borel 1963), where

I C Isom(X).

Deform X such that it is no longer homogeneous but still QK
and complete.

Do this in a controlled way such that the deformed space Xyef
does still have a large group G C Isom(Xg4ef) admitting a
lattice I ger-

If G acts with cohomogeneity one, M/G = R and G/l gef is
compact, then Xyer /I qef has precisely two ends.

Compute the volume of the ends.
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Deforming the symmetric space

1. We begin with the QK symmetric space

S SU(2, n)
N=Nn= S(U(2) x U(n))

It is a c-map space and thus admits a one-loop deformation
(N, g5) (Robles-Llana-Sauressig-Vandoren, JHEP 2006;
generalizing Antoniadis-Minasian-Theisen-Vanhove)

2. A geometric proof of the fact that the one-loop deformation of
any c-map space is QK was given by Alekseevsky-C.-Mohaupt,
CMP 2013, Alekseevsky-C.-Dyckmanns-Mohaupt, JGP 2015
based on HK/QK.

3. (I\_I,glf-l) is complete if and only if ¢ > 0
(C.-Dyckmanns-Suhr 2017).
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The case n =1

The metric gf, for n = 1:

c _ T 09X 1042
&N = 47 p+cdp +p+2c(d¢+CdCo ¢od¢”)

+2(p+2¢) ((a&)? + (4)?) ],

c 1 [p+2C 2 p—l—C

where p > 0, dN), o, fo are real coordinates on R>? x R3 =~ R*.

> F(gr ¢ = 0 we obtain the complex hyperbolic plane
(Nl,g,%) = CH?.
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A characterization in four dimensions

Theorem (C.-Murcia, arXiv 2022)

The manifolds (I\_Il,glf—l), ¢ > 0, are the only 4-dimensional
complete QK manifolds with a principal isometric action of the
Heisenberg group.

Theorem (C.-Saha, Ann. Mat. Pura Appl. 2021)

The manifolds (I\_ll,glf-l), ¢ > 0, are the only complete Einstein
four-manifolds with a principal isometric action of the Heisenberg
group and an additional SO(2)-symmetry.



The one-loop deformed QK metric on B x C* x C”

c Pp+c 1 p+2c 5 1 p+c ~
c _ . d — d
g5 , &cH 1t N o ¢

n—1 n—1 2
2c
—4Im <V_V0dW0 — E V_VadWa> 1_ |X|21H1 ( g Xaan>>

a=1

n—1
- = (dWOdWO—ZdWadW3> p+zc ‘2]dwo+ZX"dWa|2
p o P

The complex hyperbolic PSK metric

2

Z X2dx?

— X2 2
8CHr-1 = |X|2 Z|d | |X|2

defined on the ball B = {|X]?> = ZZ;% |X3? <1} cCcrt.
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[sometries

Theorem (C.-Saha-Thung, Manuscr. Math. 2021)

The one-loop deformation (I\_I,glf—l), ¢ > 0, has a non-constant
curvature invariant. Thus it is a complete locally inhomogeneous
QK manifold.

Theorem (C.-Saha-Thung, Trans. London Math. Soc. 2021)

The one-loop deformation of any homogeneous c-map space admits
a group G of isometries which acts with cohomogeneity one.

Theorem (C.-Roser-Thung, arXiv 2021)
For the spaces (I\_I,g,f—l), ¢ > 0, the cohomogeneity one group G is
closed in Isom(lv,g,%) and (for n > 2) has the structure

G = (SU(1, n — 1) x Heispny1)/Z,

where Z is a diagonally embedded central subgroup.
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The corresponding Lie algebra of Killing fields

g = Lie G = su(1,n — 1) x beis,,, 1.

The extended complex hyperbolic Killing fields

Real and imaginary parts of the following vector fields generate the
subalgebra su(1,n—1) C g.

) ) o _ 9 . ,0
a)—<a—X ;X W—WOTVVQ—WQTV_VO‘F/CX 8765

Y, =

The Heisenberg algebra

The vector field 8/855 together with the real and imaginary parts
of the following vector fields span the subalgebra heis,, 1 C g.

0 _ 0 0 _ 0
V, = o, — /Waa—g), Vo= — + imp—=.
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Are there more Killing fields?

