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Quantum Computation and Quantum Algorithms

m A simplified scheme of a quantum computer
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m |U) input state; |®) output state; U is a unitary oper-
ator in U(C").
® Building a Quantum Computer = Design a system

capable of implementing any possible unitary opera-
tor

m This problem is equivalent to simultaneously control
the evolution of n linearly independent states. Fixing
n orthonormal states as input and other n as output.
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Universal set of gates
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® Any unitary might be obtained by combining elements
of this finite set.

m A drawback of this approach is that the number of
elemental operations grows exponentially with n.

m [n practice one works with more energy levels (aux-
iliary levels). They are used to mediate the interac-
tions and control errors.
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Quantum Control in Infinite Dimensions
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m One considers dynamics in the complete Hilbert space.

m This can be done even if one wants to codify information in a
finite dimensional subspace.

m This is a systematic way of handling with the auxiliary levels.

m Opens the possibility of a new type of control. We will use the
space of self-adjoint extensions as space of controls.
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Quantum Control |

Consider the Schrédinger equation:

X
i ®(t) = (Ho + u(t) H) (1)

We want to steer the state of the system:

B From an initial state ¥, at ¢t = ¢,
m o atarget state U, ata latertime t =T

Does it exist a function u: [tg, T] — R such that:
m O(t) =Ult, ty)V, solves the Schrodinger equation

m O(0) = Uy and O(T) = U(T, tg)Vy = Uy
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Quantum Control Il

m The classic theory of control has been applied suc-
cessfully to finite dimensional quantum systems.

B The success in the development of recent quantum
technologies is a proof of this.

m This can be used even for infinite dimensional sys-
tems. What is the main idea?

e Pick a suitable basis {$,} € H
® (O, H(c(t))®m) = Hpn(c(t))
e Consider the truncated Schrédinger eq.:

iy = Hyp (c(t)) 2,
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Quantum Control on Infinite Dimensions

m Results of control on finite dimensions cannot be ap-
plied directly to infinite dimension.

B The notion of controllability introduced in the previous
slides is not appropriate for infinite dimensions

e One can find examples where all the finite dimen-
sional truncations are controllable but the infinite
dimensional system is not, for instance the Har-
monic oscillator.

e This is reasonable. Suppose that the target state
U expressedin the basis {®,, } has countably many
non-zero coefficients. Then ||Ur— U2 || > 0 for any
N.

e Approximate Controllability: ||V — &(T)|| < e
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From finite dimensional to infinite dimensional

Finite dimensional Infinite dimensional
it = (HY +u(t)H )z iV = (Hoy + u(t)H)W
CIZ(TN) = UZ‘ZV(TN, tQ)ZCo \P(TN> — Uu(TNat())\DO

m From the initial and target states ¥, ¥, one can choose
approximations x, and x; such that

|zo — Wol| < € |z — Uy|| < €

m The finite dimensional control will be a solution of the
infinite dimensional control problem one only if

|0 (T, to) = Un( T o)l == 0
N — o0
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Operators and Quadratic Forms

Semibounded Hermitean

Semibounded Quadratic Form
self-adjoint operator o Q: Qx9N C
T :D(T) — H
Q(P, V) = (2, TV)

m We say that 9 is the form domain of the operator 7.

m For Hamiltonians with constant form domain one can de-
fine the weak Schrddinger equation

S00) = QY b)) | POV ED

m The domain of the operator might depend on time while
the form domain doesn’t.
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articuiar ooundary conditions on L

m Quasi-periodic Boundary Conditions:

¢(0) = e ¢(2r) }
¢,(0) _ 6127ra¢/(27r)
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m Delta like Boundary Conditions:

sew| 90 =oem

Ds = { @' (0) — ¢'(2m) = 0¢(0) }

® Quasi-Delta Boundary Conditions:

[ 8(0) = e
Da,(5 = {qb eEH ¢/(0) . ei27ra¢/(27-‘-) — 5¢(0) }

Q — ei27ra¢ I

ws ={0€H| ¢(0) (2m) },



Stability

An important property that we were able to prove is the stability of
the dynamics under perturbations/deformations of the Hamiltonian:

Theorem [Balmaseda, Lonigro, PP]:

Let {H,(t)},-12 be two time-dependent Hamiltonians with constant
form domain . that satisfy the conditions of Kisynski’'s Theorem
and [a certain uniform bound on their derivatives]. Then the follow-
ing inequality holds:

t
[01(t,5) = Ualt, )l < [ 1B (r) = Hafr) -

where the constant L is independent of ¢t and s.

