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GANs, etc.
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Vision

We can leverage the extensive toolbox of
optimization to design and analyze
sampling algorithms.
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A quote by Andrew Wiles

”Perhaps I can best describe my experience of
doing mathematics in terms of a journey through
a dark unexplored mansion.”
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Gradient Descent (GD)

Problem:
min
x∈Rd

F (x),

where F differentiable.

Gradient descent algorithm: x0 = a and

xn+1 = xn − γn∇F (xn), γn > 0.
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Derivation

Taylor expansion:

F (xn + h) = F (xn) + ⟨∇F (xn), h⟩+ o(h),

Then,

h ∝ argmin
h:∥h∥=1

F (xn) + ⟨∇F (xn), h⟩ ∝ −∇F (xn),

And xn+1 = xn + h.
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Wasserstein distance

The Reference: [Ambrosio et al., 2008].

P(Rd) of probability measures µ over Rd with finite
second moment.

The 2-Wasserstein distance W .

W 2(µ, ν) := inf
(X ,Y )

E(∥X − Y ∥2), s.t. X ∼ µ,Y ∼ ν.

Brenier’s theorem: If µ has density, inf achieved by
(X ,T ν

µ (X )), where T ν
µ Brenier’s map (T ν

µ#µ = ν).

L2(µ) = {f : Rd → Rd s.t.
∫
∥f ∥2dµ < ∞}.

The Wasserstein space: (P(Rd),W ).

13 / 36



SVGD

Adil Salim

Motivations

Background

Gradient descent

Wasserstein space

Stein
Variational
Gradient
Descent

SVGD algorithm

Derivation of SVGD

Bibliography

Examples of functionals

Let µ⋆ ∝ exp(−F ).

Potential. EF (µ) :=
∫
Fdµ.

Negative entropy. H(µ) :=
∫
µ(x) log(µ(x))dx .

Kullback-Leibler (KL). V := H+ EF .

0 ≤ KL(µ|µ⋆) :=

∫
log

(
dµ

dµ⋆
(x)

)
dµ(x)

= V(µ)− V(µ⋆).
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Sampling as optimization

Goal: Sample from µ⋆ ∝ exp(−F ).

µ⋆ = argmin
µ∈P(Rd )

KL(µ|µ⋆) = argmin
µ∈P(Rd )

V(µ)

Gradient descent for V?
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Examples of Wasserstein gradients

Wasserstein gradients belong to tangent space:
∇WV(µ) ∈ L2(µ).

Potential. ∇W EF (µ) = ∇F .

Negative entropy. ∇WH(µ) = ∇ log(µ).

Kullback-Leibler (KL).
∇WV(µ) = ∇WH(µ) +∇W EF (µ) = ∇ log dµ

dµ⋆ .
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Wasserstein Gradient Descent [SKL20]

µn+1 = (I − γ∇WV(µn))#µn

µ0
µn

−γ∇WV(µn)
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Sampling framework

µ⋆(x) ∝ exp(−F (x))
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Figure: Simulation from [KSA+20] (Code from Q. Liu)
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Stein Variational Gradient Descent

SVGD [Liu and Wang, 2016] to sample from µ⋆ ∝ exp(−F ).
SVGD maintains a set of N particles x1, . . . , xN .

xn+1
i = xni − γ

N

N∑
j=1

∇F (xnj )k(x
n
i , x

n
j )−∇2k(x

n
i , x

n
j ),

where k(x , y) is a kernel associated to a Reproducing Kernel
Hilbert Space H.
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Reproducing kernel Hilbert Space

Hilbert space of functions H (here, H ⊂ L2(µ) for every µ)

For every x , k(x , ·) ∈ H

Reproducing property: for every f ∈ H,
⟨f , k(x , ·)⟩H = f (x).
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Applications of SVGD
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Taylor expansion of KL
[Liu and Wang, 2016, Liu, 2017]

µ⋆ = argmin
µ∈P(Rd )

KL(µ|µ⋆) = argmin
µ∈P(Rd )

V(µ) ∝ exp(−F )

KL((I + h)#µn|µ⋆) = KL(µn|µ⋆)− Eµ (S
⋆h) + o(h),

where S⋆ is the Stein operator

S⋆h = −⟨∇F , h⟩+ div(h).
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Then,

h ∝ argmin
h:∥h∥=1

KL(µn|µ⋆)− Eµ (S
⋆h) ∝ ?
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A key formula

EµS
⋆h = −

∫
⟨∇F , h⟩dµ+

∫
div(h)dµ

= −
∫
⟨∇F , h⟩dµ+

∫
div(h)(x)µ(x)dx

= −
∫
⟨∇F , h⟩dµ−

∫
⟨h(x),∇µ(x)⟩dx

= −
∫
⟨∇F , h⟩dµ−

∫
⟨h(x),∇ logµ(x)⟩dµ(x)

= −
∫ 〈

∇ log
dµ

dµ⋆
, h

〉
dµ

= −⟨∇WV(µ), h⟩L2(µ)
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Consequences

Stein’s identity: if µ = µ⋆, EµS
⋆h = 0

h ∝ argminh:∥h∥L2(µ)=1KL(µ|µ⋆)− Eµ (S
⋆h) ∝ ∇WV(µ)

h ∝ argminh:∥h∥H=1KL(µ|µ⋆)− Eµ (S
⋆h) ∝ ?
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A key formula (cont.)

Assume h ∈ H.

EµS
⋆h =

∫ 〈
∇ log

dµ

dµ⋆
(x), h(x)

〉
dµ(x)

=

∫ 〈
∇ log

dµ

dµ⋆
(x), ⟨h, k(x , ·)⟩H

〉
dµ(x)

=

〈
h,

∫
∇ log

dµ

dµ⋆
(x)k(x , ·)dµ(x)

〉
H

= ⟨h,Pµ∇WV(µ)⟩H ,

where Pµf :=
∫
f (x)k(x , ·)dµ(x).
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SVGD in the population limit

h ∝ argminh:∥h∥H=1KL(µn|µ⋆)− Eµ (S
⋆h) ∝ Pµ∇WV(µ)

µn+1 = (I − γPµn∇WV(µn))#µn.

Remark:
KSD(µ|µ⋆) := maxh:∥h∥H=1 Eµ (S

⋆h) = ∥Pµ∇WV(µ)∥H
[Liu et al., 2016, Chwialkowski et al., 2016, Oates et al., 2019,
Gorham and Mackey, 2017].
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Why do we use H?

Iteration ”tractable”!

Pµ∇WV(µ) =
∫

k(·, x)∇F (x)−∇xk(·, x)dµ(x),

using again integration by parts.

Algorithm:

xn+1
i = xni − γ

N

N∑
j=1

∇F (xnj )k(x
n
i , x

n
j )−∇2k(x

n
i , x

n
j ).
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Conclusion

Pµ∇WV(µ) is the Wasserstein gradient of V at µ under the
metric of H.

This change of metric makes the iterations tractable. ∇WV(µ)
is intractable but Pµ∇WV(µ) is!

SVGD is a ”Wasserstein gradient descent” in the metric
of H [Liu, 2017, Duncan et al., 2019, Chewi et al., 2020,
Nüsken and Renger, 2021, Shi et al., 2021], [KSA+20, SSR21].
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Complexity and convergence of SVGD

In the population limit, we can analyze SVGD as a gradient
descent:

Theorem 1 (Complexity and convergence of SVGD
[KSA+20, SSR21])

Convergence: If
∫
exp(β∥x − a∥2)dµ⋆(x) < ∞, then

W1(µ
n, µ⋆) → 0.

Complexity: n = O(d3/2/ε) in KSD2.
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