Yes:
There is an additional Killing field

. 0 _ 0
"y <Wk8Wk _ Wkav_VJ
extending g = su(1,n — 1) x heisy,,; to

u(l,n—1) x heisy, ;.

Theorem (C.-Saha-Thung, TLMS 2021)

For ¢ > 0 we have

Isomg(Ny, g5) = U(1) x Heiss C Isom(N,gg) = O(2) x Heiss.
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Quotients

Theorem (C.-Roser-Thung)

» For all n > 1 there exist lattices
rcGc Isom(l\_l,g,f-l)
such that (I\_I7g,f—l)/l_ is diffeomorphic to a cylinder R x K with

fibers {t} x K of finite volume.

» Moreover, {t > tp} has finite volume for all ty, while {t < tp}
has infinite volume (p = e?).

» When n < 2, there are co-compact lattices [ as above.

Corollary (C.-Roser-Thung)

There exist complete locally inhomogeneous QK manifolds with an
end of finite volume in dimensions 4 and 8.
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The examples in dimensions 4 and 8

Remark

> It is convenient to consider the group

G = SU(l, n— 1) X HeiSQ,,_,_l,
which acts on a cyclic quotient N = N/Z of N.

» The image of I in this group is F'=T7 x Iy, where Ty, Iy are
lattices in SU(1, n — 1) and Heispp 11, respectively.

The 4D examples

» Forn=1,T=T="Tsis just a lattice in Heisz and the
constructed QK manifolds are diffeomorphic to a cylinder over
a nilmanifold K = Heis3/T.
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The 8D examples

Co-compact lattices in SU(1,1) x Heiss

> Let b be a prime number and a € N not a square mod b.
Consider O, , = spanz{1,/,J, K}, where

/(0 1 01
/_ﬁ,<_1 0), J_\/E<1 0), K=1J=—Jl.

Then I=1737b =0,,NSU(1,1) ={A€0,p :detA=1}isa
co-compact Fuchsian group, which preserves the lattice 2 in
Heiss 22 C? x R generated by O, - (é) c C2.

> Up to passing to a suitable finite index normal subgroup, our
lattices are ' = 'y , , X ['2, where the one-loop parameter c is

chosen to be a rational multiple of @.
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Finite volume for large p

Lemma (C.-Rdser-Thung)

The volume density of g in the given coordinates is of the form

1 c\" ! 2¢
= (1) (147

where fi,y is the p-independent volume density of the locally
homogeneous fibers.

Corollary

The volume of the domain {p > po} (modulo I') is finite and
asymptotic to

k
vol{p > po} ~ W (po — 00).
0
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Infinite volume for small p

1 c\" 1 2c
= (15) (1)

The volume of the domain {p < po} (modulo I') is infinite and we
have the following asymptotics for p; — 0.

1. If ¢ =0, then

Recall

Corollary

k
vol{p1 < p < po} = — ;7 + const.

P1

2. If ¢ >0, then

k1 1
VOl{p1<p<p0}_2n+1+O<2n>
P1 P1
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Open problems

Question 1

Do there exist complete quaternionic Kahler manifolds of
dimension > 12 with a finite volume end, that are not locally
symmetric?

Question 2

Can one use non-perturbative quantum corrections in string theory
to construct complete QK manifolds of finite volume?

State of the art
» Structure of these instanton corrections is extremely
complicated (Alexandrov, Pioline ...).

» A well defined QK metric has only been obtained in special
situations: C.-Tulli, Ann. Henri Poincaré 2022, building on
Alexandrov-Banerjee, JHEP 2015.
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Instanton corrections

Theorem (C.-Tulli)

The quaternionic Kahler manifolds described in this talk can be
deformed in a neighborhood of p = co such as to include instanton
corrections associated with mutually local variations of BPS
structures.

Remarks

» We do not known when such metric can be extended to a
complete QK metric and when the volume of the extended
metric is finite.

