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thispersondoesnotexist.com

Vision

Adil Salim

Motivations

We can leverage the extensive toolbox of
optimization to design and analyze
sampling algorithms.
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A quote by Andrew Wiles

Adil Salim

"Perhaps | can best describe my experience of
doing mathematics in terms of a journey through
a dark unexplored mansion.”
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Gradient Descent (GD)

Adil Salim

Problem:
Gradient descent m | n F (X) s
Wasserstein space x€Rd

where F differentiable.

0

Gradient descent algorithm: x” = a and

XM = X" 4"V F(x™),

~" > 0.
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Derivation

Adil Salim
Taylor expansion:

F(x" + h) = F(x") + (VF(x"), h) + o(h),
Then,

e h oc argmin F(x") + (VF(x"), h) « =V F(x"),

hi[[hl|=1

And x"t1 = x" 4+ h.
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Background on Optimization
[
m Wasserstein space
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Wasserstein distance

The Reference: | ]
Adil Salim
m P(RY) of probability measures i over R? with finite
e second moment.
s spece m The 2-Wasserstein distance W.

W2(u,v) == ()l(nf/)IE(HX —Y|?), st. X~ Y~

m Brenier's theorem: If i has density, inf achieved by
(X, T)/(X)), where T} Brenier's map (T, #u = v).

m L2(p)={f: R > Ryst. [|f]?du < oo}

The Wasserstein space: (P(R9), W).
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Examples of functionals

Adil Salim

Let p* ox exp(—F).
m Potential. ££(p) = de,u
S m Negative entropy. H(p) = [ p(x)log(u(x))dx.
m Kullback-Leibler (KL). V =H +EF.

S 4)) ()

/’l’*
(w")-

0 < KL(ulp") := /log (
— — V(i

V()
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Sampling as optimization

Adil Salim

Goal: Sample from p* oc exp(—F).

Wasserstein space

w* = arg min KL(u|p*) = arg min V()
pEP(RY) peEP(RY)

Gradient descent for V?
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Examples of Wasserstein gradients

Adil Salim

Wasserstein gradients belong to tangent space:
VwV(u) € L(p).

Wasserstein space

c m Potential. VyE(n) = VF.
e m Negative entropy. VyyH(u) = Vlog(p).

m Kullback-Leibler (KL).
VuwV(i) = VwH(i) + Vwér(p) = V log 5.
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Pt = (1 =y Vw V(") #u"

—VwV(u")
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Sampling framework
Adil Salim N*(X) X exp(—F(X))

Gradient descent

Wasserstein space
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Figure: Simulation from [ ] (Code from Q. Liu)
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Stein Variational Gradient Descent
m SVGD algorithm
n
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Adil Salim

SVGD algorithm
Derivation of S

Stein Variational Gradient Descent

SVGD | | to sample from p* o< exp(—F).
SVGD maintains a set of N particles xq, ..., xy.
~ N
Xin = ’n NZ Jp)_v2k(xinaxjn)7

where k(x,y) is a kernel associated to a Reproducing Kernel
Hilbert Space H.
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Reproducing kernel Hilbert Space

Adil Salim

m Hilbert space of functions H (here, H C L?(1) for every )
m For every x, k(x,-) € H

e st m Reproducing property: for every f € H,
(f k(x, ) n = f(x).
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Adil Salim

Gradient descent

Wasserstein space

SVGD algorithm
Derivation of SVGD

Applications of SVGD

Stein variational policy gradient

¥ Liu, P Ramachandran, Q Liu, J Peng - arXiv preprint arXiv:1704.02399, 2017 - arxiv.org

. We then propose a novel Stein variational pol- icy gradient method (SVPG) which combines
ex- sting policy ... Recent advances in policy gradient methods and deep learning have
demonstrated their applicability for com- plex reinforcement learning problems

¥ 99 Citedby76 Related articles All6 versions 0

VAE learning via Stein variational gradient descent

., 2017 - anxiv.org
‘Anew method forlearning variational autoencoders (VAES) s developed, based on Stein
variational gradient descent. A key advantage of this approach s that one need not make
parametric assumptions about the form of the encoder distribution. Performance is further ...
Yr 99 Citedby43 Related articles All 7 versions 9%

Scalable thompson sampling via optimal transport

R Zhang, Z Wen, C Chen, L Carin - arXiv preprint arXiv:1902.07239, 2018 - arxiv.org

Thompson sampling (TS) is a class of algorithms for sequential decision-making, which

requires maintaining a posterior distribution over a model. However, calculating exac

posterior distributions is intractable for all but the simplest models. Consequently, efficient ...
P9 Cited by 9 Related articles All 7 versions 99

roF] Accelerated first-order methods on the wasserstein space for bayesian
inference

CLiu, J Zhuo, P Cheng, R Zhang, J Zhu, L Carin - stat, 2018 - researchgate.net

We consider doing Bayesian inference by minimizing the KL divergence on the 2-

Wasserstein space P2. By exploring the Riemannian structure of P2, we develop two

inference methods by simulating the gradient flow on P2 via updating particles, and an ...

