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The stability of solitons all Dirac models is wide open.
In its simplest, 1D Soler version is

iuy = Oxv + (1 = (Jul® — [v[®)*)u
ivi = —0xu — (1 — (Juj? = [v[?)¥)v

Solitons are special solutions in the form
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wp = =0k — (1 — (¢ — )Yy
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Explicit solutions

With o = v/1 — w?, the exact solutions are localized and (Lee
et. al. in 1975; Chugunova-Pelinovsky’06, Cooper et. al’10)

1
14+w (k +1)0? %*
+ wcosh(2kox) |1+ wcosh(2kox)

1—w (k+1)0? 2K
+ wcosh(2kox) |1+ wcosh(2kox)

o(x) = cosh(kax)\/1

P(x) = sinh(ko'x)\/_I
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With o = v/1 — w?, the exact solutions are localized and (Lee
et. al. in 1975; Chugunova-Pelinovsky’06, Cooper et. al’10)

14w [ (k + 1)02 ]ﬁ

B )
(x) = COSh(kUX)\/1+wcosh(2kUX) 1 + w cosh(2ko x)

1w [ (k + 1

- . )02 2k
Y(x) = S"nh(kax)\/1-|-(,uc05h(2kax) 1+wcosh(2kch)}

Open problems: Uniqueness?
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Explicit solutions

With o = v/1 — w?, the exact solutions are localized and (Lee
et. al. in 1975; Chugunova-Pelinovsky’06, Cooper et. al’10)

14w (k +1)0? %

+ wcosh(2kox) [1 +wcosh(2kax)]
—w o? 2

b(x) = sinh(kax)\/1 L { (k+ 12 )}

+ wcosh(2kox) |1+ wcosh(2kox

o(x) = cosh(kax)\/1

Open problems: Uniqueness? Non-existence of the waves for
lw] > 17
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Linearized problem

For the simplest case k = 1, linearization leads to the following
Hamiltonian eigenvalue problem

{£+Z1 = —)\22 (3)

L_2Zo = \z4

where
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Linearized problem

For the simplest case k = 1, linearization leads to the following
Hamiltonian eigenvalue problem

£+Z1 = —)\22 (3)
L_2Zo = \z4
where
L = 1_"‘]_((;52_1/’2) ax
o —0x —T+ (0% - %) —w

R
Li=L_-2
’ (—w Y2 )
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Spectral stability?

Spectral stability means £,z = —Az, £L_2Z> = Az has no
solutions for A : ’*A > 0.
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Spectral stability?

Spectral stability means £,z = —Az, £L_2Z> = Az has no
solutions for A : ®A > 0.
Equivalently,

L_Lioz=—-)\z (4)

has no solutions.
Open problem: Prove spectral stability for ALL waves.
Main issue: £, have spectrum at both +oco.

Why NLS is better?

Since £_ >0,z L Ker[L_], (4) is transformed into

VEL_ Lo/ Lw=—-Nw,w= Loz

But this is self-adjoint problem, so —\? is real. A huge step.
Open problem: Can one at least prove that A2 in (4) is real
(andnot A =a+ib: a,b#0).
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Thank you for your attention!
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