> It is expected that the volume becomes finite after inclusion of
all instanton corrections predicted by string theory if the
metric describes an effective field theory consistently coupled
to gravity at the quantum level (— swampland distance
conjectures).
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What is a variation of BPS structures?
Definition
A variation of BPS structures over a complex manifold M is a
tuple (M, A\, Z,Q), where:
» AN — M is a local system of lattices A, = Z" with skew,
integer-valued pairing (—, —).
» Z is a holomorphic section of A* @ C — M.
» Q: N — Zis a function (of sets) satisfying Q(v) = Q(—~)

and the Kontsevich-Soibelman wall-crossing formula (WCF).

It is admissible if
» VYK C M compact and parallel norm on Ajx ® C 3C > 0 :

Vv € Nlk NSupp(Q2) :  |Z,| > Cly|.

» VR >0

Z |Q —R|Z.y

e,

converces normallv on compact subsets of M.
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Mutual locality

Definition
An admissible variation of BPS structures (M, A, Z,Q) is called
mutually local if
(v,7") =0
for all v,+" € Supp(Q).

Remarks

» Mutual locality implies that there are no walls:
{peM | Iv,9 €Supp(Q)NAp, (v,7) #0, Z,/Z, €ERx0} =2

The only remnant of the WCF in this setting is that Q(v) is
constant for every local section v of A.

> In our setting M is a conical affine special Kahler manifold,
N C TM is a V-parallel latticeand Z: M - A* QR Cis a
conical Kahlerian Lagrangian section.
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Form of the QK metric (for a PSK domain M)

p+c
p+finst

Xy + X ( (d” ﬂ)‘z)
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Form of the QK metric continued

Vit = Z &MY Ko(27n| Z4 ),
27 >0
; dz, dZ
At o Z &9 |z, | Ky (20| Z, 1) =),
v 4 >0 ( Z’Y )
+c
7= dleg(n), P£=CC
27
t t .\ sinst inst
Wi = doy, — 7ydo_j, winst ZQ 2w AT — VIde.,), Y= W + W™
Ny = dmrg, NP STV (e (v), My = Ny + NE, where
¥

. . —v
dzy, = TUdZ—yJ" ~ = ni(v)y" for ~ € Supp(Q) C span{~'},V = JE .

Theorem (C.-Tulli)

The above is a QK metric and is obtained by applying the
construction of [ACM,ACDM] to the following (indefinite) HK
metric:

_ 1 L
gN = dZ,yiM,'deﬁ/j + WYIMU YJ'.
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Structure of the HK metric

Deforming the semi-flat metric
1. The instanton corrected HK metric
_ 1 .
8N = dZ,YiM,‘de,yj + WY,MU YJ'

is a deformation (on some domain N C T*M/A*) of the rigid
c-map metric (Cecotti-Ferrara-Girardello 1989)

gt = dZ,NydZ,; + 5 WiNTW,

where Nj; :=Im7; and W; := db5, — T,-J-d97,- are determined

by dZs, = 73dZ,;, and

2. the instanton terms in
M = Nj+ NP, Y= Wi + W™

depend on the variation of BPS structure.
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From HK to QK
Lemma (rotating Killing field)

—~v

1. The vector field V = J¢ on T*M/N* is Killing,
w3-Hamiltonian and rotating (£y w1 = —w>) on the domain
N C T*M/N* of the instanton corrected metric gy.

2. The function f = 27r2 — ¢ + f"st satisfies df = —4miyws.

3. The open set Ny :={f >0,f; <0} C N, where
f=1f—4ngn(V, V), is non-empty. (From now on N = N,.)

Lemma (hyperholomorphic connection)

P:=(T*"M x R)/Heis(N*)|y - N C T*"M/N*
is a principal circle bundle with hyperhol. connection

inst

n="Nd+n"",

where 1) is the hyperhol. connection from [ACM] for ggs.
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From HK to QK continued

The construction

> Applying [ACM,ACDM] to (P,n) — (N, g, f) we obtain the
QK manifold (N, gy) as

3
_ 1 2
N :={Argz’ =0} c P, gy = —7 <gp -7 Z(Q,’D)2> ,
i=0 N
where (z') are special coord. on M and
2 5
gp = ¢l + 27mgn, b = —5df,
0f .= n+ gb\/g/\/, 0 = gb\/wg, 93P = —gavwl.

» A direct calculation shows that gy takes the explicit form on
p. 22.
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