¥ 99 Citedby10 Related articles All3versions 9%

particle-based iati inference

R Zhang... - ... Conference on Machine ..., 2019 - proceedings.mirpress
> Lawrence Garin <carn@dke o> .
3. . nal Inference Methods S nal Gradient Descent (SVGD)
(Lo & Wang, 2016) uses & vector et v o upoats pamcles Ko -

99 Citedby20 Related articles All 14 versions 90

Policy optimization as wasserstein gradient flows

R Zhang, C Chen, C Li, L Carin - ... Conference on Machine ..., 2018 - proceedings.mi.press
Policy isa ponent of learming (RL), and most existing

RL methods directly optimize parameters of a policy based on maximizing the expecled total
reward, o its surrogate. Though often achieving encouraging empirical success, its ..

¥ 99 Citedby32 Related articles Al 9 versions

onal annealing of GANs: A Langevin perspective
Inlernanona\ . 20’\9 proceedings.mir.press.
B >, Lawrence Cari
<Icarin@duke.edu> ... Recent attempts have been made to m this gap: Stein variational gradient
descent (SVGD) used the kernel trick to analytically derive the functional gradient of an implicitly
99 Citedby5 Related articles All 7 versions 9%

to: Chenyang Tao <

Variance reduction in stochastic particle-optimization sampling

J Zhang, Y Zhao, C Chen - Intemational Conference on ..., 2020 - proceedings.mir.press
Stochastic particle-optimization sampling (SPOS) is a recently-developed scalable Bayesian
‘sampling framework unifying stochastic gradient MCMC (SG-MCMC) and Stein variational
gradient descent (SVGD) algorithms based on Wasserstein gradient flows. With a rigorous
¥ 99 Citedby 1 Relatedarticles All5 versions 0

particle-optimization sampling and the
theory
J Zhang, R Zhang, L Carin... - .. Conference on Artificial ..., 2020 - proceedings.mirpress

Particle-optimization-based sampling (POS) is a recently developed effective sampling
technique that interactively updates a set of particles. A representative algorithm is the Stein
variational gradient descent (SVGD). We prove, under certain conditions, SVGD

¥r 99 Citedby 18 Related articies All 5 versions 90

Stein variational gradient descent: A general purpose bayesian inference
algorithm

QULiu, D Wang - arXiv preprint arXiv:1608.04471, 2016 - anxiv.org

Page 1. Stein Variational Gradient Descent: A General Purpose Bayesian Inference Algorithm
Qiang Liu Dilin Wang Department of Computer Science Dartmouth College Hanover, NH 03755
{qiang.liu, dilin.wang.gri@dartmouth.edu ... 3.2 Steln Variational Gradient Descent ..

Y¢ 99 Citedby371 Related articles All8 versions 60
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Taylor expansion of KL

[ , ]

Adil Salim

p* = arg min KL(u|p*) = argmin V(1) o< exp(—F)
pEP(RY) pEP(RY)

Deriva tion of SVGD

KL((1 + h)#4"1*) = KL(u"|j1*) — By, (S*h) + o(h),
where S$* is the Stein operator

S*h = —(VF, h) + div(h).
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hocargmin KL(p"|p*) — E, (S*h) < 7
h:||hl|=1
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A key formula

Adil Salim

E,S*h = —/<VF, hydp + /div(h)du

_ / (VF, hydp + / div(h) (x)(x)dx
— _/<vF, hydp — /<h(x),Vu(X)>dX
oen e —_ / (VF, hydpu — / (h(x), V log pu(x)) dpa(x)

du

= —(VwV(n), h) 2,
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Consequences

Adil Salim

m Stein’s identity: if p = p*, E,S*h =0

m hoarg minh:”hHLZ(H)ﬂ KL(u|p*) — E, (S*h) oc Vi V(p)
R m hocargming g, =1 KL(u|p) =, (S*h) oc 7
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A key formula (cont.)

Adil Salim

Assume h € H.

Eus*h:/<VIog :H*(x),h(x)> dpu(x)
/< :M( ), (h, k(X")>H> dp(x)

D;n;a‘m‘or} of ‘S\‘/GD | d
< / Vlog —— d )dp(x )>H

= (h, PuVwV(1)) y

where P,f = [ f(x)k(x,-)du(x).
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SVGD in the population limit

Adil Salim
h oc arg ming, =1 KL(u"[p*) — E, (S*h) o< P.VwV(p)
Pt = (1= PV V(")) #u".
\Derwatwon of}‘S‘\‘/GD Remark:
KSD(p|p*) = maxp,pj,=1 Eu (S*h) = [|P.VwV (1)l
[ ! 1 1
).
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Why do we use H?

Adil Salim Iteration "tractable”!
PTWY() = [ KCx)VF() = Tk, x) (),
using again integration by parts.

rithm Algorithm:

Deriva tion of SVGD
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Conclusion

Adil Salim
P,V wV(u) is the Wasserstein gradient of V' at p under the
metric of H.
This change of metric makes the iterations tractable. Vy,V(u)
is intractable but P,V V(u) is!

SVGD is a ”"Wasserstein gradient descent” in the metric
of H| , :
1 ]Y [ ' ]
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Complexity and convergence of SVGD

Adil Salim

In the population limit, we can analyze SVGD as a gradient
B descent:

Theorem 1 (Complexity and convergence of SVGD

KSAT20, SSR21

o o Convergence: If [ exp(B|x — al|?)du*(x) < oo, then
Wa(u", ) — 0.
Complexity: n = O(d%?/e) in KSD2.
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