The norm ||-|| .- is the norm of linear operators L : H. — H_, where
H_ is the canonical dual space of H.,.

Improves previous results of B. Simon (1971) and A. Sloan (1981).
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Varying Quasiperiodic Boundary Conditions

d’ ¢(0)
Hy = —@ D, = {gb S ,HQ‘ gbl(O)

6@'27roz¢(2ﬂ.)
67227r0z¢/(27_‘_) }

m This is a family of self-adjoint operators depending on «

m We want to consider «(t) the control parameter. These Hamil-
tonians do not have constant form domain.

m One can tackle with these systems by the unitary transformation
T(t) : P(z) — exp(—iza(t))d(x)

®m Assuming that the parameter a depends smoothly with time this
is equivalent to:

2
H(t) = [Zdi — a(t)] +a(t)xz . Dy = “Periodic Boundary Conditions”
X
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Laplacians on Quantum Graphs |

Consider a planar Graph (V, E) and associate to each
edge e a Hilbert space H,. = £*([0, [.])

Take H = P, . H. and A = P A, densely defined in it.

The structure of the graph arises when one selects the
boundary conditions.

At each vertex we choose quasi-é-boundary conditions:

exp<_iXei,v>(De<v> — (I)e()(U) 1=1....n—1

Z exp@.Xei,v)@e — 50(1360(?))
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Laplacians on Quantum Graphs Il

m [aplacian with quasi-delta boundary conditions does not have con-
stant form domain.

m There exist also time-dependent unitary maps that transform these

Laplacians:
A~ zi — aft, x) 2 + i@(t T) a(t,x) =dO(t, z)
‘ dz ’ dt "’
e (v) = Py (v) _ d
Ze Sba,e _ 5@@60(@) Pae = %,(I)(U) R O (t )
m The magnetic potential depends on time = Domains are time de-
pendent.

m The form domain is constant.
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Laplacians on Thick Quantum Graphs

Instead of associating an interval to each edge e one can associate
a Riemannian manifold (..

Magnetic Laplacians can be defined in an analogous way.

There is a generalisation of the quasi-d-type boundary conditions to
Thick Quantum Graphs [Balmaseda, Lonigro, PP].

I'.;: Boundary of the manifold €2,

Diffeomorphic to each other
—
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Controllability on Quantum Graphs

Theorem [Balmaseda, Lonigro, PP]:

Let v € C)(R), piecewise differentiable, and consider x, () =
u(t)xy.. Let H(t) be the time-dependent Hamiltonian defined by the

Laplacian on a thick Quantum Graph (V, E') with quasi-delta bound-

ary conditions. Then, the linear system defined by H(t¢) is approxi-

mately controllable w.r.t || - || .

Sketch of the proof: lid, — at, z)]” + %@(a z) do(t,z) = a(t, z)

m Auxiliary System
[id, — ag)” 4 u(t)O(z)

m Construct a differentiable magnetic potential such that
at,r) ~ apand o/(t, x) = «/'(t)dO(x)

m Use stability to prove convergence
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Controllability of a particle by moving walls

m Free particle in a cavity [d(t) — I(t)/2,d(t) + I(t)/2] = Q(¢)

A, D(A) =H (1) NH* (1))

m Using a time dependent unitary operator one can transform this
problem into the following [Martino, Anza, et. al. J. of Phys. A
46(36), 2013]

1 (1) d(t)

H(t):—@ Dir—@'fop—m}? =1[0,1]
Theorem [Balmaseda, Lonigro, PP]:
d(t) =do+0f(t) I(t) =1lo+ Af(2) f € C,(R)

e If & # 0then the system is approximately controllable w.r.t || - || .

e |f § = 0 then the reduced subsystems with well defined parity
are approximately controllable w.r.t || - || .
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